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La	ma8ère	topologique	et	son	explora8on			
avec	les	gaz	quan8ques

Topologie	et	courbure	de	Berry	
dans	un	réseau	à	deux	dimensions
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Buts	de	ce	cours

Aborder	l’étude	des	réseaux	périodiques	à	deux	dimensions	et	caractériser	
leurs	propriétés	topologiques

Problème	ini1é	par	l’effet	Hall	quan1que

Emergence	de	nombres	quan1ques	«	robustes	»	:		
nombres	de	Chern	

Ces	nombres	apparaissent	de	manière	équivalente	selon	plusieurs	points	de	vue

• Géométrique	:	recouvrement	de	la	sphère	de	Bloch

• Physique,	avec	l’étude	du	transport	et	la	quan8fica8on	de	la	conduc8vité

• Physique,	avec	l’existence	de	«	canaux	de	bord	»

Comportement	sta1s1que	non-conven1onnel	:	
any-ons
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1.	

Réseaux	bi-par8tes	et	points	de	Dirac
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Réseaux	triangulaires	et	réseaux	carrés

a1

a2

a1

a2Réseaux	de	Bravais,	
un	site	par	cellule	unité

|uqi =
X

j

|Aji
<latexit sha1_base64="cZ1l6E5t7gb+fvOD5Wct5Et8V+o="></latexit><latexit sha1_base64="cZ1l6E5t7gb+fvOD5Wct5Et8V+o="></latexit><latexit sha1_base64="cZ1l6E5t7gb+fvOD5Wct5Et8V+o="></latexit><latexit sha1_base64="qvp+JtAORdcFBtKHtdTNhTSc8UE="></latexit>

Théorème	de	Bloch	général	à	2D	:																																								avec																périodique q(r) = eiq·ruq(r)
<latexit sha1_base64="mKZiQTgml0WI1yGqMkMTwLc0JNg="></latexit><latexit sha1_base64="mKZiQTgml0WI1yGqMkMTwLc0JNg="></latexit><latexit sha1_base64="mKZiQTgml0WI1yGqMkMTwLc0JNg="></latexit><latexit sha1_base64="1x/wubssmZkEMN6p3Xn9UkV19TQ="></latexit>

uq(r)
<latexit sha1_base64="fIniEiuDd/FBNrvsNt31b4rILIQ="></latexit><latexit sha1_base64="fIniEiuDd/FBNrvsNt31b4rILIQ="></latexit><latexit sha1_base64="fIniEiuDd/FBNrvsNt31b4rILIQ="></latexit><latexit sha1_base64="UdBNEG/gIvNUkBhJXgXHcryjQ/g="></latexit>

Dans	la	limite	des	liaisons	fortes,	une	seule	fonc8on	périodique

Réelle	et	indépendante	de	q	:	pas	de	propriétés	topologiques	à	aIendre	
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Le	réseau	du	graphène

A

B

a
a1a2

Deux	sites	A	et	B	par	cellule	unité

Réseau	engendré	par	transla8on	de	 a1,2 =

p
3

2
a

✓
±1p
3

◆

<latexit sha1_base64="jS2pw4EdSppbzbvshgJv/qAAato="></latexit><latexit sha1_base64="jS2pw4EdSppbzbvshgJv/qAAato="></latexit><latexit sha1_base64="jS2pw4EdSppbzbvshgJv/qAAato="></latexit><latexit sha1_base64="0K0sqT9ewB+PSfriEsoqcB7Lt2s="></latexit>

Dans	la	limite	des	liaisons	fortes,	les	fonc8ons	
périodiques	sur	le	réseau	s’écrivent

|uqi = ↵q

0
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|Aji
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<latexit sha1_base64="vE2fEvY6LBeHANBBdkh9MWaqUfY="></latexit><latexit sha1_base64="vE2fEvY6LBeHANBBdkh9MWaqUfY="></latexit><latexit sha1_base64="vE2fEvY6LBeHANBBdkh9MWaqUfY="></latexit><latexit sha1_base64="239aPY37ZhHti2MQKW62rdQAxO4="></latexit>

spin	1/2

Zone	de	Brillouin

b1,2 =
2⇡

3a

✓
±
p
3

1

◆

<latexit sha1_base64="dLyHK4It9GHQ/bKUN4v7fqzSfUo="></latexit><latexit sha1_base64="dLyHK4It9GHQ/bKUN4v7fqzSfUo="></latexit><latexit sha1_base64="dLyHK4It9GHQ/bKUN4v7fqzSfUo="></latexit><latexit sha1_base64="mnFGJupMspdKvnFtzfzTWBCNzUk="></latexit>

qx

qy

b2 b1
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L’hamiltonien	périodique	du	graphène

Même	énergie	pour	A	et	B	:	 EA = EB = 0
<latexit sha1_base64="KXdmAFY02j7B/cElzpxRWsw1bpg="></latexit><latexit sha1_base64="KXdmAFY02j7B/cElzpxRWsw1bpg="></latexit><latexit sha1_base64="KXdmAFY02j7B/cElzpxRWsw1bpg="></latexit><latexit sha1_base64="DcbBl7WQKQy9ufC62bv6QMoUqfs="></latexit>

Couplages	entre	proches	voisins	uniquement

Un	site	A	est	couplé	à	trois	sites	B

Un	site	B	est	couplé	à	trois	sites	A

Hamiltonien	pour	la	par8e	périodique	 |uqi
<latexit sha1_base64="dVtMqdra1eY0xNzz8rsR7MR1afQ="></latexit><latexit sha1_base64="dVtMqdra1eY0xNzz8rsR7MR1afQ="></latexit><latexit sha1_base64="dVtMqdra1eY0xNzz8rsR7MR1afQ="></latexit><latexit sha1_base64="VfNsdkhQs5x2fL1WSVHgrOuCX9M="></latexit>

Ĥq = �J

✓
0 1 + e�iq·a1 + e�iq·a2

1 + eiq·a1 + eiq·a2 0

◆

<latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="zXKNXjggWHIJSj7rvjg5FB8LJ0M="></latexit>

A

B

aa1a2

= �h(q) · �̂
<latexit sha1_base64="jRnGxVzlYxiWOJ2GZYkiRW5/FK8="></latexit><latexit sha1_base64="jRnGxVzlYxiWOJ2GZYkiRW5/FK8="></latexit><latexit sha1_base64="jRnGxVzlYxiWOJ2GZYkiRW5/FK8="></latexit><latexit sha1_base64="WCAmsTCnAJVQ86xmrNttgHo0stc="></latexit>

avec	: Energies	:	±|h(q)|
<latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="qI5j3C5RQEEsbh3f+ZLHgT0mauE="></latexit>

h(q) =

0

@
1 + cos(q · a1) + cos(q · a2)
sin(q · a1) + sin(q · a2)

0

1

A

<latexit sha1_base64="TJbDS6JqGtxr21FcJp2ASRFo05A="></latexit><latexit sha1_base64="TJbDS6JqGtxr21FcJp2ASRFo05A="></latexit><latexit sha1_base64="TJbDS6JqGtxr21FcJp2ASRFo05A="></latexit><latexit sha1_base64="6Izy/dx1gfNAB2qBIhE6dw1zbq4="></latexit>
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Les	points	de	Dirac

h(q) =

0

@
1 + cos(q · a1) + cos(q · a1)
sin(q · a1) + sin(q · a1)

0

1

A

<latexit sha1_base64="utMKjRCLaqTmXAzTxd4+tbSRvNQ="></latexit><latexit sha1_base64="utMKjRCLaqTmXAzTxd4+tbSRvNQ="></latexit><latexit sha1_base64="utMKjRCLaqTmXAzTxd4+tbSRvNQ="></latexit><latexit sha1_base64="S3NWs0Iu2CyCHSgNyasflRzdAOk="></latexit>

Energies	:	±|h(q)|
<latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="qI5j3C5RQEEsbh3f+ZLHgT0mauE="></latexit>

±|h(q)|
<latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="BuSFJZco54VfRoDlJ68I0TFQ3As="></latexit><latexit sha1_base64="qI5j3C5RQEEsbh3f+ZLHgT0mauE="></latexit>
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Contact	entre	les	deux	bandes	là	où

|h(q)| = 0
<latexit sha1_base64="YM+/HzYc311OY//sHOJrzULjSBg="></latexit><latexit sha1_base64="YM+/HzYc311OY//sHOJrzULjSBg="></latexit><latexit sha1_base64="YM+/HzYc311OY//sHOJrzULjSBg="></latexit><latexit sha1_base64="sPG2DpgUkcSTt0gF6hlpl8F2IKw="></latexit>

c’est-à-dire	:
hx(qx, qy) = 0

<latexit sha1_base64="R0/Z/S5s7bUC1SucYIGYEvNWeIA="></latexit><latexit sha1_base64="R0/Z/S5s7bUC1SucYIGYEvNWeIA="></latexit><latexit sha1_base64="R0/Z/S5s7bUC1SucYIGYEvNWeIA="></latexit><latexit sha1_base64="ewiLjUlFrYJez/+4/bJ8BxYr7k0="></latexit>

hy(qx, qy) = 0
<latexit sha1_base64="44EhdHU/KJiwnGawOLckth4hEis="></latexit><latexit sha1_base64="44EhdHU/KJiwnGawOLckth4hEis="></latexit><latexit sha1_base64="44EhdHU/KJiwnGawOLckth4hEis="></latexit><latexit sha1_base64="yUBVIoGCqUm21+s53zPZ6NhzPl0="></latexit>

qx

qy

b2 b1
Bandes	en	contact	:	
situa6on	marginale		

sur	le	plan	topologique

qx [2⇡/(a
p
3)]

<latexit sha1_base64="2q0dHL0oujQHOqd6+BE6SL2LwHU="></latexit><latexit sha1_base64="2q0dHL0oujQHOqd6+BE6SL2LwHU="></latexit><latexit sha1_base64="2q0dHL0oujQHOqd6+BE6SL2LwHU="></latexit><latexit sha1_base64="vDjUwZjqoEoajui3UHGxfNpuIfA="></latexit>

qy
<latexit sha1_base64="4ejZ150Q91z1eD9gY8xzvMMH8n8="></latexit><latexit sha1_base64="4ejZ150Q91z1eD9gY8xzvMMH8n8="></latexit><latexit sha1_base64="4ejZ150Q91z1eD9gY8xzvMMH8n8="></latexit><latexit sha1_base64="8PuUCpvyJemIETJkKbjn8yi7m+U="></latexit>
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Les	points	de	Dirac	(suite)

Rela8on	de	dispersion									linéaire	au	voisinage	de	ces	points	:	physique	«	rela8viste	»Eq
<latexit sha1_base64="BTms4/fGiXO+mWWhT0FSP57fGOg="></latexit><latexit sha1_base64="BTms4/fGiXO+mWWhT0FSP57fGOg="></latexit><latexit sha1_base64="BTms4/fGiXO+mWWhT0FSP57fGOg="></latexit><latexit sha1_base64="Aa1mAnGRKToCUpjetiBBpgYyHno="></latexit>

Enroulement	du	vecteur														
autour	de	ces	points	

h(q)
<latexit sha1_base64="5udZTeiwOfz/LDriE7jQ1La0DIA="></latexit><latexit sha1_base64="5udZTeiwOfz/LDriE7jQ1La0DIA="></latexit><latexit sha1_base64="5udZTeiwOfz/LDriE7jQ1La0DIA="></latexit><latexit sha1_base64="kVhXHg279M2UGJ0YyBHoq6QaXQ4="></latexit>

h(q) =

0

@
1 + cos(q · a1) + cos(q · a1)
sin(q · a1) + sin(q · a1)

0

1

A

<latexit sha1_base64="utMKjRCLaqTmXAzTxd4+tbSRvNQ="></latexit><latexit sha1_base64="utMKjRCLaqTmXAzTxd4+tbSRvNQ="></latexit><latexit sha1_base64="utMKjRCLaqTmXAzTxd4+tbSRvNQ="></latexit><latexit sha1_base64="S3NWs0Iu2CyCHSgNyasflRzdAOk="></latexit>

On	trace	le	champ	de	vecteurs

n =
h

|h|
<latexit sha1_base64="9iqER+F8Gv6IeWTngW3xYeBcZGw="></latexit><latexit sha1_base64="9iqER+F8Gv6IeWTngW3xYeBcZGw="></latexit><latexit sha1_base64="9iqER+F8Gv6IeWTngW3xYeBcZGw="></latexit><latexit sha1_base64="k3ewXtEi7IrLO7eq445vbG7+CM4="></latexit>

dans	le	plan	(qx, qy)
<latexit sha1_base64="AxdehSHaZJIRoFePAtdVDFYtZHI="></latexit><latexit sha1_base64="AxdehSHaZJIRoFePAtdVDFYtZHI="></latexit><latexit sha1_base64="AxdehSHaZJIRoFePAtdVDFYtZHI="></latexit><latexit sha1_base64="ZxAzIDNSF1ESw8Fv9McOD9u1ejw="></latexit>

(a
p
3/2⇡)qx

(a
p
3/2⇡)qy

�1

+1

1�1

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>
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Réseaux	hexagonaux	en	dehors	de	la	ma8ère	condensée

Torrent & Sanchez-Dehesa, 2012,  
domaine acoustique

Rechtsman, Zeuner et al.,2013,  
réseaux de guides d’onde optiques

Bellec, Kuhl et al., 2013,  
résonateurs micro-onde

x
<latexit sha1_base64="TcjefXdW2Ir+BFCSe0jYQ8LpT8U="></latexit><latexit sha1_base64="TcjefXdW2Ir+BFCSe0jYQ8LpT8U="></latexit><latexit sha1_base64="TcjefXdW2Ir+BFCSe0jYQ8LpT8U="></latexit><latexit sha1_base64="31F7H/4FwY+5StGU+kZmraX2uqY="></latexit>

y
<latexit sha1_base64="3GqD+neI3pYr70CKYZtv5yqPUQ0="></latexit><latexit sha1_base64="3GqD+neI3pYr70CKYZtv5yqPUQ0="></latexit><latexit sha1_base64="3GqD+neI3pYr70CKYZtv5yqPUQ0="></latexit><latexit sha1_base64="F54xTsCyWDC+LKdA5EwqEHZ/B20="></latexit>
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Réseau	graphène	avec	des	polaritons	de	cavité

Microstructure	de	puits	quan8ques	
de	AlGaAs	pompés	par	une	lumière		
non	résonante

Imagerie	dans	
l’espace	des	posi4ons	

ou	dans		
l’espace	des	moments

Cône	de	Dirac	!

Jacqmin, Carusotto et al.,  
Phys. Rev. Lett. 112, 116402 (2014)
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L’enroulement	de	phase	autour	d’un	point	de	Dirac

Quelle	est	la	phase	géométrique	accumulée	par	une	par8cule	qui	suit	
un	contour	dans	l’espace	des	moments	qui	entoure	un	point	de	Dirac	?

(a
p
3/2⇡)qx

(a
p
3/2⇡)qy

�1

+1

1�1
qx

<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

Le	vecteur																			reste	sur	l’équateur	de		

la	sphère	de	Bloch	et	il	fait	un	tour	complet

angle	solide								quelle	que	soit		
la	forme	du	contour

Phase	géométrique	:	

2⇡
<latexit sha1_base64="2v2XCnh7K+JI2l2nhbqi14RWlHY="></latexit><latexit sha1_base64="2v2XCnh7K+JI2l2nhbqi14RWlHY="></latexit><latexit sha1_base64="2v2XCnh7K+JI2l2nhbqi14RWlHY="></latexit><latexit sha1_base64="MNbnm/a4jT1//O79UOj8CzVOsYA="></latexit>

n =
h

|h|
<latexit sha1_base64="9iqER+F8Gv6IeWTngW3xYeBcZGw="></latexit><latexit sha1_base64="9iqER+F8Gv6IeWTngW3xYeBcZGw="></latexit><latexit sha1_base64="9iqER+F8Gv6IeWTngW3xYeBcZGw="></latexit><latexit sha1_base64="k3ewXtEi7IrLO7eq445vbG7+CM4="></latexit>

1

2
2⇡ = ⇡

<latexit sha1_base64="KDnoUN1p4RtuNt/1texeO/QX7bo="></latexit><latexit sha1_base64="KDnoUN1p4RtuNt/1texeO/QX7bo="></latexit><latexit sha1_base64="KDnoUN1p4RtuNt/1texeO/QX7bo="></latexit><latexit sha1_base64="oY9IZTYz5Od4agGvqOmTG8QSdiI="></latexit>



Expérience	de	Munich
Duca et al., Science 347, 288 (2015) : An Aharonov-Bohm 

interferometer for determining Bloch band topology

Mesure	interférométrique	de	la	phase	géométrique	:	schéma		
⇡

2
� ⇡ � ⇡

2
<latexit sha1_base64="dH8Sdf2PgRhj7+2lpZ/jkcqDjBg="></latexit><latexit sha1_base64="dH8Sdf2PgRhj7+2lpZ/jkcqDjBg="></latexit><latexit sha1_base64="dH8Sdf2PgRhj7+2lpZ/jkcqDjBg="></latexit><latexit sha1_base64="uVprj3IJTuinTMOC1HHjzsx5BtI="></latexit>

qx

qy Point de départ

qx

qy Impulsion ⇡/2

qx

qy Propagation

qx

qy Impulsion ⇡

qx

qy Propagation

qx

qy Impulsion ⇡/2

Réseau	op8que	pour	87Rb	formé	par	3	ondes	lumineuse	à	120°
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Expérience	de	Munich

coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
rections along the legs (Fig. 2C), as investigated
recently in bosonic systems (24). To observe this,
we measured the relative motion of the atoms in
the two legs by spin-selective imaging of the lat-
tice momentum distribution, obtained by switch-
ing off the synthetic coupling and releasing the
atoms from the lattice. In Fig. 2A (upper panel),
we show two time-of-flight images corresponding
to them= –5/2 andm= –1/2 legs (Fig. 2C) forW1 =
2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
reflects the distribution of the lattice momenta k
along the legs (in units of the real-lattice wave
numberkL=p/d, whered is the real-lattice spacing).
The lattice momentum distribution along ŷ is a
uniform square due to the presence of the strong
optical lattice along the transverse (frozen) real
directions (20). The central panel of Fig. 2A shows
the lattice momentum distribution n(k) after in-
tegration of the images along ŷand normalization
according to ∫nðkÞdk ¼ 1.We observe a clear asym-
metry in n(k) [similar to what was reported in
experiments with spin-orbit coupling in harmon-
ically trapped gases (25–27)], which we charac-
terize by defining the function

hðkÞ ¼ nðkÞ − nð−kÞ ð2Þ

which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
of J is attributable to the fact that, in addition to
states exhibiting chiral currents, fermions occupy
other states at the bottom of the band, which do
not display chiral features. We also performed the
same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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coupling between the legs so as to adiabatically
load the fermionic system in the lowest band of
both the lattice and the Raman-dressed energy
spectrum.
Despite the absence of a real bulk region, this

two-leg configuration is expected to support chi-
ral currents with atoms flowing in opposite di-
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2p × 489 Hz and t= 2p × 134 Hz (W1/t= 3.65).
Here we are interested only in direction x̂, which
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experiments with spin-orbit coupling in harmon-
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which is plotted in the lower panel of Fig. 2A. The

expression J ¼ ∫
1

0
hðkÞdk provides a measurement

of the lattice momentum unbalance and quanti-
fies the strength of the chiral motion of the
particles along the two legs. The values J =
+0.056(3) form = –5/2 and J = –0.060(7) form =

–1/2 are approximately equal in intensity and
opposite in sign, providing direct evidence for
presence of chirality in the system. The small value
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same experiment with a reversed direction of the
synthetic magnetic field B (Fig. 2B), observing a
change of sign in J, corresponding to currents
circulating in the opposite direction. This behavior
confirms the interpretation of our data in terms of
chiral currents induced by a synthetic magnetic
field in a synthetic 2D lattice.
The stability of chiral edge states in fermionic

systems is of key importance, for example, for
quantum information applications. In our sys-
tem, the appearance of a chiral behavior is gov-
erned by several key parameters, including the
ratio W1/t, the Fermi energy EF, and the flux ϕ.
These parameters are easy to adjust, so they can
be used to investigate the rise and fall of the edge
currents as a function of theHamiltonian param-
eters (24), as well as to identify which regimes
exhibit stronger chiral features. By varying the
tunneling rates along x̂ and m̂, we observe a
phase transition between a chiral behavior and
a nonchiral regime. The lattice momentum dis-
tribution is measured as a function ofW1/twith-
out affecting other relevant parameters, such as
EF and T. Figure 2D illustrates themeasurement
of jJ j as a function ofW1/t(circles). As expected,
no chirality is observed for vanishing W1, when
the legs are decoupled. Chirality is also suppres-
sed for large inter-edge coupling W1≫t. In the lat-
ter regime, the largest energy scale in the system
is the effective kinetic energy along the synthetic
direction: This contribution is minimized when
the fermions occupy the lowest energy state on
each rung, which does not exhibit any chiral
behavior. The measured values of jJ j compare
well with the results of a numerical simulation

that includes thermal fluctuations (shaded area
in Fig. 2D) (20).
We next considered a three-leg ladder, which

is the minimal configuration for which chiral
currents at the edges can be sharply distinguished
from the behavior of the bulk. The experimental
procedure is analogous to that employed for the
two-leg case, with the Raman parameters adjusted
to extend the synthetic coupling tom = +3/2, with
W2 ≃ 1:41 W1 (20). Figure 3A showsmeasuredn(k)
and h(k) for each of the three legs for W1 = 2p ×
620 Hz and t= 2p × 94 Hz (W1/t= 6.60). We
observe strong chiral currents in the upper- and
lower-edge chains, showing values of J with
opposite sign, similar to the two-leg case [J =
+0.079(6) form = –5/2 and J = –0.062(4) form =
+3/2]. In contrast, the central leg shows a much-
reduced asymmetry in n(k) [J = 0.018(5)], sig-
naling a suppressed net current in the bulk. This
is direct evidence of the existence of chiral states
propagating along the edges of the system, which
leave the bulk mostly decoupled from the edges
(Fig. 3C). This behavior is akin to what is expected
for a fermionic system in a Harper-Hofstadter
Hamiltonian. Bulk states exhibit only local circu-
lations of current, which average to zero when all
of the different states enclosed by the Fermi sur-
face are considered. Only the edges of the system
experience a nonzero current, because there the
chiral nature of the states prevents this cancella-
tion effect from occurring. In the ribbon geometry
of the experiment, the bulk reduces to just a single
central line. Nevertheless, the behavior discussed
above is clearly present and detectable in the ex-
perimental signal. The small width of the ribbon
favors the observation of edge states, given the
large boundary-to-surface ratio of the system,
which is reflected in a substantial population of
states with edge character.
Figure 3C shows the values of J as a function of

W1/tfor the three different legs of the ladder. The
results illustrate the role of the bulk-edge coupling:
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Fig. 3. Chiral edge currents
in a three-leg ladder. (A)
Experimental time-of-flight
images (top), n(k) (center),
and h(k) = n(k) – n(–k)
(bottom) for each of the three
legs m = –5/2, m = –1/2, and
m = +3/2 constituting the
ladder, respectively [numbers
shown in the bottom panels
are the values of J determined
from h(k)]. Experimental
parameters: W1 = 2p × 620 Hz,
t = 2p × 94 Hz, W1/t = 6.60,
and ϕ ¼ 0:37p. (B) Sketch of
the three-leg ladder
configuration realized for this
experiment. (C) Circles show
experimental values of the net
momentum unbalance J for
each leg as a function of W1/t.
The shaded areas illustrate the results of a numerical simulation (20). For both experimental and simulation data, blue, green, and red correspond tom = –5/2,
m = –1/2, and m = 3/2, respectively.
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Figure 2 | Experimental sequence and spin-dependent Bloch oscillations. a, Energy band, MW pulses and state evolution of a single atom in a
superposition of two spin-states with opposite magnetic moment (brown and green balls) during the three-step echo sequence described in the text. The
winding of the state vector with k is given by ✓k (solid line dimerization D1, dashed line dimerization D2). b,c, Time-of-flight momentum distributions taken
for different evolution times of the spin-dependent Bloch oscillations in the lower (b) and upper energy band (c) used in the experiment. Each momentum
point is an average of three identical measurements.

field gradient is applied that creates a constant force in opposite
directions for the two spin components. Such a constant force leads
to Bloch oscillations—that is, a linear evolution of quasimomentum
over time24. In our case the force is directed in opposite directions
for the two spin components. The atomic wavepacket thus evolves
into the coherent superposition state 1/

p
2(|",ki + ei�' |#,�ki).

When both reach the band edge, the differential phase between
the two states is given by �' = 'Zak + �'Zeeman. Note that for
all time-reversal invariant Hamiltonians (as is the case here), the
dynamical phase acquired during the adiabatic evolution is equal
for the two spin states and therefore cancels in the phase difference.
In principle, if a sufficiently highmagnetic field stability is present in
the laboratory such that 'Zeeman is reproducible, one could end the
experimental sequence here by applying a second ⇡/2-pulse with
phase 'MW, as described in step 3 below. The Zak phase of the lowest
band could then be directly extracted from the resulting Ramsey
fringe. Step (2) To eliminate the Zeeman phase difference, we apply
a spin-echo ⇡-pulse at this point and also switch dimerization

from D1 ! D2. For atoms located at the band edge k = ±G/2,
this non-adiabatic dimerization switch induces a transition to the
excited band of the SSH model. Step (3) The sequence is finally
completed by letting the spin components further evolve in the
upper band until they return to k = 0. At this point in time, a
final ⇡/2-pulse with phase 'MW is applied to interfere the two
spin components and read out their relative phase �' through the
resulting Ramsey fringe. The change in dimerization occurring at
the mid-point of the echo sequence is crucial in order not to cancel
the Zak phase in addition to the Zeeman phase. As a result of
the opposite windings of the Bloch states in the upper and lower
bands with quasimomentum k (Fig. 1c), the resulting phase shift
encoded in the Ramsey fringe is thus given by �' ='D1

Zak�'D2
Zak if the

dimerization is swapped, whereas �' =0 if it is left unchanged.
In Fig. 2b,c we show images of the momentum distribution

of the atoms during the spin-dependent Bloch oscillations in the
lower and upper energy bands. Note the opposite evolution in
momentum space due to the opposite magnetic moments of the
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(c)

Extending our work to interacting systems requires sufficiently low
heating. We investigate this with a repulsively interacting spin mixture
in the honeycomb lattice previously used for studying the fermionic
Mott insulator27. We measure the entropy in the Mott insulating regime
by loading atoms into the lattice and reversing the loading procedure
(see Methods and Extended Data Fig. 3). The entropy increase is only 25%
larger than without modulation. This opens up the possibility of study-
ing topological models with interactions28 in a controlled and tunable
way. For example, lattice modulation could be used to create topological
flat bands, which have been suggested to give rise to interaction-induced
fractional Chern insulators29,30. Furthermore, our approach of periodi-
cally modulating the system can be directly extended to engineer Hamil-
tonians with spin-dependent tunnelling amplitudes and phases (Methods).
This can be achieved by modulating a magnetic field gradient, which leads
to spin-dependent oscillating forces owing to the differential Zeeman
shift. For example, TRS topological Hamiltonians, such as the Kane–
Mele model3, can be implemented by simultaneously modulating the
lattice on one axis and a magnetic field gradient on the other.

Online Content Methods, along with any additional Extended Data display items
andSourceData, are available in the online version of the paper; references unique
to these sections appear only in the online paper.
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Extending our work to interacting systems requires sufficiently low
heating. We investigate this with a repulsively interacting spin mixture
in the honeycomb lattice previously used for studying the fermionic
Mott insulator27. We measure the entropy in the Mott insulating regime
by loading atoms into the lattice and reversing the loading procedure
(see Methods and Extended Data Fig. 3). The entropy increase is only 25%
larger than without modulation. This opens up the possibility of study-
ing topological models with interactions28 in a controlled and tunable
way. For example, lattice modulation could be used to create topological
flat bands, which have been suggested to give rise to interaction-induced
fractional Chern insulators29,30. Furthermore, our approach of periodi-
cally modulating the system can be directly extended to engineer Hamil-
tonians with spin-dependent tunnelling amplitudes and phases (Methods).
This can be achieved by modulating a magnetic field gradient, which leads
to spin-dependent oscillating forces owing to the differential Zeeman
shift. For example, TRS topological Hamiltonians, such as the Kane–
Mele model3, can be implemented by simultaneously modulating the
lattice on one axis and a magnetic field gradient on the other.
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access the full parameter space of the Haldane model using a fermionic
quantum gas, by extending the proposal to elliptical modulation of the
lattice position and additionally breaking IS through a deformation of
the lattice geometry.

The starting point of our experiment is a non-interacting, ultracold
gas of 4 3 104 to 6 3 104 fermionic 40K atoms prepared in the lowest band
of a honeycomb optical lattice created by several laser beams at wave-
length l5 1,064 nm, arranged in the x2y plane as depicted in Fig. 1c
and detailed in ref. 8. The two lowest bands have a total bandwidth of
h3 3.9(1) kHz (where h is Planck’s constant), with a gap of h3 5.4(2) kHz
to the next higher band, and contain two Dirac points at opposite quasi-
momenta; see Fig. 1d. After loading the atoms into the honeycomb lat-
tice, we ramp up a sinusoidal modulation of the lattice position along the
x and y directions with a final amplitude of 0.087(1)l, frequency 4.0 kHz
and phase difference Q. This gives access to linear (Q 5 0u or 180u), cir-
cular (Q 5 690u) and elliptical trajectories.

The effective Hamiltonian of our system in the phase-modulated hon-
eycomb lattice is computed using analytical and numerical Floquet theory
(see the Methods and Supplementary Information for a detailed dis-
cussion). It is well described by the Haldane model1

Ĥ~
X

ijh i
tijĉ

{
i ĉjz

X

ijh ih i
eiWij t0ijĉ

{
i ĉjzDAB

X

i[A

ĉ{i ĉi ð1Þ

where tij and t’ij are real-valued nearest- and next-nearest-neighbour
tunnelling amplitudes, and the latter contain additional phases Wij defined
along the arrows shown in Fig. 1a. The fermionic creation and anni-
hilation operators are denoted by ĉ{i and ĉi. The energy offset DABwv0
between sites of the A and B sublattice breaks IS and opens a gap jDABj
(ref. 8). TRS can be broken by changing Q. This controls the imaginary
part of the next-nearest-neighbour tunnelling, whereas its real part, as
well as tij and DAB, are mostly unaffected (Methods). Breaking only
TRS opens an energy gap jDTjat the Dirac points, given by a sum of the
imaginary part of the three next-nearest-neighbour tunnel couplings
connecting the same sublattice

DT~{
X

l

w lt’l sin Wlð Þ~Dmax
T sin Qð Þ ð2Þ

with weights w l of order unity, which depend on the position of the Dirac
points in the Brillouin zone. The sum is taken over the different types
of next-nearest-neighbour bond, and the origin of the second equality
is discussed in the Supplementary Information. Circular modulation
(Q 5 690u) leads to a maximum gap (h|88z10

{34 Hz for our parameters),
whereas the gap vanishes for linear modulation (Q 5 0u, 6180u), where
TRS is preserved.

We will first present measurements which confirm that breaking either
symmetry is sufficient to open a gap in the band structure. For this, we
restrict ourselves to either Q 5 0uor DAB 5 0, corresponding to the two
axes of the Haldane diagram of Fig. 1b. Subsequently we will present
measurements in which we explore the topology of the lowest band in
the same parameter regime by probing the Berry curvature. To probe
the opening of gaps in the system, we drive Landau–Zener transitions
through the Dirac points8,22. Applying a constant force along the x
direction by means of a magnetic field gradient causes an energy offset
DE/h 5 103.6(1) Hz per site, thereby inducing a Bloch oscillation. After
one full Bloch cycle the gradient is removed and the fraction of atoms j
in the second band is determined using a band-mapping procedure
(Methods). For broken IS, a gap given by jDABjopens at both Dirac points.
In this case, jreaches a maximum at DAB 5 0, which indicates a vanishing
energy gap, and decays symmetrically around this point as expected; see
Fig. 2a. In the case of broken TRS (Fig. 2b), a reduction in transfer versus
modulation phase is observed. This signals an opening gap, which is found
to be largest for circular modulation, as expected from equation (2).

Breaking either IS or TRS gives rise to similar, gapped band structures
which remain point-symmetric around quasi-momentum q 5 0. How-
ever, the energy spectrum itself is not sufficient to reveal the different
topology of the band, which is given by the associated eigenstates. These
are characterized by a local geometrical property: the Berry curvature V(q)
(ref. 6). In q-space, V(q) is analogous to a magnetic field and corresponds
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Figure 2 | Probing gaps and Berry curvature. a, b, Fraction of atoms in
the second band jafter one Bloch oscillation in the qx direction. We break
either IS (a) by introducing a sublattice offset DAB or TRS (b) via elliptical
modulation (see diagrams below). This corresponds to scanning either of the
two axes of the Haldane model. A gap opens at both Dirac points, given by
| DAB | or Dmax

T sin Qð Þ
!! !!, respectively, thereby reducing j. c, d, Differential driftD

obtained from Bloch oscillations in opposite qy directions. For broken IS (c),

the opposite Berry curvatures at the two Dirac points cancel each other, while
for broken TRS (d) the system enters the topological regime, where opposite
drifts for Qwv0 are expected. Data show mean 6 s.d. of at least 6 (a–c) or 21
(d) measurements, and the Bloch momentum qB 5 2p/l. The numbers in
parentheses are the standard deviations of the calibrations of the parameters
used for those plots. e, Sketches illustrating gaps and Berry curvature in
different regimes. Red (blue) indicates positive (negative) Berry curvature.
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of quasimomenta (Fig. 1D). By probing for a
spread in Berry curvature, we can place a bound
on imperfections in the lattice, while simulta-
neously benchmarking the resolution of our
interferometer.
The interferometer sequence (Fig. 2B) begins

with the preparation of an almost pure 87Rb BEC
in the state j↑〉 ¼ jF ¼ 2;mF ¼ 1〉 at quasimomen-
tum k = 0 in a V0 = 1 Er deep lattice, where
Er ¼ h2=ð2ml2LÞ ≈ h $ 4 kHz is the recoil en-
ergy and h is Planck’s constant. A resonant p/2-
microwave pulse creates a coherent superposition
of j↑〉 and j↓〉 ¼ jF ¼ 1;mF ¼ 1〉 states (i). Next,
a spin-dependent force from a magnetic field
gradient and an orthogonal spin-independent
force from lattice acceleration (Fig. 2A) move the
atoms adiabatically along spin-dependent paths
in reciprocal space (ii) (28). The two spin com-
ponents move symmetrically about a symmetry
axis of the dispersion relation. After an evolution
time t, a microwave p pulse swaps the states j↓〉
and j↑〉 (iii). The two atomic wave packets now
experience opposite magnetic forces in the x di-
rection, such that both spin components arrive at
the same quasimomentum kfin after an additional
evolution time t (iv). At this point, the state of
the atoms is given by jy fin〉ºj↑; kfin〉 þ eiϕ; kfin〉
with relative phaseϕ. A second p/2-microwave
pulse with a variable phase ϕMW closes the in-
terferometer (v) and converts the phase infor-
mation into spin population fractions n↑;↓º1 T
cosðϕ þ ϕMW Þ, which are measured by stan-
dard absorption imaging after a Stern-Gerlach
pulse and time of flight.
The phase difference ϕ at the end of the in-

terferometer sequence consists of the geometric
phase and any difference in dynamical phases
between the two paths of the interferometer.
Ideally, the dynamical contribution should van-
ish because of the symmetry of the paths and the
use of the spin-echo sequence (13). To ascertain
that the measured phase is truly of geometric
origin, we additionally employ a “zero-area” re-
ference interferometer, comprising a V-shaped
path (Fig. 2B) produced by reversing the lat-
tice acceleration after the p-microwave pulse
of Fig. 2B (iii).
We locate the Berry flux of the Dirac cone by

performing a sequence ofmeasurements inwhich
we vary the region enclosed by the interferometer.
This is achieved by varying the lattice acceleration
at constant magnetic field gradient to control
the final quasimomentum kfiny (kfinx ¼ 0) of the
diamond-shaped measurement loop. The result-
ing phase differences betweenmeasurement and
reference loops are shown in Fig. 2C. When one
Dirac point is enclosed in themeasurement loop,
we observe a phase difference of ϕ ≃ p. In con-
trast, we find the phase difference to vanishwhen
enclosing zero or two Dirac points. We find very
good agreement between our data and a theo-
retical model that includes the finite spread sk in
the initial momentum of the weakly interacting
BEC (blue curve in Fig. 2C) (13). Because of this
spread, each atomhas sampled a slightly different
path inmomentum space andmay therefore have
acquired a different geometric phase. Once the

Dirac point lies within the interferometer area
for exactly half of the atoms, the first phase jump
occurs. Because of the small opening angle of
the chosen interferometer path (~70°), this hap-
pens slightly later than in the ideal case of sk = 0
(black curve in Fig. 2C). Although sk thereby af-
fects the positions of the p phase jumps, it does
not limit their sharpness. Indeed, the data are
fully consistent with the behavior expected for
an inversion-symmetric lattice, where it is im-
possible to identify the sign of the singular Berry
flux (Tp). Small deviations of the phases from 0 or
p can be attributed to an imperfect alignment of
the magnetic field gradient, magnetic field fluctu-
ations, or an imperfect lattice geometry (13). These
systematic effects are particularly relevant close to
the phase jump, where the contrast is minimal
and can influence the perceived direction of the
phase jump.
To minimize systematic errors and improve

our measurement precision, we performed self-

referenced interferometry close to the Dirac
points. As illustrated in Fig. 3A, a standard band-
mapping technique (29) projects those sectors
of the cloud that have (left and right) or have
not (bottom) crossed the edge of the BZ onto
three different corners of the first BZ, such that
we can measure their acquired phases indepen-
dently. Combining these measured phases to
ϕ ¼ ðϕL þ ϕRÞ=2 − ϕB, where ϕL, ϕR, and ϕB

refer to the phases of the three sectors, elimi-
nates the need for a separate reference mea-
surement and significantly reduces sensitivity to
drifts in the experiment. The resulting phase
again shows a sudden jump from 0 to p (Fig. 3B).
The position of the phase jump is in excellent
agreement with a simple single-band model (13)
that includes an initial momentum spread of
sk = 0.15(1)kL, consistent with an independent
time-of-flight measurement. Notably, the phase
jump occurs within a very small quasimomentum
range of <0.01 kL, and an arctangent fit to the
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Fig. 3. Self-referenced interferometry at the Dirac point. (A) (Left) Interferometer path closing at
the K point. Because of the initial momentum spread, the cloud (circle with colored sectors, not to
scale) is split by the edges of the BZ. (Middle) Band mapping spatially separates the three different
parts of the cloud onto three corners of the first BZ (schematic and image, where cloud sizes are
dominated by in situ size). (Right) The fraction of atoms for which the Dirac point lies within the
interferometer loop (green sectors) increases with final quasimomentum kfin. (B) Phase differences
between atoms that have crossed the band edge (sectors L and R) and those that have not (sector B)
versus final quasimomentum kyfin for paths close to the K (K′) point in red (blue). The shaded region
indicates a range dkW = 0 – 12 × 10–4kL for the spread in Berry curvature, whereas the line is calculated
for dkW ≃ 10−4kL using the model described in (13), corresponding to an A-B offset of D ≃ h $ 3 Hz.The
inset shows the contrast ðn↓max − n↓

minÞ=ðn↓max þ n↓
minÞ of the interference fringes of the full cloud.Theory

line and shading are for the same parameters as in the main graph and include only geometrical
phases (13). All calculations assume sk = 0.15kL.
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neously benchmarking the resolution of our
interferometer.
The interferometer sequence (Fig. 2B) begins

with the preparation of an almost pure 87Rb BEC
in the state j↑〉 ¼ jF ¼ 2;mF ¼ 1〉 at quasimomen-
tum k = 0 in a V0 = 1 Er deep lattice, where
Er ¼ h2=ð2ml2LÞ ≈ h $ 4 kHz is the recoil en-
ergy and h is Planck’s constant. A resonant p/2-
microwave pulse creates a coherent superposition
of j↑〉 and j↓〉 ¼ jF ¼ 1;mF ¼ 1〉 states (i). Next,
a spin-dependent force from a magnetic field
gradient and an orthogonal spin-independent
force from lattice acceleration (Fig. 2A) move the
atoms adiabatically along spin-dependent paths
in reciprocal space (ii) (28). The two spin com-
ponents move symmetrically about a symmetry
axis of the dispersion relation. After an evolution
time t, a microwave p pulse swaps the states j↓〉
and j↑〉 (iii). The two atomic wave packets now
experience opposite magnetic forces in the x di-
rection, such that both spin components arrive at
the same quasimomentum kfin after an additional
evolution time t (iv). At this point, the state of
the atoms is given by jy fin〉ºj↑; kfin〉 þ eiϕ; kfin〉
with relative phaseϕ. A second p/2-microwave
pulse with a variable phase ϕMW closes the in-
terferometer (v) and converts the phase infor-
mation into spin population fractions n↑;↓º1 T
cosðϕ þ ϕMW Þ, which are measured by stan-
dard absorption imaging after a Stern-Gerlach
pulse and time of flight.
The phase difference ϕ at the end of the in-

terferometer sequence consists of the geometric
phase and any difference in dynamical phases
between the two paths of the interferometer.
Ideally, the dynamical contribution should van-
ish because of the symmetry of the paths and the
use of the spin-echo sequence (13). To ascertain
that the measured phase is truly of geometric
origin, we additionally employ a “zero-area” re-
ference interferometer, comprising a V-shaped
path (Fig. 2B) produced by reversing the lat-
tice acceleration after the p-microwave pulse
of Fig. 2B (iii).
We locate the Berry flux of the Dirac cone by

performing a sequence ofmeasurements inwhich
we vary the region enclosed by the interferometer.
This is achieved by varying the lattice acceleration
at constant magnetic field gradient to control
the final quasimomentum kfiny (kfinx ¼ 0) of the
diamond-shaped measurement loop. The result-
ing phase differences betweenmeasurement and
reference loops are shown in Fig. 2C. When one
Dirac point is enclosed in themeasurement loop,
we observe a phase difference of ϕ ≃ p. In con-
trast, we find the phase difference to vanishwhen
enclosing zero or two Dirac points. We find very
good agreement between our data and a theo-
retical model that includes the finite spread sk in
the initial momentum of the weakly interacting
BEC (blue curve in Fig. 2C) (13). Because of this
spread, each atomhas sampled a slightly different
path inmomentum space andmay therefore have
acquired a different geometric phase. Once the

Dirac point lies within the interferometer area
for exactly half of the atoms, the first phase jump
occurs. Because of the small opening angle of
the chosen interferometer path (~70°), this hap-
pens slightly later than in the ideal case of sk = 0
(black curve in Fig. 2C). Although sk thereby af-
fects the positions of the p phase jumps, it does
not limit their sharpness. Indeed, the data are
fully consistent with the behavior expected for
an inversion-symmetric lattice, where it is im-
possible to identify the sign of the singular Berry
flux (Tp). Small deviations of the phases from 0 or
p can be attributed to an imperfect alignment of
the magnetic field gradient, magnetic field fluctu-
ations, or an imperfect lattice geometry (13). These
systematic effects are particularly relevant close to
the phase jump, where the contrast is minimal
and can influence the perceived direction of the
phase jump.
To minimize systematic errors and improve
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points. As illustrated in Fig. 3A, a standard band-
mapping technique (29) projects those sectors
of the cloud that have (left and right) or have
not (bottom) crossed the edge of the BZ onto
three different corners of the first BZ, such that
we can measure their acquired phases indepen-
dently. Combining these measured phases to
ϕ ¼ ðϕL þ ϕRÞ=2 − ϕB, where ϕL, ϕR, and ϕB

refer to the phases of the three sectors, elimi-
nates the need for a separate reference mea-
surement and significantly reduces sensitivity to
drifts in the experiment. The resulting phase
again shows a sudden jump from 0 to p (Fig. 3B).
The position of the phase jump is in excellent
agreement with a simple single-band model (13)
that includes an initial momentum spread of
sk = 0.15(1)kL, consistent with an independent
time-of-flight measurement. Notably, the phase
jump occurs within a very small quasimomentum
range of <0.01 kL, and an arctangent fit to the
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Pas	de	phase	géométrique	tant	que	le	point	de	Dirac	est	à	l’extérieur	
de	la	zone	délimitée	par	l’interféromètre,	phase	égale	à	π	sinon
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Analogie	avec	l’effet	Aharonov-Bohm

Solénoïde	infiniment	long	:	le	champ	est	
confiné	à	l’intérieur	du	solénoïde

Quelle	est	la	phase	accumulée	par	une	par8cule		
sur	un	contour	qui	entoure	le	solénoïde	?

�AB =
e

2⇡~

I

C
A(r) · dr

<latexit sha1_base64="HHTgdnwMveUf4Fb7i+Hm+m4YhA4="></latexit><latexit sha1_base64="HHTgdnwMveUf4Fb7i+Hm+m4YhA4="></latexit><latexit sha1_base64="HHTgdnwMveUf4Fb7i+Hm+m4YhA4="></latexit><latexit sha1_base64="gJvhxPByFttkZjvkjt4eaMM3fhM="></latexit>

et	le	poten8el	vecteur	a	également	un	enroulement	
non	nul	autour	du	solénoïde	:

I

C
A(r) · dr =

ZZ
B(r) d2r

<latexit sha1_base64="Q5rFYVsAjwV5suxM6GlSVHvc8Uk="></latexit><latexit sha1_base64="Q5rFYVsAjwV5suxM6GlSVHvc8Uk="></latexit><latexit sha1_base64="Q5rFYVsAjwV5suxM6GlSVHvc8Uk="></latexit><latexit sha1_base64="nco7xt3X3h4bu7uAcRG8Jq02Pwc="></latexit>
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2.	

Bandes	topologiques	à	deux	dimensions:	
caractérisa8on	géométrique
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Zone	de	Brillouin	et	sphère	de	Bloch

Hamiltonien	périodique	pour	une	cellule	à	deux	sites,	liaisons	fortes

Ĥq = E0(q) 1̂� h(q) · �̂
<latexit sha1_base64="UJflXDfVrw/PUHrX37x72xRp7OU="></latexit><latexit sha1_base64="UJflXDfVrw/PUHrX37x72xRp7OU="></latexit><latexit sha1_base64="UJflXDfVrw/PUHrX37x72xRp7OU="></latexit><latexit sha1_base64="yokfkpMSPaldZtsNG8X99K7gEVI="></latexit>

=

✓
E0 � hz �hx + ihy

�hx � ihy E0 + hz

◆

<latexit sha1_base64="6bXps+Bred+MvxnjN+wH9hSNbds="></latexit><latexit sha1_base64="6bXps+Bred+MvxnjN+wH9hSNbds="></latexit><latexit sha1_base64="6bXps+Bred+MvxnjN+wH9hSNbds="></latexit><latexit sha1_base64="bcpMfuDKTMScFiugf5JZ4GaJH1A="></latexit>

couplages	A-Bcouplages	A-A

couplages	B-BEnergies	:	 E0 ± |h|
<latexit sha1_base64="MEjEtK5spdjk9iU/roAXoOKZsKs="></latexit><latexit sha1_base64="MEjEtK5spdjk9iU/roAXoOKZsKs="></latexit><latexit sha1_base64="MEjEtK5spdjk9iU/roAXoOKZsKs="></latexit><latexit sha1_base64="aL9LFneS8MYtuKOy5gEySsO/M5M="></latexit>

Etats	propres	déterminés	à	par8r	de																			,	caractérisé	par	les	angles	n =
h

|h|
<latexit sha1_base64="9iqER+F8Gv6IeWTngW3xYeBcZGw="></latexit><latexit sha1_base64="9iqER+F8Gv6IeWTngW3xYeBcZGw="></latexit><latexit sha1_base64="9iqER+F8Gv6IeWTngW3xYeBcZGw="></latexit><latexit sha1_base64="k3ewXtEi7IrLO7eq445vbG7+CM4="></latexit>

✓q,�q
<latexit sha1_base64="5LI63DYzcUpA+Rw8CPHYWVV64CU="></latexit><latexit sha1_base64="5LI63DYzcUpA+Rw8CPHYWVV64CU="></latexit><latexit sha1_base64="5LI63DYzcUpA+Rw8CPHYWVV64CU="></latexit><latexit sha1_base64="x7qGHezodmVqLInYk38+FVlawCU="></latexit>

Caractérisa4on	de									par	l’applica4on	:Ĥq
<latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="8Eb1niZ2fhjp1JR0FFeMzd+0nck="></latexit>

q = (qx, qy)
<latexit sha1_base64="WAHmOgtfUAqJhiDTONsDCON/KGo="></latexit><latexit sha1_base64="WAHmOgtfUAqJhiDTONsDCON/KGo="></latexit><latexit sha1_base64="WAHmOgtfUAqJhiDTONsDCON/KGo="></latexit><latexit sha1_base64="ZdVr9FJokifIbX/ntdCVQhmYFvo="></latexit>

nq =

0

@
cos�q sin ✓q
sin�q sin ✓q

cos ✓q

1

A

<latexit sha1_base64="td02/PnMDJbl/RfnbaeZR+gn0OA="></latexit><latexit sha1_base64="td02/PnMDJbl/RfnbaeZR+gn0OA="></latexit><latexit sha1_base64="td02/PnMDJbl/RfnbaeZR+gn0OA="></latexit><latexit sha1_base64="FWZk4Avif+pp+k6PDflOHv5JbZo="></latexit>

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>
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Enveloppement	de	la	sphère	de	Bloch

A	une	dimension	(par	exemple	SSH)	:

q
<latexit sha1_base64="SPXfPjNcNmbAEqFi0tUkQGjn8c0="></latexit><latexit sha1_base64="SPXfPjNcNmbAEqFi0tUkQGjn8c0="></latexit><latexit sha1_base64="SPXfPjNcNmbAEqFi0tUkQGjn8c0="></latexit><latexit sha1_base64="l8euqSi+mW4hS5R2bRRpV3aNZus="></latexit>

�⇡/a
<latexit sha1_base64="kMgNoLZLQ47s5luzTlS5DljIPaE="></latexit><latexit sha1_base64="kMgNoLZLQ47s5luzTlS5DljIPaE="></latexit><latexit sha1_base64="kMgNoLZLQ47s5luzTlS5DljIPaE="></latexit><latexit sha1_base64="0e4E/LU5gZCSGevX2T+bVg3s7Lk="></latexit>

+⇡/a
<latexit sha1_base64="neYO46L3O8caCOyqZhePygM14/c="></latexit><latexit sha1_base64="neYO46L3O8caCOyqZhePygM14/c="></latexit><latexit sha1_base64="neYO46L3O8caCOyqZhePygM14/c="></latexit><latexit sha1_base64="HQj3/szdY6EnHNyITW+0nw6H+Yk="></latexit>

0
<latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="F5QFqfTFO1Wmh5iPaKBJY3P9SZk="></latexit><latexit sha1_base64="M540mq7zxH1zapDntjam0Gs3uvw="></latexit>

conduit	à																															ou

A	deux	dimensions	:

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

peut	conduire	à																																				ou	

Couverture	totale	de	la	sphère	de	Bloch	qui	ne	peut	pas	être	«	défroissée	»
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Un	résultat	de	géométrie	:	le	nombre	d’enveloppements

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

nq
<latexit sha1_base64="+7JXRGGiZVK3/Yz83SpvT024uy4="></latexit><latexit sha1_base64="+7JXRGGiZVK3/Yz83SpvT024uy4="></latexit><latexit sha1_base64="+7JXRGGiZVK3/Yz83SpvT024uy4="></latexit><latexit sha1_base64="F3gtKcKXLdks6m0VjSQpVNdp0ow="></latexit>

En8er	qui	est	non	nul	si	et	seulement		
si	la	sphère	est	«	enveloppée	»		
(cf.	cours	sur	les	pompes	adiaba8ques)

Nombre	d’enroulements	à	une	dimension	:

N =
1

2⇡

Z

ZB

d�

dq
dq

<latexit sha1_base64="irgNF9yy5sus2DUJhw7lGBfETOc="></latexit><latexit sha1_base64="irgNF9yy5sus2DUJhw7lGBfETOc="></latexit><latexit sha1_base64="irgNF9yy5sus2DUJhw7lGBfETOc="></latexit><latexit sha1_base64="9XJk+jTWIOdh+wvsiNHWZEQa6ag="></latexit>

C = � 1

4⇡

ZZ

ZB
n ·

⇥
(@qxn)⇥ (@qyn)

⇤
dqx dqy

<latexit sha1_base64="BpLLAriSFYWi7vdk588gxpZ1kME="></latexit><latexit sha1_base64="BpLLAriSFYWi7vdk588gxpZ1kME="></latexit><latexit sha1_base64="BpLLAriSFYWi7vdk588gxpZ1kME="></latexit><latexit sha1_base64="K/0UxGTI1r0BOL1o4I47K1531Mw="></latexit>

Nombre	d’enveloppements	à	deux	dimensions	:	



Le	cas	du	graphène

A

B

aa1a2 EA = EB
<latexit sha1_base64="XEHxKfYr9yhg2LGYD3lOL/fpPec="></latexit><latexit sha1_base64="XEHxKfYr9yhg2LGYD3lOL/fpPec="></latexit><latexit sha1_base64="XEHxKfYr9yhg2LGYD3lOL/fpPec="></latexit><latexit sha1_base64="HHritzHTEQ0WDmp848UI80eRT1A="></latexit>

Ĥq = �J

✓
0 1 + e�iq·a1 + e�iq·a2

1 + eiq·a1 + eiq·a2 0

◆

<latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="o1vjxqnzWDQja/pdH39qV265gFw="></latexit><latexit sha1_base64="zXKNXjggWHIJSj7rvjg5FB8LJ0M="></latexit>

									n’a	pas	d’éléments	diagonauxĤq
<latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="iEQW5RXET7KyNn1zfRl94a27qrg="></latexit><latexit sha1_base64="8Eb1niZ2fhjp1JR0FFeMzd+0nck="></latexit>

et	pas	de	couplage	aux	seconds	voisins	:

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

Le	vecteur										reste	dans	le	plan	équatorial	de	la	sphère	de	Bloch	qui	ne	
peut	donc	pas	être	recouverte

hq
<latexit sha1_base64="s5LECkS9J0OfMK0Pzt47aneHWyM="></latexit><latexit sha1_base64="s5LECkS9J0OfMK0Pzt47aneHWyM="></latexit><latexit sha1_base64="s5LECkS9J0OfMK0Pzt47aneHWyM="></latexit><latexit sha1_base64="ZXIs9/MungWOliXC7EprkDkzeto="></latexit>

situa8on	«	marginale	»



Couverture	par8elle	ou	totale	?

A

B

aa1a2
On	rend	les	sites	A	et	B	asymétriques	par	un	écart	
en	énergie	(cf.	passage	de	SSH	à	Rice-Mele)

Ĥq = �
✓

� hx(q)� ihy(q)
hx(q) + ihy(q) ��

◆

<latexit sha1_base64="la65g5W8tE/0BFYxC8vzX5MaKN0="></latexit><latexit sha1_base64="la65g5W8tE/0BFYxC8vzX5MaKN0="></latexit><latexit sha1_base64="la65g5W8tE/0BFYxC8vzX5MaKN0="></latexit><latexit sha1_base64="f6wZoGgq6D/oiizHHfnezAepAvo="></latexit>

EA = ��
<latexit sha1_base64="KbNT3NHGNC6hJ7zyAzDpHZjpgh0="></latexit><latexit sha1_base64="KbNT3NHGNC6hJ7zyAzDpHZjpgh0="></latexit><latexit sha1_base64="KbNT3NHGNC6hJ7zyAzDpHZjpgh0="></latexit><latexit sha1_base64="tgiljFuv2GY7GON2O/3fYrolzHs="></latexit>

EB = +�
<latexit sha1_base64="7RZ3dBxMmujo3gQpFkj+DYiO6Ww="></latexit><latexit sha1_base64="7RZ3dBxMmujo3gQpFkj+DYiO6Ww="></latexit><latexit sha1_base64="7RZ3dBxMmujo3gQpFkj+DYiO6Ww="></latexit><latexit sha1_base64="uQJM57hZysKTJHenrk2bwk6zjbc="></latexit>

hz(q) = �
<latexit sha1_base64="sOZElgMgTbTDI0HL9ceIojhRirU="></latexit><latexit sha1_base64="sOZElgMgTbTDI0HL9ceIojhRirU="></latexit><latexit sha1_base64="sOZElgMgTbTDI0HL9ceIojhRirU="></latexit><latexit sha1_base64="QLbvIRF0Fs3spIdiQl4CvUs2Ddo="></latexit>

Le	signe	de													est	constant	sur	toute		
la	zone	de	Brillouin		:	on	ne	couvre	au	plus		
qu’un	hémisphère	de	la	sphère	de	Bloch

hz(q)
<latexit sha1_base64="MhIecx49D/PZtkpvPWCXj9lbSJ0="></latexit><latexit sha1_base64="MhIecx49D/PZtkpvPWCXj9lbSJ0="></latexit><latexit sha1_base64="MhIecx49D/PZtkpvPWCXj9lbSJ0="></latexit><latexit sha1_base64="YnRPNseQ+vdpBj85Td/1e5wEI2I="></latexit>

Pour	obtenir	une	couverture	totale,	il	faut	aller	au	delà	des	couplages	
entre	proches	voisins	:	modèle	de	Haldane	(prochain	cours)
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3.	

Bandes	topologiques	à	deux	dimensions	:	
caractérisa8on	physique	
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L’effet	Hall	quan8que

Gaz	2D	d’électrons	confinés	dans	un	puits		
quan8que	avec	un	grand	champ	magné8que

Tension	

[0, Lx]⇥ [0, Ly]
<latexit sha1_base64="NSg2JSKlRG9lGVriAyOgoE3RKwE="></latexit><latexit sha1_base64="NSg2JSKlRG9lGVriAyOgoE3RKwE="></latexit><latexit sha1_base64="NSg2JSKlRG9lGVriAyOgoE3RKwE="></latexit><latexit sha1_base64="/Zf3/4r8OIpZYQiPkjE2cp7nccs="></latexit>

Vx = ExLx
<latexit sha1_base64="onAtCfDytRhFcMJP7a797tPf1Io="></latexit><latexit sha1_base64="onAtCfDytRhFcMJP7a797tPf1Io="></latexit><latexit sha1_base64="onAtCfDytRhFcMJP7a797tPf1Io="></latexit><latexit sha1_base64="/VEnK+YK8yXga/HnqqoF/cZoFXg="></latexit>

Force	sur	une	charge				:e
<latexit sha1_base64="JwBl132Socj2ZWPXXm1oAalQpdU="></latexit><latexit sha1_base64="JwBl132Socj2ZWPXXm1oAalQpdU="></latexit><latexit sha1_base64="JwBl132Socj2ZWPXXm1oAalQpdU="></latexit><latexit sha1_base64="ZEgLMsaWs8kbK6iN5f9L27E5DM0="></latexit>

Fx = eEx
<latexit sha1_base64="vQCi2k3b3iiIRxmYti9g4aQYee4="></latexit><latexit sha1_base64="vQCi2k3b3iiIRxmYti9g4aQYee4="></latexit><latexit sha1_base64="vQCi2k3b3iiIRxmYti9g4aQYee4="></latexit><latexit sha1_base64="cp8YWY6Y4fJgjvr/U5BJ9kU8+eg="></latexit>

Courant	selon	la	direc8on	y	: Iy
<latexit sha1_base64="8Y6GlIiaGgHJM61/s6nJo/0GvN4="></latexit><latexit sha1_base64="8Y6GlIiaGgHJM61/s6nJo/0GvN4="></latexit><latexit sha1_base64="8Y6GlIiaGgHJM61/s6nJo/0GvN4="></latexit><latexit sha1_base64="d9rQigwJpdngqZSrwK3wAHvs7iI="></latexit>

Densité	de	courant	:	Jy = Iy/Lx
<latexit sha1_base64="NbO+Wf/Ts+KzVgHXJ7l0hUWgq9U="></latexit><latexit sha1_base64="NbO+Wf/Ts+KzVgHXJ7l0hUWgq9U="></latexit><latexit sha1_base64="NbO+Wf/Ts+KzVgHXJ7l0hUWgq9U="></latexit><latexit sha1_base64="jzuCerOmhFNLsA0Ll41M8LuPawA="></latexit>

Conductance	de	Hall	:																													ouIy = �yx Vx
<latexit sha1_base64="emtbP1HFCu5kkyZ4zOawhm/c7Jc="></latexit><latexit sha1_base64="emtbP1HFCu5kkyZ4zOawhm/c7Jc="></latexit><latexit sha1_base64="emtbP1HFCu5kkyZ4zOawhm/c7Jc="></latexit><latexit sha1_base64="A0MM0V5dKy3gI5SfXtvARZSVHyc="></latexit>

Jy = �yx Ex
<latexit sha1_base64="+4qjBduAfiOrdrDd48h2XRKPa/M="></latexit><latexit sha1_base64="+4qjBduAfiOrdrDd48h2XRKPa/M="></latexit><latexit sha1_base64="+4qjBduAfiOrdrDd48h2XRKPa/M="></latexit><latexit sha1_base64="sGmWvsg5OHXy3EUg6Y1a0zJEkG0="></latexit>

Ly

Iy

Iy

Fx

JyBz

�yx =
e2

h
n

<latexit sha1_base64="PWoHCQ2LXCp8/KuwnCDWIGfwXlg="></latexit><latexit sha1_base64="PWoHCQ2LXCp8/KuwnCDWIGfwXlg="></latexit><latexit sha1_base64="PWoHCQ2LXCp8/KuwnCDWIGfwXlg="></latexit><latexit sha1_base64="jtholpIHzeN6Z8G8xqFVtiB9C5A="></latexit>

Conductance	quan4fiée	! n entier
<latexit sha1_base64="uIKEDBVRpWqeqxrPaQJbT8D9jpY="></latexit><latexit sha1_base64="uIKEDBVRpWqeqxrPaQJbT8D9jpY="></latexit><latexit sha1_base64="uIKEDBVRpWqeqxrPaQJbT8D9jpY="></latexit><latexit sha1_base64="JgVssldoFtbC6gzlrmNxcyZsKUk="></latexit>

Origine	:	nature	topologique	des	bandes	d’énergie	(niveaux	de	Landau)
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Equa8ons	du	mouvement	dans	une	bande

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>F

<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

qi
<latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="PNzBWxJnNbIWwpJY746fGjeaAcg="></latexit>

Paquet	d’ondes	centré	ini8alement	en	 qi
<latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="PNzBWxJnNbIWwpJY746fGjeaAcg="></latexit>

On	applique	une	force	uniforme F
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

~dr
dt

= ~v = rqE
(0)
q +⌦q ⇥ F

<latexit sha1_base64="Us7WSbszBnACMyN7dl/IsSxIxlo="></latexit><latexit sha1_base64="Us7WSbszBnACMyN7dl/IsSxIxlo="></latexit><latexit sha1_base64="Us7WSbszBnACMyN7dl/IsSxIxlo="></latexit><latexit sha1_base64="rielQoOC1xFD1KwZYDL11RNbSHw="></latexit>

~ dq

dt
= F

<latexit sha1_base64="Nln2BEMCtJxDsEI9yJnYQUR2CNs="></latexit><latexit sha1_base64="Nln2BEMCtJxDsEI9yJnYQUR2CNs="></latexit><latexit sha1_base64="Nln2BEMCtJxDsEI9yJnYQUR2CNs="></latexit><latexit sha1_base64="8YtoZ86+Z6RLtNeMtMKeXS6bZDQ="></latexit>

oscilla1ons	de	Bloch

vitesse		
de	groupe

On	se	restreint	à	la	bande	fondamentale															pour	simplifier

vitesse	
anormale

⌦q
<latexit sha1_base64="eoZPBss81eGFTxnUrJTzYAFqo+c="></latexit><latexit sha1_base64="eoZPBss81eGFTxnUrJTzYAFqo+c="></latexit><latexit sha1_base64="eoZPBss81eGFTxnUrJTzYAFqo+c="></latexit><latexit sha1_base64="lloEHrd0dI71nPpp9i1uAtFxe14="></latexit>

:	courbure	de	Berry	pour	la	bande	fondamentale

:	connexion	de	Berry

orientée	selon	z

Aq = ihu(0)
q |rqu

(0)
q i

<latexit sha1_base64="uZkHpeSKYhxiGKrbJaQv1SbrW18="></latexit><latexit sha1_base64="uZkHpeSKYhxiGKrbJaQv1SbrW18="></latexit><latexit sha1_base64="uZkHpeSKYhxiGKrbJaQv1SbrW18="></latexit><latexit sha1_base64="z6aoZwglDG70uV5wvtekHXXrUY4="></latexit>

⌦q = rq ⇥Aq
<latexit sha1_base64="OO+16nRuIVULI1+knfU7j/r+yZI="></latexit><latexit sha1_base64="OO+16nRuIVULI1+knfU7j/r+yZI="></latexit><latexit sha1_base64="OO+16nRuIVULI1+knfU7j/r+yZI="></latexit><latexit sha1_base64="iCi/AKj/J+SGKrgy7MlLIpp4rE4="></latexit>

⌦q = i h@qxu(0)
q |@qyu(0)

q i + c.c.
<latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="ntHvzvd3o2qGrKfhpNLWSoDAoN4="></latexit>

|u(0)
q i

<latexit sha1_base64="beGgWMwX0r8tU9NwQFeZcIuAQNU="></latexit><latexit sha1_base64="beGgWMwX0r8tU9NwQFeZcIuAQNU="></latexit><latexit sha1_base64="beGgWMwX0r8tU9NwQFeZcIuAQNU="></latexit><latexit sha1_base64="lMQnWxa2TFkCvWXBLC6TUwpaLJ4="></latexit>
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Equa8on	1	:	évolu8on	du	moment

Hamiltonien	en	présence	d’une	force	extérieure	uniforme

Ĥt =
p̂2

2m
+ V (r̂)� F t · r̂

<latexit sha1_base64="ua6Y/mdpJpP1oqs/Qz833p7urZ0="></latexit><latexit sha1_base64="ua6Y/mdpJpP1oqs/Qz833p7urZ0="></latexit><latexit sha1_base64="ua6Y/mdpJpP1oqs/Qz833p7urZ0="></latexit><latexit sha1_base64="gFCW0148zfyT3E79etCWXm2aDHM="></latexit>

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>F

<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

qi
<latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="KfFbTdA8xki6tup3mtHd63ue7tI="></latexit><latexit sha1_base64="PNzBWxJnNbIWwpJY746fGjeaAcg="></latexit>

Cet	hamiltonien	n’est	plus	périodique	d’espace	:	perd-on	le	théorème	de	Bloch	?

• Si	la	force							est	suffisamment	faible,	on	reste	dans	la	bande	fondamentaleF
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

Retour	aux	états	non	transformés	: q(t) = q(0) +A(t)
<latexit sha1_base64="Y4oK2rI16M3wiQJB7+HgaEfF5mU="></latexit><latexit sha1_base64="Y4oK2rI16M3wiQJB7+HgaEfF5mU="></latexit><latexit sha1_base64="Y4oK2rI16M3wiQJB7+HgaEfF5mU="></latexit><latexit sha1_base64="EvAYTwDxZKobfCOMV0cyUfq5Muk="></latexit>

dq

dt
=

1

~F
<latexit sha1_base64="gtCmSvIYjs3kBekQxbYKeNTUodc="></latexit><latexit sha1_base64="gtCmSvIYjs3kBekQxbYKeNTUodc="></latexit><latexit sha1_base64="gtCmSvIYjs3kBekQxbYKeNTUodc="></latexit><latexit sha1_base64="OaE6DguQiGHuoAjKAqL5iTbbSkg="></latexit>

Pas	vraiment,	grâce	à	la	transforma8on	unitaire	:

At =
1

~

Z t

0
F t0 dt

0

<latexit sha1_base64="2rllhRIzSKSl8L/pbmrsng/k1Qk="></latexit><latexit sha1_base64="2rllhRIzSKSl8L/pbmrsng/k1Qk="></latexit><latexit sha1_base64="2rllhRIzSKSl8L/pbmrsng/k1Qk="></latexit><latexit sha1_base64="QmUhU803n5EL94pZVHdlhX2bARU="></latexit>

avec

Hamiltonien	après	transforma8on	: ˆ̃
Ht =

(p̂+ ~At)2

2m
+ V (r̂)

<latexit sha1_base64="txao3QW5ll9R/mKSJgffsmIJovE="></latexit><latexit sha1_base64="txao3QW5ll9R/mKSJgffsmIJovE="></latexit><latexit sha1_base64="txao3QW5ll9R/mKSJgffsmIJovE="></latexit><latexit sha1_base64="yOZIQnpC43ircG/qjE3/vEmcyX8="></latexit>

• La	forme	de	Bloch	est	préservée	pour	les	états	«	transformés	»	: q̃(t) = q̃(0)
<latexit sha1_base64="i103aaSrXgbF/zgV8ILvG61RbTs="></latexit><latexit sha1_base64="i103aaSrXgbF/zgV8ILvG61RbTs="></latexit><latexit sha1_base64="i103aaSrXgbF/zgV8ILvG61RbTs="></latexit><latexit sha1_base64="ptFpOs4rjKM0PmNVvit+PPhNGl8="></latexit>

Ût = exp [�iAt · r̂]
<latexit sha1_base64="TL2LzRSJjIFM7L2kQbqaYop0rIk="></latexit><latexit sha1_base64="TL2LzRSJjIFM7L2kQbqaYop0rIk="></latexit><latexit sha1_base64="TL2LzRSJjIFM7L2kQbqaYop0rIk="></latexit><latexit sha1_base64="JMVmXoKelF2moM0B4ob9LGLKrPM="></latexit>

q̃ = q �A
<latexit sha1_base64="lWHm1kW4W7XBr6uWBBR8ZabfFPI="></latexit><latexit sha1_base64="lWHm1kW4W7XBr6uWBBR8ZabfFPI="></latexit><latexit sha1_base64="lWHm1kW4W7XBr6uWBBR8ZabfFPI="></latexit><latexit sha1_base64="9rW3ILEGpEbcMo0OGBLLpJN3eTU="></latexit>
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Equa8on	2	:	la	vitesse	anormale

Approxima8on	adiaba8que	à	l’ordre	1	en	la	perturba8on

ordre	0:	reste	dans		
la	bande	fondamentale

|uti = |u(0)
qt

i + i~
X

n6=0

|u(n)
qt

i
hu(n)

qt
|@tu(0)

qt
i

E(n)
q � E(0)

q

+ . . .

<latexit sha1_base64="k7PVkOrZn9kUUmb6oLLfEFCCFJA="></latexit><latexit sha1_base64="k7PVkOrZn9kUUmb6oLLfEFCCFJA="></latexit><latexit sha1_base64="k7PVkOrZn9kUUmb6oLLfEFCCFJA="></latexit><latexit sha1_base64="6YqTaQwxyiXKafMSuBmeD5VOiHU="></latexit>

ordre	1:	couplage	aux	bandes		
excitées,	linéaire	en	 F

<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

v =
�
hut|e�iqt·r

� p̂

m

�
eiqt·r|uti

�
<latexit sha1_base64="slu9gR1UvePgliVGWqrzkHpkL70="></latexit><latexit sha1_base64="slu9gR1UvePgliVGWqrzkHpkL70="></latexit><latexit sha1_base64="slu9gR1UvePgliVGWqrzkHpkL70="></latexit><latexit sha1_base64="+AE1IGyRwvEfJ9PU13HIcYCLgns="></latexit>

p̂ = �i~ rr
<latexit sha1_base64="Vmlw3BT04mwly8q4M0r5tZrLtvg="></latexit><latexit sha1_base64="Vmlw3BT04mwly8q4M0r5tZrLtvg="></latexit><latexit sha1_base64="Vmlw3BT04mwly8q4M0r5tZrLtvg="></latexit><latexit sha1_base64="uhoCglDjIaSIhEkPXq5g2rqF7w8="></latexit>

Ordre	0	en						:	 v0 =
1

~rqE
(0)
qt

<latexit sha1_base64="wDCVLiAdLwpg7QmlJ/nE3Vlk+HM="></latexit><latexit sha1_base64="wDCVLiAdLwpg7QmlJ/nE3Vlk+HM="></latexit><latexit sha1_base64="wDCVLiAdLwpg7QmlJ/nE3Vlk+HM="></latexit><latexit sha1_base64="Atl7DvAHntJKvT2wM7p+EySiCtg="></latexit>

Vitesse	moyenne	d’un	paquet	d’ondes	centré	en						:	qt
<latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="kaC4HKncLhOijnsfgetDgwSt5nQ="></latexit>

F
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit> vitesse	de	groupe

Ordre	1	en						:	F
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

v1,t =
1

~⌦qt
⇥ F t

<latexit sha1_base64="l08FADIC/2npPcv9BfA7j5veyMU="></latexit><latexit sha1_base64="l08FADIC/2npPcv9BfA7j5veyMU="></latexit><latexit sha1_base64="l08FADIC/2npPcv9BfA7j5veyMU="></latexit><latexit sha1_base64="r4b4A4Vo+gkUFp72U2Hbla4D7b0="></latexit>

⌦q = i h@qxu(0)
q |@qyu(0)

q i + c.c.
<latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="qIchrec06RJqQlQIrYPVXl40wfg="></latexit><latexit sha1_base64="ntHvzvd3o2qGrKfhpNLWSoDAoN4="></latexit>

vitesse	anormale Karplus & Luttinger 1954

:	courbure	de	Berry

Adams & Blount 1959

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>F

<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

qt
<latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="uzqkVBUZb5vtDtpxWvNedMuI2ks="></latexit><latexit sha1_base64="kaC4HKncLhOijnsfgetDgwSt5nQ="></latexit>
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Conductance	d’une	bande	pleine

1	par8cule	par	cellule	unité	:		
bande	fondamentale	pleine,	bandes	excitées	vides

On	applique	une	force	faible						;	quel	est	le	courant	de	par8cules	?F
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

J = ⇢(2D) hvi
<latexit sha1_base64="VAFXAYMHGtnMGY+dMB3TxQn2oYc="></latexit><latexit sha1_base64="VAFXAYMHGtnMGY+dMB3TxQn2oYc="></latexit><latexit sha1_base64="VAFXAYMHGtnMGY+dMB3TxQn2oYc="></latexit><latexit sha1_base64="nTK3ue4UbqVRIIP40bnbCHZpHfM="></latexit>

Isolant	de	bande

hvi = 1

AZB

ZZ

ZB
vq d2q

<latexit sha1_base64="tmm85RNBqRsfW/8fp9MAoOGDXVQ="></latexit><latexit sha1_base64="tmm85RNBqRsfW/8fp9MAoOGDXVQ="></latexit><latexit sha1_base64="tmm85RNBqRsfW/8fp9MAoOGDXVQ="></latexit><latexit sha1_base64="6eWkxNB21wME6S2HyNC9h/FFYhA="></latexit>

~vq = rqE
(0)
q +⌦q ⇥ F

<latexit sha1_base64="Dg9PagHL/D34T+W/QzFXLbP44qw="></latexit><latexit sha1_base64="Dg9PagHL/D34T+W/QzFXLbP44qw="></latexit><latexit sha1_base64="Dg9PagHL/D34T+W/QzFXLbP44qw="></latexit><latexit sha1_base64="/hFHlm1RKD7h058vS1jWqrUCJZ8="></latexit>

On	u8lise	:

• Contribu8on	de	la	vitesse	de	groupe	nulle	:	«	un	isolant	est	non-conducteur	»	!

• Contribu8on	de	la	vitesse	anormale	:	courant	perpendiculaire	à	F
<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>

Pour	une	force	orientée	selon	x,	courant	selon	y	: Jy = �yx Fx
<latexit sha1_base64="hbgr8HTcEoflRyrb0CPSePx/gSY="></latexit><latexit sha1_base64="hbgr8HTcEoflRyrb0CPSePx/gSY="></latexit><latexit sha1_base64="hbgr8HTcEoflRyrb0CPSePx/gSY="></latexit><latexit sha1_base64="QTl+g1ZgSoepeDazcBoph2/zAbQ="></latexit>

�yx =
1

h
C

<latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="qJm8+chOB4m9wkyfgUN4yyvsPHE="></latexit>

C =
1

2⇡

ZZ

ZB
⌦q d2q

<latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="W4HO1dUQDkbblxv4p4jgPjf4kNI="></latexit>

conduc4vité	de	Hall nombre	de	Chern

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>F

<latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="v+c40E9GUqtafJ9em2hQNQUmLQI="></latexit><latexit sha1_base64="ge1vl+WPvFjwgiud9Yqn/tThDXA="></latexit>



Le	nombre	de	Chern	n’est-il	pas	toujours	nul	?

C =
1

2⇡

ZZ

ZB
⌦q d2q

<latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="W4HO1dUQDkbblxv4p4jgPjf4kNI="></latexit>

⌦q = r⇥Aq
<latexit sha1_base64="KbwwHSRMk+mexLgMLxLMPdqMEyU="></latexit><latexit sha1_base64="KbwwHSRMk+mexLgMLxLMPdqMEyU="></latexit><latexit sha1_base64="KbwwHSRMk+mexLgMLxLMPdqMEyU="></latexit><latexit sha1_base64="dgj/tN44//X7NSdTEOtDABL8Zqk="></latexit>

= ⌦q uz
<latexit sha1_base64="30ntLJnrBsWoSgbKSyKHeHQcn94="></latexit><latexit sha1_base64="30ntLJnrBsWoSgbKSyKHeHQcn94="></latexit><latexit sha1_base64="30ntLJnrBsWoSgbKSyKHeHQcn94="></latexit><latexit sha1_base64="AuSraLqsfBVN5pp+O0KNRhu37GM="></latexit>

La	zone	de	Brillouin	a	par	construc8on	des	condi8ons	aux	limites	périodiques

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

cf.	cours	sur	les	pompes		
adiaba1ques

Si	la	connexion	de	Berry										est	régulière	sur	l’ensemble	de	la	zone	de	Brillouin,		
le	théorème	de	Stokes	donne

Aq
<latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="CJFIRUSGBMFgLxPRwujIXAfereQ="></latexit>

1

2⇡

ZZ

ZB
⌦q d2q =

1

2⇡

I

ZB
Aq · dq

<latexit sha1_base64="bZy+heOj6V9yDEfe5N/FL4iB1Dg="></latexit><latexit sha1_base64="bZy+heOj6V9yDEfe5N/FL4iB1Dg="></latexit><latexit sha1_base64="bZy+heOj6V9yDEfe5N/FL4iB1Dg="></latexit><latexit sha1_base64="pxdRxanNcXWkmFjUAFRA4gYbfJY="></latexit>

= 0 !!!
<latexit sha1_base64="XWSu0aOTqiZsTAUVYoxrsVgTUAo="></latexit><latexit sha1_base64="XWSu0aOTqiZsTAUVYoxrsVgTUAo="></latexit><latexit sha1_base64="XWSu0aOTqiZsTAUVYoxrsVgTUAo="></latexit><latexit sha1_base64="W4gn777Z7ehqGcRbqV59dc5AEFg="></latexit>

mais	la	connexion	de	Berry	n’est	pas	toujours	régulière…



Les	singularités	de	la	connexion	de	Berry	 Aq
<latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="hlUGWCIig+ezgDb/nlvCmnNdEr4="></latexit><latexit sha1_base64="CJFIRUSGBMFgLxPRwujIXAfereQ="></latexit>

Cellule	unité	à	deux	sites

choix	de	jauge	:		 |ui =
✓

cos(✓/2)
ei� sin(✓/2)

◆

<latexit sha1_base64="WdKEfG8zQsWT/fLAiyLdrs+Trig="></latexit><latexit sha1_base64="WdKEfG8zQsWT/fLAiyLdrs+Trig="></latexit><latexit sha1_base64="WdKEfG8zQsWT/fLAiyLdrs+Trig="></latexit><latexit sha1_base64="9MzK1uGmXJw4QR1+rEZ61UJsLm4="></latexit>

✓,�

Le	problème	du	pôle	sud	:	pour													,	on	ob8ent	pour	ce	choix	de	jauge			✓ = ⇡
<latexit sha1_base64="i3JKVqKg3mYcH6droINnDK+wGZI="></latexit><latexit sha1_base64="i3JKVqKg3mYcH6droINnDK+wGZI="></latexit><latexit sha1_base64="i3JKVqKg3mYcH6droINnDK+wGZI="></latexit><latexit sha1_base64="D0sfGjhFtPHJm1tyarbB5E7M2Ho="></latexit>

|ui =
✓

0
ei�

◆

<latexit sha1_base64="GG0ZXDx30Jllj2mCS8gUzcrNI6Q="></latexit><latexit sha1_base64="GG0ZXDx30Jllj2mCS8gUzcrNI6Q="></latexit><latexit sha1_base64="GG0ZXDx30Jllj2mCS8gUzcrNI6Q="></latexit><latexit sha1_base64="NmCJGxWOSV/B6FN6EprdHSDd9ks="></latexit>

gradient	infini	en	ce	point

Et	pour	une	autre	jauge,	par	exemple																																			?
✓
e�i� cos(✓/2)

sin(✓/2)

◆

<latexit sha1_base64="Id+psJutYEjDRFCt8pjpd20qGSM="></latexit><latexit sha1_base64="Id+psJutYEjDRFCt8pjpd20qGSM="></latexit><latexit sha1_base64="Id+psJutYEjDRFCt8pjpd20qGSM="></latexit><latexit sha1_base64="TVXDMBBDZc5xmyvseFFHjzaYdRQ="></latexit>

Le	problème	du	pôle	sud	est	éliminé	:	 |ui =
✓
0
1

◆

<latexit sha1_base64="wl2LNPMhn7TWAepA2DokDDuMtlI="></latexit><latexit sha1_base64="wl2LNPMhn7TWAepA2DokDDuMtlI="></latexit><latexit sha1_base64="wl2LNPMhn7TWAepA2DokDDuMtlI="></latexit><latexit sha1_base64="uYeZzQTdLmsG2BVoIBXSDgXra6M="></latexit>

…	mais	un	problème	est	apparu	au	pôle	nord	:
✓
e�i�

0

◆

<latexit sha1_base64="cuq05PVsw5zMWaoudof/fBR8aJ4="></latexit><latexit sha1_base64="cuq05PVsw5zMWaoudof/fBR8aJ4="></latexit><latexit sha1_base64="cuq05PVsw5zMWaoudof/fBR8aJ4="></latexit><latexit sha1_base64="LXZyPtPPVfl3ObEKQI8F5Wi4S0o="></latexit>

Si	la	sphère	de	Bloch	est	complètement	recouverte,	pas	de	«	bon	»	choix	de	jauge
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Le	nombre	de	Chern	n’est	pas	toujours	nul,	mais	c’est	un	en8er

qx
<latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="Lnto8Z+qhf9yr9GS+R3xifRLvr0="></latexit><latexit sha1_base64="sdJJah6Pod+78tmE2EvXfK72P2M="></latexit>

qy
<latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="9hlN5/KgVshIjiUhkZMlZgFLJTg="></latexit><latexit sha1_base64="MYeIDgPLiTX+BCwy/zcw27Bb3n0="></latexit>

Sépara8on	de	la	zone	de	Brillouin		
en	deux	régions	A	et	B	:région	A

région	B
• Choix	de	jauge	(I)	non	singulier	sur	A
• Choix	de	jauge	(II)	non	singulier	sur	B

|u(II)
q i = e�i�q |u(I)

q i
<latexit sha1_base64="rRtY0YsfbkBeDc6Qv2U+GiAo+WQ="></latexit><latexit sha1_base64="rRtY0YsfbkBeDc6Qv2U+GiAo+WQ="></latexit><latexit sha1_base64="rRtY0YsfbkBeDc6Qv2U+GiAo+WQ="></latexit><latexit sha1_base64="1TYLyAW6joMwMEAx53bj3YeIyDk="></latexit>

A(II)
q = A(I)

q +rq�q
<latexit sha1_base64="MHL+2pUCBg9+QrOyP1PEXdTkk3w="></latexit><latexit sha1_base64="MHL+2pUCBg9+QrOyP1PEXdTkk3w="></latexit><latexit sha1_base64="MHL+2pUCBg9+QrOyP1PEXdTkk3w="></latexit><latexit sha1_base64="B65zJ/ha0KtZpHVrikkFnkaMhpo="></latexit>

ZZ

ZB
⌦q d2q =

ZZ

A
⌦q d2q +

ZZ

B
⌦q d2q

<latexit sha1_base64="PT5ttD87jPD5L9q+j29wkhLHc6k="></latexit><latexit sha1_base64="PT5ttD87jPD5L9q+j29wkhLHc6k="></latexit><latexit sha1_base64="PT5ttD87jPD5L9q+j29wkhLHc6k="></latexit><latexit sha1_base64="F8DqR8PKaCAXT5qDGRAqsV7PjKE="></latexit>

Intégrale	surfacique	de	la	courbure	de	Berry	et	théorème	de	Stokes	:

=

✓I

ZB
�
I

C

◆
A(I)

q · dq +

I

C
A(II)

q · dq
<latexit sha1_base64="Sg3HXdWZg4upF8r+ulzf2VhHi2s="></latexit><latexit sha1_base64="Sg3HXdWZg4upF8r+ulzf2VhHi2s="></latexit><latexit sha1_base64="Sg3HXdWZg4upF8r+ulzf2VhHi2s="></latexit><latexit sha1_base64="iIuunC6HdOLxV4jwC8GXiAwfboI="></latexit>

I

ZB
A(I)

q · dq = 0
<latexit sha1_base64="SlyUsMxFJbqRrvRXbbvq0NhhZ3Y="></latexit><latexit sha1_base64="SlyUsMxFJbqRrvRXbbvq0NhhZ3Y="></latexit><latexit sha1_base64="SlyUsMxFJbqRrvRXbbvq0NhhZ3Y="></latexit><latexit sha1_base64="djOhN1rfBtoP5D6d6Svm8dlMtiA="></latexit>

Périodicité	de	la	ZB:

Il	reste	:
ZZ

ZB
⌦q d2q =

I

C
rq�q · dq

<latexit sha1_base64="F4YkSVYBDPojsi/8B8ajlvwRWx4="></latexit><latexit sha1_base64="F4YkSVYBDPojsi/8B8ajlvwRWx4="></latexit><latexit sha1_base64="F4YkSVYBDPojsi/8B8ajlvwRWx4="></latexit><latexit sha1_base64="3oc31oHne3W9URH6JAW7MOXCftg="></latexit>

=	mul8ple	de	2π				Q.E.D.

C
<latexit sha1_base64="fcmQbgWs8+OKn4eWFbfdljF0JxQ="></latexit><latexit sha1_base64="fcmQbgWs8+OKn4eWFbfdljF0JxQ="></latexit><latexit sha1_base64="fcmQbgWs8+OKn4eWFbfdljF0JxQ="></latexit><latexit sha1_base64="UQBurgSSo3uKOI6JosAytLIX99o="></latexit>

contour
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4.	

Courbure	de	Berry	dans	un	réseau	2D
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Comparaison	de	nos	deux	approches

•Approche	géométrique	pour	une	cellule	unité	à	deux	sites	:

Couverture	de	la	sphère	de	Bloch	quand						parcourt	la	zone	de	Brillouinq
<latexit sha1_base64="5fWRTKBQGzmpF2+laArfBwbrCiE="></latexit><latexit sha1_base64="5fWRTKBQGzmpF2+laArfBwbrCiE="></latexit><latexit sha1_base64="5fWRTKBQGzmpF2+laArfBwbrCiE="></latexit><latexit sha1_base64="+691KZx+gOPtC0slfP78pBtSVAw="></latexit>

en8er	non	nul

•Approche	physique	:	conductance	de	Hall	quan8fiée	
1

2⇡

ZZ

ZB
⌦q d2q

<latexit sha1_base64="BZvoEzXd/TNFAoYz/b5ZzXPeXv4="></latexit><latexit sha1_base64="BZvoEzXd/TNFAoYz/b5ZzXPeXv4="></latexit><latexit sha1_base64="BZvoEzXd/TNFAoYz/b5ZzXPeXv4="></latexit><latexit sha1_base64="JsQbXnmuoYcA6imYObf/Aadd1RQ="></latexit>

en8er	non	nul	avec	 ⌦q = i h@qxu(�)
q |@qyu(�)

q i + c.c.
<latexit sha1_base64="O7UkO6amOjqhmY7VG0/CtQPhodU="></latexit><latexit sha1_base64="O7UkO6amOjqhmY7VG0/CtQPhodU="></latexit><latexit sha1_base64="O7UkO6amOjqhmY7VG0/CtQPhodU="></latexit><latexit sha1_base64="XD8rrnyMnT0beSx4zGy3T3MSeNQ="></latexit>

|u(�)
q i =

✓
cos(✓/2)

ei� sin(✓/2)

◆

<latexit sha1_base64="1rcd7TBGKx43kGyJ1eq1H2xzhc8="></latexit><latexit sha1_base64="1rcd7TBGKx43kGyJ1eq1H2xzhc8="></latexit><latexit sha1_base64="1rcd7TBGKx43kGyJ1eq1H2xzhc8="></latexit><latexit sha1_base64="ra3TuvPv/HiGaxGpvsPyG3+2lTY="></latexit>

n =

0

@
sin ✓ cos�
sin ✓ sin�

cos ✓

1

A

<latexit sha1_base64="g/FRFBboAiHeRgpjXjN2YD3uWjQ="></latexit><latexit sha1_base64="g/FRFBboAiHeRgpjXjN2YD3uWjQ="></latexit><latexit sha1_base64="g/FRFBboAiHeRgpjXjN2YD3uWjQ="></latexit><latexit sha1_base64="CcSH+tHsqysvpYg9KgtdNAn3C1o="></latexit>

Quan8tés	directement	reliées	:																																													et

⌦q = �1

2
n ·

⇥
(@qxn)⇥ (@qyn)

⇤
<latexit sha1_base64="E2SISN0JNhV3QAxfBSXg/1d9Rlc="></latexit><latexit sha1_base64="E2SISN0JNhV3QAxfBSXg/1d9Rlc="></latexit><latexit sha1_base64="E2SISN0JNhV3QAxfBSXg/1d9Rlc="></latexit><latexit sha1_base64="MyaeRxLRPYGBlACldQapLA082AA="></latexit>

:	les	deux	critères	sont	équivalents

� 1

4⇡

ZZ

ZB
n ·

⇥
(@qxn)⇥ (@qyn)

⇤
d2q

<latexit sha1_base64="r90EAKofusUmjyweciJObXkB/Fg="></latexit><latexit sha1_base64="r90EAKofusUmjyweciJObXkB/Fg="></latexit><latexit sha1_base64="r90EAKofusUmjyweciJObXkB/Fg="></latexit><latexit sha1_base64="He6Aaa5dOxUTqWs9/vpRBgm8Yus="></latexit>
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Nombre	de	Chern	et	symétries

Symétrie	d’inversion	: Ŝ0  (r) =  (�r)
<latexit sha1_base64="2O/pXwGiV1W/NSV/R7mb/tzjHR8="></latexit><latexit sha1_base64="2O/pXwGiV1W/NSV/R7mb/tzjHR8="></latexit><latexit sha1_base64="2O/pXwGiV1W/NSV/R7mb/tzjHR8="></latexit><latexit sha1_base64="1ddaxvIofWdHC/c1jfswg0826Fs="></latexit>

Si																										alors	:	[Ŝ0, Ĥ] = 0
<latexit sha1_base64="Lh+sStfahhGzNsS1SnWH2JI2SiA="></latexit><latexit sha1_base64="Lh+sStfahhGzNsS1SnWH2JI2SiA="></latexit><latexit sha1_base64="Lh+sStfahhGzNsS1SnWH2JI2SiA="></latexit><latexit sha1_base64="VXrsO+b8wTERFlBg3OJ9Rvp3EHM="></latexit>

⌦q = ⌦�q
<latexit sha1_base64="2RLM5/zztaQW2tBLXpq5MpyLtCA="></latexit><latexit sha1_base64="2RLM5/zztaQW2tBLXpq5MpyLtCA="></latexit><latexit sha1_base64="2RLM5/zztaQW2tBLXpq5MpyLtCA="></latexit><latexit sha1_base64="pz95MFRFTpiGo9195WAMDTfmQdc="></latexit>

Symétrie	par	renversement	du	temps	: r �! r
<latexit sha1_base64="kOyBjSEVI7Ux/huZAoGc8VkRSpo="></latexit><latexit sha1_base64="kOyBjSEVI7Ux/huZAoGc8VkRSpo="></latexit><latexit sha1_base64="kOyBjSEVI7Ux/huZAoGc8VkRSpo="></latexit><latexit sha1_base64="/ZWzpgyK0lO/yWS5cu6mjCDTXzw="></latexit>

p �! �p
<latexit sha1_base64="tDSABZgG3hFo1Q2xux3uJOqB548="></latexit><latexit sha1_base64="tDSABZgG3hFo1Q2xux3uJOqB548="></latexit><latexit sha1_base64="tDSABZgG3hFo1Q2xux3uJOqB548="></latexit><latexit sha1_base64="pT6QjSYieguJFxY+2M9zhQSiZak="></latexit>

Pour	une	fonc8on	d’onde	(sans	spin)	: K̂0  (r) =  ⇤(r)
<latexit sha1_base64="JSzEW9X1x48WMBXPnhABd+AlfCM="></latexit><latexit sha1_base64="JSzEW9X1x48WMBXPnhABd+AlfCM="></latexit><latexit sha1_base64="JSzEW9X1x48WMBXPnhABd+AlfCM="></latexit><latexit sha1_base64="yV+G6ztRsFuHIfP5OKXvTA9S1AM="></latexit>

K̂0

�
eik·r

�
= e�ik·r

<latexit sha1_base64="Rwi/vKm4gGjGXdWzB/a31/l9gEM="></latexit><latexit sha1_base64="Rwi/vKm4gGjGXdWzB/a31/l9gEM="></latexit><latexit sha1_base64="Rwi/vKm4gGjGXdWzB/a31/l9gEM="></latexit><latexit sha1_base64="BtdJ+WZCjt3YYCh+X/HC89BJllo="></latexit>

Si																										alors	:	[K̂0, Ĥ] = 0
<latexit sha1_base64="xJH6wFppb0WsLfD2AYaoVCok/zc="></latexit><latexit sha1_base64="xJH6wFppb0WsLfD2AYaoVCok/zc="></latexit><latexit sha1_base64="xJH6wFppb0WsLfD2AYaoVCok/zc="></latexit><latexit sha1_base64="sr2euEVDeNEzJZY70PHvwonkhEg="></latexit>

⌦q = �⌦�q
<latexit sha1_base64="356md9GbMTT1xoC3TEZyxg3gPVE="></latexit><latexit sha1_base64="356md9GbMTT1xoC3TEZyxg3gPVE="></latexit><latexit sha1_base64="356md9GbMTT1xoC3TEZyxg3gPVE="></latexit><latexit sha1_base64="kaH8muXhV1wxY+gAV5yAGghRdC4="></latexit>

C =
1

2⇡

ZZ
⌦q d2q = 0

<latexit sha1_base64="m2mzBSHAGRb1OOEOz9gmOuBGGMg="></latexit><latexit sha1_base64="m2mzBSHAGRb1OOEOz9gmOuBGGMg="></latexit><latexit sha1_base64="m2mzBSHAGRb1OOEOz9gmOuBGGMg="></latexit><latexit sha1_base64="ppGm2SYn8zJyHVow7YBaCkvDlKA="></latexit>

Bande	non	topologique

Si	les	deux	symétries	sont	présentes	simultanément	:	 ⌦q = 0
<latexit sha1_base64="IEIqIuG8bdnhgbEmhoxN1UIYj5Q="></latexit><latexit sha1_base64="IEIqIuG8bdnhgbEmhoxN1UIYj5Q="></latexit><latexit sha1_base64="IEIqIuG8bdnhgbEmhoxN1UIYj5Q="></latexit><latexit sha1_base64="dXA31TZFJL0r04ISJQ8KbUSkbTU="></latexit>

Vitesse	anormale	nulle	en	tout	point	de	la	zone	de	Brillouin



 33

Mesure	locale	de	la	courbure	de	Berry

Fläschner, Rem, et al., Science 352, 1091 (2016)   [Hambourg] 
Experimental reconstruction of the Berry curvature in a Floquet Bloch band

Réseau	hexagonal	modulé	dans	le	temps	dans	une	situa8on	bien	modélisée	par	
l’approxima8on	des	liaisons	fortes	et	le	modèle	à	deux	bandes

Mesure	de	 ⌦q
<latexit sha1_base64="fFK5iWs9ADLkZ1QHT/oTAmFYTh8="></latexit><latexit sha1_base64="fFK5iWs9ADLkZ1QHT/oTAmFYTh8="></latexit><latexit sha1_base64="fFK5iWs9ADLkZ1QHT/oTAmFYTh8="></latexit><latexit sha1_base64="fQWJIs2T4u0a+DYRLTjABTcyBaI="></latexit>

Mesure	de	 nq : ✓q,�q
<latexit sha1_base64="CC58tXiJX5DC1XEwxhJG3RTsda4="></latexit><latexit sha1_base64="CC58tXiJX5DC1XEwxhJG3RTsda4="></latexit><latexit sha1_base64="CC58tXiJX5DC1XEwxhJG3RTsda4="></latexit><latexit sha1_base64="zbh0hUBa10EFQeGMQUPIF57vS8g="></latexit>

Mesure	de	la	distribu8on	en	impulsion	des		
atomes	occupant	toute	la	bande	fondamentale

Coupure	instantanée	du	réseau	et	expansion	balis8que	:

|u(�)
q i =

✓
cos(✓q/2)

ei�q sin(✓q/2)

◆

<latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="HXFGAgpfNJmL2ZKnCWblqkW1l9o="></latexit>

N (q) = f(q)
��cos(✓q/2) + ei�q sin(✓q/2)

��2
<latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="tETbKm2aMVBBQ2DmCmlBoAtpZj8="></latexit>

Enveloppe	:	fonc8on	de		
Wannier	de	chaque	site	A	ou	B

Hauke, Lewenstein, Eckardt (2014)
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Mesure	locale	de	la	courbure	de	Berry	(2)

Signal	après	expansion	balis8que	:

|u(�)
q i =

✓
cos(✓q/2)

ei�q sin(✓q/2)

◆

<latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="+a4Forhj/dTAxak4l/Nfbpfk9Uk="></latexit><latexit sha1_base64="HXFGAgpfNJmL2ZKnCWblqkW1l9o="></latexit>

N (q) = f(q)
��cos(✓q/2) + ei�q sin(✓q/2)

��2
<latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="ERs7T9n/IrQ1JRSTNzO1ah7IbT4="></latexit><latexit sha1_base64="tETbKm2aMVBBQ2DmCmlBoAtpZj8="></latexit>

= f(q) [1� sin ✓q cos�q]
<latexit sha1_base64="9ucS//N5TRP1QTZEPLReGuVrAWI="></latexit><latexit sha1_base64="9ucS//N5TRP1QTZEPLReGuVrAWI="></latexit><latexit sha1_base64="9ucS//N5TRP1QTZEPLReGuVrAWI="></latexit><latexit sha1_base64="cqGDfMPkSotyvtCSs9K96GMDQME="></latexit>

Pour	obtenir	séparément							et							,	procédure	en	plusieurs	étapes	:✓q
<latexit sha1_base64="QZfSWyrID1seJKEaM4hUT474+xI="></latexit><latexit sha1_base64="QZfSWyrID1seJKEaM4hUT474+xI="></latexit><latexit sha1_base64="QZfSWyrID1seJKEaM4hUT474+xI="></latexit><latexit sha1_base64="s7HSUpt7iy8fADYgKYX9EldzlDc="></latexit>

�q
<latexit sha1_base64="56VI6T9ELgNyAhvk1z9mq9Y8v48="></latexit><latexit sha1_base64="56VI6T9ELgNyAhvk1z9mq9Y8v48="></latexit><latexit sha1_base64="56VI6T9ELgNyAhvk1z9mq9Y8v48="></latexit><latexit sha1_base64="6HRy+d4iIaM2VyMp1kypjQRRKHI="></latexit>

• Prépara8on	dans	le	réseau

• «	Trempe	soudaine	»	(quench)	:																																					pendant	une	durée	tĤ
0
q = (~!0/2) �̂z

<latexit sha1_base64="GrheGpHpFusKmP64amqCxh9UrAo="></latexit><latexit sha1_base64="GrheGpHpFusKmP64amqCxh9UrAo="></latexit><latexit sha1_base64="GrheGpHpFusKmP64amqCxh9UrAo="></latexit><latexit sha1_base64="rRmxhLTH36x0gfSbMM13ywrAXrI="></latexit>

N (q, t) = f(q) [1� sin ✓q cos(�q + !0t)]
<latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="PuJuYdTiR3IjpMxG8rawLPJoi5k="></latexit>

• Expansion	balis8que

L’étude	de	l’évolu8on	temporelle	de																	pour	un	grand	nombre	de	points	de		
la	zone	de	Brillouin	permet	de	déduire																en	ces	points,	et	donc	

N (q, t)
<latexit sha1_base64="TPIp0WNnnhwBAg1ciIvB3+gPeB4="></latexit><latexit sha1_base64="TPIp0WNnnhwBAg1ciIvB3+gPeB4="></latexit><latexit sha1_base64="TPIp0WNnnhwBAg1ciIvB3+gPeB4="></latexit><latexit sha1_base64="16mxLhlV0+WwC7wCx7CYGLJ2YyY="></latexit>

✓q,�q
<latexit sha1_base64="o6auPJ4Q4DuNZdjcrbVJ2eI19sk="></latexit><latexit sha1_base64="o6auPJ4Q4DuNZdjcrbVJ2eI19sk="></latexit><latexit sha1_base64="o6auPJ4Q4DuNZdjcrbVJ2eI19sk="></latexit><latexit sha1_base64="nSotBShSokmALYf4HwJf80Yy1/I="></latexit>

⌦q
<latexit sha1_base64="fFK5iWs9ADLkZ1QHT/oTAmFYTh8="></latexit><latexit sha1_base64="fFK5iWs9ADLkZ1QHT/oTAmFYTh8="></latexit><latexit sha1_base64="fFK5iWs9ADLkZ1QHT/oTAmFYTh8="></latexit><latexit sha1_base64="fQWJIs2T4u0a+DYRLTjABTcyBaI="></latexit>



Résultats	de	l’expérience	de	Hambourg

Réseau	hexagonal	de	tubes

Atomes	de	40K

N (q, t) = f(q) [1� sin ✓q cos(�q + !0t)]
<latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="7hPNlcKBAo3ef2aO0+TCTx80r7c="></latexit><latexit sha1_base64="PuJuYdTiR3IjpMxG8rawLPJoi5k="></latexit>

Amplitude	:	 sin ✓q
<latexit sha1_base64="sA0hHX2aUMxIQroizl5W6NNQoRo="></latexit><latexit sha1_base64="sA0hHX2aUMxIQroizl5W6NNQoRo="></latexit><latexit sha1_base64="sA0hHX2aUMxIQroizl5W6NNQoRo="></latexit><latexit sha1_base64="4b4UeUpfygJbupbQM7VGjgtRCXs="></latexit>

Phase	:	 �q
<latexit sha1_base64="YvZ0brfPghOgzxdJYl6GGHgAtOE="></latexit><latexit sha1_base64="YvZ0brfPghOgzxdJYl6GGHgAtOE="></latexit><latexit sha1_base64="YvZ0brfPghOgzxdJYl6GGHgAtOE="></latexit><latexit sha1_base64="9o6ffqsTMk1KDXXOM9tyXgdzhFk="></latexit>

Pour	ce	réseau	par8culier	:	
ZZ

⌦q d2q = 0
<latexit sha1_base64="Nbfhf+FSI74wP7+4xx6u0TiOf1Y="></latexit><latexit sha1_base64="Nbfhf+FSI74wP7+4xx6u0TiOf1Y="></latexit><latexit sha1_base64="Nbfhf+FSI74wP7+4xx6u0TiOf1Y="></latexit><latexit sha1_base64="H9+x2doYJqe+YYFQNzuEZSZAYFQ="></latexit>

Bande	non	topologique

Reconstruc8on	de	la	courbure	: ⌦q = i h@qxu(�)
q |@qyu(�)

q i+ c.c. =
1

2
sin ✓ (rq�⇥rq✓) · uz

<latexit sha1_base64="oj7gf+2LJigPIxYJ8lQCdaVrJTY="></latexit><latexit sha1_base64="oj7gf+2LJigPIxYJ8lQCdaVrJTY="></latexit><latexit sha1_base64="oj7gf+2LJigPIxYJ8lQCdaVrJTY="></latexit><latexit sha1_base64="bwBFVw3NJ/GP51mP6EU75apTEuo="></latexit>

Fläschner, Rem, et al.,  
Science (2016)
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Conclusion

Nous	disposons	désormais	d’un	critère	physique	pour	caractériser	la	
topologie	d’une	bande	d’énergie	dans	un	réseau	à	deux	dimensions

Conductance	de	Hall	quan8fiée	pour	une	bande	uniformément	remplie

�yx =
1

h
C

<latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="Vzg3+3E33uPj3nU8EB2nvTTHLgs="></latexit><latexit sha1_base64="qJm8+chOB4m9wkyfgUN4yyvsPHE="></latexit>

avec	 C =
1

2⇡

ZZ

ZB
⌦q d2q

<latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="l5TFwTXsImuW03YxdzX71NT4WH8="></latexit><latexit sha1_base64="W4HO1dUQDkbblxv4p4jgPjf4kNI="></latexit>

rôle	central	de	la	courbure	de	Berry

en4er

Pour	une	cellule	unité	à	deux	sites,	le	critère															coïncide		
avec	la	condi8on	de	recouvrement	de	la	sphère	de	Bloch

C 6= 0
<latexit sha1_base64="mCERgihtKgtBGWp15mc98Szq6l4="></latexit><latexit sha1_base64="mCERgihtKgtBGWp15mc98Szq6l4="></latexit><latexit sha1_base64="mCERgihtKgtBGWp15mc98Szq6l4="></latexit><latexit sha1_base64="tdhQATPd0W8/duGc+QpaV4WqEUY="></latexit>

Quels	sont	les	modèles	physiques		
conduisant	à	un	tel	recouvrement	?


