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Le lien “2 corps” — “N corps”

Pour un gaz faiblement dégénéré, développement du viriel

P
kBT / λ3

= b1(T) z + b2(T) z2 + b3(T) z3 + …

Pour le gaz de Bose à température proche de 0, approche de Bogoliubov si   na3 ≪ 1
Résultats exprimés en fonction de la longueur de diffusion  du problème à deux corpsa

Déplétion quantique, énergie du fondamental, spectre d’excitation

Que peut-on dire au-delà des domaines de validité de ces deux approches ?
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Les échelles de longueur du problème

Pour le problème à deux corps V(r)
r

Portée du potentiel  : quelques nanomètresb ∼ RvdW

Longueur de diffusion  ajustable par une résonance de diffusiona

a ∼ b ⟶ |a | ∼ 100 b

Pour le problème à  corpsN

Distance entre particules    (  :  densité spatiale)d = n−1/3 n

Longueur d’onde thermique λ = ( 2πℏ2

mkBT )
1/2
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Les échelles de longueur du problème (2)

Deux corps :            corps : a, b N d = n−1/3, λ

On considère toujours des systèmes dilués :      b ≪ d ⇔ nb3 ≪ 1

0 b d = n−1/3

  qqs nanomètresb :   qqs centaines de nanomètres (  at/cm3)d : n : 1012 − 1015

régime dégénéré nλ3 ≫ 1régime non dégénéré    (viriel)nλ3 ≪ 1 zone critique 
BECλ :

régime d’interaction faible n |a |3 ≪ 1 régime d’interaction forte n |a |3 ≳ 1|a | :
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But des deux prochains cours

Etablir des relations entre différents paramètres du système, même sans description analytique 

•  Distribution en impulsion (observable à un corps) : loi en  aux grands 1/k4 k

•  Valables aussi bien pour  que pour na3 ≪ 1 na3 ≳ 1

•  Fonction de corrélation  (observable à deux corps) : loi en  aux petits g2(r) 1/r2 r

•  Potentiels thermodynamiques

•  Réponse linéaire du fluide, spectroscopie radiofréquence par exemple : loi en (ω − ω0)−3/2

Tan (2005-08), Baym, Pethick et al. (2007), Punk & Zwerger (2007), Braaten & Platter (2008), Werner-Tarruell-Castin (2009) 
Zhang & Leggett (2009), Combescot, Alzetto et al (2009), Braaten, Kang et al (2010), Werner & Castin (2012)
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Plan du cours

1. Champ d’application du concept de contact

2. Contact et corrélations à deux corps

3. Définition thermodynamique du contact

4. Premières mesures du contact
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Plan du cours

1. Champ d’application du concept de contact

2. Contact et corrélations à deux corps

3. Définition thermodynamique du contact

4. Premières mesures du contact

Rôle des états liés        Fermions vs. bosons      Résonances larges vs. étroites
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Les états liés à deux corps (hors résonance)

V(r)
r

Pour les atomes “usuels”, le problème à deux corps 
admet de nombreux états liés

• Dernier état lié : |E | ∼ 10 EvdW ∼ 100 μK − 1 mK

• Etats liés profonds : |E | ∼ 100 − 1000K

Une fois formés, ces états liés sont “hors-jeu” pour la thermodynamique du gaz

Toute la physique des gaz quantiques repose sur le fait que le taux de 
formation de ces états liés est faible : on étudie des états métastables

à comparer aux énergies du gaz : 10 nK − 1 μK
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Les états liés proches d’une résonance de diffusion

Au voisinage d’une résonance, la longueur de diffusion  et un nouvel état lié apparaît du côté a → ± ∞ a > 0

1/a
Elie

≈ − ℏ2/ma2

Paire de bosons ou paire de fermions de spin 1/2 dans des états  et ↑ ↓

L’énergie de liaison est comparable aux autres énergies 
caractéristiques du gaz : interactions, température

Cet état lié doit être pris en compte dans  
la dynamique et la thermodynamique

Au voisinage de cette résonance, y a-t-il des états faiblement liés à trois, quatre corps ? 

Fermions de spin 1/2 (et ) ? Non (Pauli)m↑ ≈ m↓ Bosons  ?   Oui (Efimov)

apparaissent pour
a ≈ − 10 RvdW

−
1

10 RvdW
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Fermions vs. bosons

Nous considérerons dans ce cours

un gaz de fermions de spin 1/2, avec m↑ = m↓ Gaz supposé “équilibré” :    N↑ = N↓ = N/2

Pas de restriction sur le signe de la longueur de diffusion ni sur la valeur de  :    a, na3 |a | ≷ d

un gaz de bosons sans spin ou polarisés

• Au voisinage  de ,   (stabilité en champ moyen) et   (cf. cours précédent)T = 0 a > 0 na3 ≪ 1

0 b d = n−1/3

• Dans le régime non dégénéré,  possible mais   pour éviter les états d’Efimov a < 0 |a | ≲ 10 RvdW
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Rappel sur le gaz de Fermi équilibré

Etat fondamental ?

Jamais d’interaction en onde s pour   ou  ↑ − ↑ ↓ − ↓

Si on suppose qu’il n’y a pas d’interaction , remplissage régulier des états jusqu’à ↑ − ↓ |k | = kF

N =
|k|<kF

∑
k

2

EF =
ℏ2k2

F

2m

L3

(2π)3 ∫|k|<kF

2 d3k =
L3k3

F

3π2

E =
|k|<kF

∑
k=0

2
ℏ2k2

2m
=

3
5

NEF
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Rappel sur le gaz de Fermi équilibré (suite)

Etat fondamental ?

Jamais d’interaction en onde s pour   ou  ↑ − ↑ ↓ − ↓

EF =
ℏ2k2

F

2m

En présence d’interactions , système très riche (fondamental toujours superfluide)↑ − ↓
Au voisinage d’une résonance de diffusion, “crossover” entre régime BCS et condensat de Bose-Einstein

0

a = ± ∞

petite :  régime à la  
Bardeen-Cooper-Schrieffer

|a |   positive et petite :  dimères bosoniques 
 qui forment un condensat

a
E ≈ − ℏ2/ma2Régime d’interaction forte

1/a
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Résonances de Feshbach : larges vs. étroites ?

0
Canal d’entrée ouvert

Canal fermé

|�0iEf

distance entre atomes r

E
n
er
gi
e

Résonance large

f(k) ≈
−a

1 + ika

  est la seule longueur pertinente  
dans le domaine d’énergie considéré
a

Résonance étroite

f(k) ≈
−a

1 + ika + k2R*a
où    est “anormalement” grand, en particulier  R* |R* | ≫ b

  constitue une nouvelle échelle de longueur à prendre en compte en plus de R* a

problème plus compliqué : exclu ici
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Plan du cours

1. Champ d’application du concept de contact

2. Contact et corrélations à deux corps

3. Définition thermodynamique du contact

4. Premières mesures du contact

Les états de diffusion à deux corps           Fonction de corrélation                Distribution en impulsionG2(r)



Les états de diffusion à deux corps

0 20 40 60 80 100 120 140 160 180 200

Collision en onde s : analyse du mouvement relatif 
en terme de la fonction d’onde radiale réduite

u(r) = r ψ(r)

Comportement pour  (portée du potentiel)r ≳ b

uk(r) ∝ sin [kr + δ0(k)]

Exemple d’un puits carré 
u(r)

r/b

a = 10 b ka = 0.1

ka = 0.3

ka = 0.2

0 2 4 6 8 10 12 14 16 18 20

r/b

a = 10 b

u(r)

k = 0

Dans la région    :kr ≪ 1

uk(r) ≈ u0(r) ≈ a − r + 𝒪(r2)

Valable en dehors du puits de potentiel  : r ≳ b

Exact pour le pseudo-potentiel (  )b = 0

a = − lim
k→0 {tan [δ0(k)]/k}
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0 5 10 15 20

u(r)

r/b

Les états de diffusion à deux corps (suite)

Comportement de la fonction d’onde à énergie nulle        pour ψ0(r) =
u0(r)

r
r ≳ b

u0(r) ∝ a − r

a = 10 b

0

0 5 10 15 20

0

ψ(r)

ψ0(r) =
a

L3 ( 1
r

−
1
a )

a = 10 b

Dans ce qui va suivre, c’est le terme dominant      pour   qui va jouer le rôle principalψ0(r) ∝
1
r

r ≳ b

r/b

(en supposant  pour que ce régime existe sur une plage appréciable)b ≪ a
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Passage à N corps : argument qualitatif

1

3

5 7

2

4

6

8
Indices impairs : ↑ Indices pairs : ↓

Fermions:  antisymétrique par échange de 
deux indices pairs ou de deux indices impairs

Φ

On fixe les positions  :  

Que se passe-t-il quand  et  se rapprochent l’un de l’autre, suffisamment loin des  particules restantes? 

r3, …, rN

r1 r2 N − 2

r1 = R +
r
2

, r2 = R −
r
2

  Φ(r1, r2, …, rN) ≈ ψ0(r) Φ̃(R, r3, …, rN)

fonction d’onde à  du problème à deux corpsE = 0

Etat fondamental : Φ(r1, r2, r3, …, rN)



Fonctions de corrélation à deux corps
Zhang & Leggett, Yu, Bruun & Baym (2009)

𝒢2,↑↓(r′ ,0; r,0) ≡ ⟨ Ψ̂†
↑(r′ ) Ψ̂†

↓(0) Ψ̂↓(0) Ψ̂↑(r) ⟩ =
N2

4 ∫ d3r3…d3rN Φ*(r′ ,0, r3, …, rN) Φ(r, 0, r3, …, rN)

Quel est le comportement de  quand  ?𝒢2 r, r′ → 0

On définit :

  opérateur hermitien en représentation position. On peut le diagonaliser :𝒢2 : 𝒢2,↑↓(r′ ,0; r,0) = ∑
j

γj ϕ*j (r′ ) ϕj(r)

Hypothèse à la base de la théorie du contact :  

     Quand   :          r ≪ d ϕj(r) ∝ ψ0(r)

𝒢2,↑↓(r′ ,0; r,0) ≈
C

(4π)2 a2
ψ*0 (r′ ) ψ0(r)   contactC :

𝒢2,↑↓(r′ ,0; r,0) ≈
C

(4π)2 L3

1
r′ 

1
r

b ≲ r, r′ ≪ d, a :
0 5 10 15 20

0

r/b

ψ0(r) ≈
a

L3/2 ( 1
r

−
1
a )
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Distribution de paires

Fonction de distribution de paires pour deux fermions  (ou deux bosons)↑ ↓

G2,↑↓(r) = ∫ 𝒢2,↑↓(ra + r, ra; ra + r, ra) d3ra = L3 𝒢2,↑↓(r,0; r,0)

𝒢2,↑↓(r′ ,0; r,0) ≡ ⟨ Ψ̂†
↑(r′ ) Ψ̂†

↓(0) Ψ̂↓(0) Ψ̂↑(r) ⟩

≈
C

(4π)2

1
r2 pour b ≲ r ≪ a, d

Tendance au groupement des particules (fermions    ou bosons) ↑ ↓

b

r

Pour un atome donné, probabilité  de trouver un voisin (de spin opposé 
dans le cas des fermions) à une distance inférieure à   ? 

δP(r)
r ( ≪ d, a)

  au lieu de  pour des particules non corréléesδP(r) ∝ r δP(r) ∝ r3

≈
C

(4π)2 L3

1
r′ 

1
r

Contact  : variable extensive, dimension : (longueur)-1  C

∫ G2,↑↓(r) d3r = ( N
2 )

2
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Distribution en impulsion ?

=
N2

4 ∫ d3r3…d3rN Φ*(r′ ,0, r3, …, rN) Φ(r, 0, r3, …, rN)

𝒢2,↑↓(r′ ,0; r,0) ≡ ⟨ Ψ̂†
↑(r′ ) Ψ̂†

↓(0) Ψ̂↓(0) Ψ̂↑(r) ⟩

𝒢2,↑↓(r′ ,0; r,0) ≈
C

(4π)2 L3

1
r′ 

1
r

b ≲ r, r′ ≪ d, a :

⇒ n↑(k) = n↓(k) ≈
C
k4

1
a

,
1
d

≪ k ≲
1
b

pour
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Plan du cours

1. Champ d’application du concept de contact

2. Contact et corrélations à deux corps

3. Définition thermodynamique du contact

4. Premières mesures du contact
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Potentiels thermodynamiques

Gibbs, 1839-1903

L’état d’équilibre d’un fluide est caractérisé par une fonction thermodynamique, 
par exemple l’énergie , elle-même fonction de variables thermodynamiques :E

dE = TdS − PdL3 + μdN

T = ( ∂E
∂S )

L3,N
P = − ( ∂E

∂L3 )
S,N

μ = ( ∂E
∂N )

S,L3

avec les variables conjuguées

On devrait en principe inclure le potentiel d’interaction  dans les variables thermodynamiques, 
mais ça ferait une infinité de paramètres !

V(r)

E(S, L3, N)

Pour les gaz quantiques dilués ( ), on suppose ici que seule 
la longueur de diffusion  du problème à deux corps est importante

nb3 ≪ 1
a

On va la traiter comme une variable thermodynamique à part entière :  E(S, L3, N, a)
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La définition thermodynamique  du contact

Pour la fonction thermodynamique  , quelle est la quantité conjuguée de  ?E(L3, N, a) a

ℏ2C
8πm

= − ( ∂E
∂(1/a) )

L3,N
Bosons polarisés :

ℏ2C
8πma2

= ( ∂E
∂a )

L3,N
ou encore

Fermions de spin 1/2 :
ℏ2C

4πma2
= ( ∂E

∂a )
L3,N

Cette définition coïncide-t-elle avec celle basée sur la fonction de corrélation à deux corps ? 

ℏ2C
4πm

= − ( ∂E
∂(1/a) )

L3,N
ou encore

On se place à température nulle pour commencer (donc entropie )S = 0
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Un lemme utile

On considère un potentiel d’interaction  conduisant à la longueur de diffusion V(r) a

On fait un léger changement de potentiel :   V(r) ⟶ V(r) + δV(r)

De combien change la longueur de diffusion ?

L3 ∫ δV(r) ψ2
0(r) d3r =

4πℏ2

m
δaRéponse :      avec a ⟶ a + δa

   fonction radiale réduite d’énergie nulleψ0(r)

0 5 10 15 20

0

r/b

ψ0(r) ≈
a

L3/2 ( 1
r

−
1
a )
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Lien entre les deux définitions du contact

𝒢2(r′ ,0; r,0) ≈
C

(4π)2 a2
ψ*0 (r′ ) ψ0(r)

=
N2

4 ∫ d3r3…d3rN Φ*(r′ ,0, r3, …, rN) Φ(r, 0, r3, …, rN)

𝒢2,↑↓(r′ ,0; r,0) ≡ ⟨ Ψ̂†
↑(r′ ) Ψ̂†

↓(0) Ψ̂↓(0) Ψ̂↑(r) ⟩

r, r′ ≪ d :

ℏ2Cthermo

4πma2
= ( ∂E

∂a )
L3,N

L3 ∫ δV(r) ψ2
0(r) d3r =

4πℏ2

m
δaLemme :

C = Cthermo ???
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Le cas de la température non nulle

Description du système par un opérateur densité à N corps à température  :T ̂ρ = ∑
j

Pj |Φj⟩⟨Φj |

Pour chaque état , on peut refaire la même démarche :|Φj⟩

Cj = −
[4/8]πm

ℏ2 (
∂Ej

∂(1/a) )
N,L3

à condition que les échelles d’énergie restent compatibles avec les hypothèses (onde s)

Contact à température         T : C = ∑
j

PjCj

Définition prise à populations constantes : correspond à la définition d’un processus adiabatique

C = −
[4/8]πm

ℏ2 ( ∂E
∂(1/a) )

S,N,L3
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Contact et théorème du viriel

Utilisation de l’analyse dimensionnelle pour établir des relations entre quantités thermodynamiques

dS =
1
T

dE +
P
T

dL3 −
μ
T

dN +
ℏ2C

[4/8]πmT
d(1/a)Exemple de l’entropie :

• On utilise l’extensivité de l’entropie

• On choisit une échelle naturelle d’énergie ( ) et de volume ( )ℏ2/ma2 a3

S = NkB f ( E/N
ℏ2/ma2

,
L3/N

a3 )
On en déduit : PL3 =

2
3

E +
ℏ2C

[12/24]πma
Tan (généralisé par Werner)

Si , le contact est régulier : |a | → + ∞ PL3 =
2
3

E
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Plan du cours

1. Champ d’application du concept de contact

2. Contact et corrélations à deux corps

3. Définition thermodynamique du contact

4. Premières mesures du contact

• Expériences sur un gaz de Fermi
• Simulations numériques
• Fraction de dimères au voisinage d’une résonance de Feshbach
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Expérience de Boulder (2010)

Gaz de 2 105 atomes de potassium 40 (fermion), avec  pour le niveau fondamental F = 9/2

| ↓ ⟩ ≡ |F = 9/2,mF = − 9/2⟩| ↑ ⟩ ≡ |F = 9/2,mF = − 7/2⟩

Confinement dans un piège optique et refroidissement par évaporation jusqu’à     ( )T ≈ 0.1 TF a = 40 nm

Rampe adiabatique de  jusqu’à une valeur proche de résonance  ( ), puis mesure de a 1/kFa = − 0.08 n(k)

Stewart et al., PRL 104 235301

Pour obtenir  : n(k)

• Coupure soudaine 
du piège optique

• On amène  à  
en changeant 

a ≈ 0
B

light for the imaging propagates along the axial direction
of the trap, and thus we measure the radial momentum
distribution. Assuming the momentum distribution is
spherically symmetric, we obtain nðkÞ with an inverse
Abel transform.

Figure 1(a) shows an example nðkÞ for a strongly inter-
acting gas with a dimensionless interaction strength
ðkFaÞ#1 of #0:08$ 0:04. The measured nðkÞ exhibits a
1=k4 tail at large k, and we extractC from the average value
of k4nðkÞ for k > kC, where we use kC ¼ 1:85 for
ðkFaÞ#1 >#0:5 and kC ¼ 1:55 for ðkFaÞ#1 <#0:5.
These values for kC are chosen empirically such that for
k & kC, the momentum distributions are in the asymptotic
limit to within our statistical measurement uncertainties.
One issue for this measurement is whether or not the
interactions are switched off sufficiently quickly to accu-
rately measure nðkÞ. The data in Fig. 1(a) were taken using
a magnetic-field sweep rate of _B ¼ 1:2 G

!s to turn off the

interactions for the expansion. In the inset to Fig. 1a, we
show the dependence of the measured C on _B. Using an
empirical exponential fit [line in Fig. 1(a) inset], we esti-
mate that for our typical _B of 1.2 to 1:4 G

!s , C is system-

atically low by about 10%. We have therefore scaled C
measured with this method by 1:1.

The contact is also manifest in rf spectroscopy, where
one applies a pulsed rf field and counts the number of
atoms that are transferred from one of the two original
spin states into a third, previously unoccupied, spin state
[11]. We transfer atoms from the j9=2;#7=2i state to the
j9=2;#5=2i state. It is predicted that the number of atoms
transferred as a function of the rf frequency, ", scales as
"#3=2 for large ", and that the amplitude of this high
frequency tail is C

23=2#2 [12–14]. Here, " ¼ 0 is the single-

particle spin-flip resonance, and " is given in units of
EF=h. This prediction requires that atoms transferred to
the third spin-state have only weak interactions with the
other atoms so that ‘‘final-state effects’’ are small [14–21],
as is the case for 40K atoms. In Fig. 1(b), we plot a
measured rf spectrum, !ð"Þ, multiplied by 23=2#2"3=2.
The rf spectrum is normalized so that its integral equals
0:5. We observe the predicted 1="3=2 behavior for large ",
and obtain C by averaging 23=2#2"3=2!ð"Þ for "> "C,
where we use "C ¼ 5 for ðkFaÞ#1 >#0:5 and "C ¼ 3
for ðkFaÞ#1 <#0:5. These values for "C are chosen such
that for " & "C, !ð"Þ is in its asymptotic limit.
The connection between !ð"Þ and the high-k tail of nðkÞ

can be seen in the Fermi spectral function, which can be
probed using photoemission spectroscopy for ultra cold
atoms [8]. Recent photoemission spectroscopy results on
a strongly interacting Fermi gas [22] revealed a weak,
negatively dispersing feature at high k that persists to
temperatures well above TF. This feature was attributed
to the effect of interactions, or the contact, consistent with
a recent prediction [23]. Atom photoemission spectros-
copy, which is based upon momentum-resolved rf spec-
troscopy, also provides a method for measuring nðkÞ. By
integrating over the energy axis, or equivalently, summing
data taken for different rf frequencies, we obtain nðkÞ. This
alternative method for measuring nðkÞ yields results similar
to the ballistic expansion technique, but avoids the issue of
magnetic-field sweep rates.
In Fig. 2, we show the measured contact for different

values of 1=kFa. We restrict the data to values of 1=kFa
where our magnetic-field sweeps are adiabatic [24].
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0 0.5 1.0 1.5

0

2

)k(n
k4

2/3
)

(

k
C

a b

FIG. 1. Extracting the contact from the momentum distribution
and rf line shape. (a) Measured momentum distribution for a
Fermi gas at 1

kFa
¼ #0:08$ 0:04. Here, the wave number k is

given in units of kF, and we plot the normalized nðkÞ multiplied
by k4. The dashed line corresponds to 2:2, which is the average
of k4nðkÞ for k > 1:85. (Inset) The measured value for C depends
on the rate of the magnetic-field sweep that turns off the
interactions before time-of-flight expansion. (b) rf line shape
measured for a Fermi gas at 1

kFa
¼ #0:03$ 0:04. Here, " is the

rf detuning from the single-particle Zeeman resonance, given in
units of EF=h. We plot the normalized rf line shape multiplied by
23=2#2"3=2, which is predicted to asymptote to C for large ".
Here, the dashed line corresponds to 2:1, from an average of the
data for "> 5.

(k )F a -1

C

-3 -2 -1 0
0

1

2

3

4

5
Momentum
rf lineshape
PES

FIG. 2. The contact. We measure the contact, C, as a function
of ðkFaÞ#1 using three different methods. Filled circles corre-
spond to direct measurements of the fermion momentum distri-
bution nðkÞ using a ballistic expansion, in which a fast magnetic-
field sweep projects the many-body state onto a noninteracting
state. Open circles correspond to nðkÞ obtained using atom
photoemission spectroscopy measurements. Stars correspond to
the contact obtained from rf spectroscopy. The values obtained
with these different methods show good agreement. The contact
is nearly zero for a weakly interacting Fermi gas with attractive
interactions (left hand side of plot) and then increases as the
interaction strength increases to the unitarity regime where
ðkFaÞ#1 ¼ 0. The line is a theory curve obtained from Ref. [5].
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   avec n(k) ≈ C/k4 C ≈ 2.2 NkF

light for the imaging propagates along the axial direction
of the trap, and thus we measure the radial momentum
distribution. Assuming the momentum distribution is
spherically symmetric, we obtain nðkÞ with an inverse
Abel transform.

Figure 1(a) shows an example nðkÞ for a strongly inter-
acting gas with a dimensionless interaction strength
ðkFaÞ#1 of #0:08$ 0:04. The measured nðkÞ exhibits a
1=k4 tail at large k, and we extractC from the average value
of k4nðkÞ for k > kC, where we use kC ¼ 1:85 for
ðkFaÞ#1 >#0:5 and kC ¼ 1:55 for ðkFaÞ#1 <#0:5.
These values for kC are chosen empirically such that for
k & kC, the momentum distributions are in the asymptotic
limit to within our statistical measurement uncertainties.
One issue for this measurement is whether or not the
interactions are switched off sufficiently quickly to accu-
rately measure nðkÞ. The data in Fig. 1(a) were taken using
a magnetic-field sweep rate of _B ¼ 1:2 G

!s to turn off the

interactions for the expansion. In the inset to Fig. 1a, we
show the dependence of the measured C on _B. Using an
empirical exponential fit [line in Fig. 1(a) inset], we esti-
mate that for our typical _B of 1.2 to 1:4 G

!s , C is system-

atically low by about 10%. We have therefore scaled C
measured with this method by 1:1.

The contact is also manifest in rf spectroscopy, where
one applies a pulsed rf field and counts the number of
atoms that are transferred from one of the two original
spin states into a third, previously unoccupied, spin state
[11]. We transfer atoms from the j9=2;#7=2i state to the
j9=2;#5=2i state. It is predicted that the number of atoms
transferred as a function of the rf frequency, ", scales as
"#3=2 for large ", and that the amplitude of this high
frequency tail is C

23=2#2 [12–14]. Here, " ¼ 0 is the single-

particle spin-flip resonance, and " is given in units of
EF=h. This prediction requires that atoms transferred to
the third spin-state have only weak interactions with the
other atoms so that ‘‘final-state effects’’ are small [14–21],
as is the case for 40K atoms. In Fig. 1(b), we plot a
measured rf spectrum, !ð"Þ, multiplied by 23=2#2"3=2.
The rf spectrum is normalized so that its integral equals
0:5. We observe the predicted 1="3=2 behavior for large ",
and obtain C by averaging 23=2#2"3=2!ð"Þ for "> "C,
where we use "C ¼ 5 for ðkFaÞ#1 >#0:5 and "C ¼ 3
for ðkFaÞ#1 <#0:5. These values for "C are chosen such
that for " & "C, !ð"Þ is in its asymptotic limit.
The connection between !ð"Þ and the high-k tail of nðkÞ

can be seen in the Fermi spectral function, which can be
probed using photoemission spectroscopy for ultra cold
atoms [8]. Recent photoemission spectroscopy results on
a strongly interacting Fermi gas [22] revealed a weak,
negatively dispersing feature at high k that persists to
temperatures well above TF. This feature was attributed
to the effect of interactions, or the contact, consistent with
a recent prediction [23]. Atom photoemission spectros-
copy, which is based upon momentum-resolved rf spec-
troscopy, also provides a method for measuring nðkÞ. By
integrating over the energy axis, or equivalently, summing
data taken for different rf frequencies, we obtain nðkÞ. This
alternative method for measuring nðkÞ yields results similar
to the ballistic expansion technique, but avoids the issue of
magnetic-field sweep rates.
In Fig. 2, we show the measured contact for different

values of 1=kFa. We restrict the data to values of 1=kFa
where our magnetic-field sweeps are adiabatic [24].
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FIG. 1. Extracting the contact from the momentum distribution
and rf line shape. (a) Measured momentum distribution for a
Fermi gas at 1

kFa
¼ #0:08$ 0:04. Here, the wave number k is

given in units of kF, and we plot the normalized nðkÞ multiplied
by k4. The dashed line corresponds to 2:2, which is the average
of k4nðkÞ for k > 1:85. (Inset) The measured value for C depends
on the rate of the magnetic-field sweep that turns off the
interactions before time-of-flight expansion. (b) rf line shape
measured for a Fermi gas at 1

kFa
¼ #0:03$ 0:04. Here, " is the

rf detuning from the single-particle Zeeman resonance, given in
units of EF=h. We plot the normalized rf line shape multiplied by
23=2#2"3=2, which is predicted to asymptote to C for large ".
Here, the dashed line corresponds to 2:1, from an average of the
data for "> 5.
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FIG. 2. The contact. We measure the contact, C, as a function
of ðkFaÞ#1 using three different methods. Filled circles corre-
spond to direct measurements of the fermion momentum distri-
bution nðkÞ using a ballistic expansion, in which a fast magnetic-
field sweep projects the many-body state onto a noninteracting
state. Open circles correspond to nðkÞ obtained using atom
photoemission spectroscopy measurements. Stars correspond to
the contact obtained from rf spectroscopy. The values obtained
with these different methods show good agreement. The contact
is nearly zero for a weakly interacting Fermi gas with attractive
interactions (left hand side of plot) and then increases as the
interaction strength increases to the unitarity regime where
ðkFaÞ#1 ¼ 0. The line is a theory curve obtained from Ref. [5].
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Lois d’échelle attendues pour un gaz de Fermi 
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Monte Carlo quantique 
de Drut et al (2011):

2πη = 2.95 (10)
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Etudes numériques
Blume & Daily (2009), Yin & Blume (2015)

  à  fermions confinés dans un piège harmonique, avec un potentiel d’interaction gaussienN = 4 10

Diagonalisation de l’hamiltonien à  corpsN

Energie totale

Distribution en impulsion

Fonction de corrélation spatiale à deux corps{

!i" The amplitude at large r decreases with increasing as
−1,

reflecting the fact that the four-fermion system becomes
more compact with increasing attraction. !ii" As as

−1 increases
from −10aho

−1 to 0 !and to even larger values", the scaled pair
distribution functions develop a two peak structure that re-
flects the formation of pairs. The peak at smaller interparticle
up-down distances r corresponds to the formation of a pair,
while the peak at larger r values !r#1aho–1.5aho" reflects
the fact that the second up-atom and the second down-atom
are pushed away from the first pair due to the Pauli exclusion
principle !i.e., the formation of self-bound trimers and tet-
ramers is prohibited". !iii" The scaled pair distribution func-
tions vanish at r=0 for all s-wave scattering lengths; for
numerical reasons, the first point of Ppair!r" is not calculated
at r=0 but at r=0.005aho. The vanishing of Ppair!r"r2 at r
=0 is accompanied by a sharp drop of Ppair!r"r2 at r values of
the order of a few times the range r0. The scaled pair distri-

bution functions behave universally when r is larger than a
few times the range r0; for smaller r, the pair distribution
functions acquire nonuniversal behavior.

To illustrate the universal range independent behavior of
the scaled pair distribution functions, Fig. 5 shows the quan-
tity !4!"2Ppair!r"r2 for a number of different r0 but fixed
s-wave scattering length, i.e., for aho /as=−10 !corresponding
to as=−0.1aho". For this scattering length, the condition r0
" $as$ is approximately fulfilled if r0#0.02aho. In agreement
with this condition, the universal part of the pair distribution
functions Ppair!r", i.e., the part where Ppair!r" is independent

-10 -5 0 5 10
aho / as

-0.008

-0.004

0

0.004

0.008

(I
vi

ri
al

-I
ad

ia
)/

I ad
ia

FIG. 3. !Color online" Fractional difference %Ivirial!as"
− Iadia!as"& / Iadia!as" as a function of the inverse s-wave scattering
length as

−1.
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FIG. 4. !Color online" Scaled pair distribution functions
!4!"2Ppair!r"r2 as a function of r for r0=0.005aho. Panel !a" shows
the scaled pair distribution functions for aho /as=−10, −5, −2.5,
−1.5, −1, −0.5, and 0 !from bottom to top at r=0.25aho". Panels !b"
and !c" show the scaled pair distribution functions for r$0.3aho and
r%0.3aho, respectively, for aho /as=0.5, 1, 1.5, 2.5, 5, and 10 %from
!b" bottom to top at r=0.05aho and !c" top to bottom at r=2aho&.
Note the different scales of the axes in panels !a"–!c".
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FIG. 2. !Color online" Integrated contact intensities Iadia!as",
Ivirial!as", Ipair!as", and Ik!as" as a function of the inverse s-wave
scattering length as

−1. Solid and dotted lines show the integrated
contact intensities Iadia!as" and Ivirial!as" calculated according to
Eqs. !2" and !3", respectively, using the extrapolated zero-range
quantities as input !the two data sets are nearly indistinguishable on
the scale shown and compared in more detail in Fig. 3". Circles and
squares show the integrated contact intensities Ipair!as" and Ik!as",
respectively, determined from the pair distribution functions and the
momentum distributions for r0=0.005aho !see text for details".
Panel !a" shows the entire crossover region on a logarithmic scale,
while panels !b" and !c" show the negative and positive scattering
length regions on a linear scale.
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TABLE IV. Zero-range contact C(0) at unitarity for N = 3 − 10.
Column 2 reports the zero-range contact C(0) determined using
the adiabatic energy relation. C(0) for the (1,1) system, obtained
analytically from the implicit eigenequation derived in Ref. [33],
is 4

√
2πa−1

ho = 10.026513a−1
ho . C(0) for the (2,1) system, obtained

semianalytically using the hyperspherical coordinate framework
[31,34,35], is 10.468967a−1

ho .

(N1,N2) C(0)aho

(2,1) 10.469(1)
(2,2) 25.74(1)
(3,2) 25.20(1)
(3,3) 40.39(8)
(3,4) 38.2(2)
(4,4) 55.4(5)
(5,4) 56.9(9)
(5,5) 72.3(8)

In addition to the energies, we calculate the contact at
unitarity. To remove the leading-order range dependence, we
analyze the quantities CZRA,0(r0) and CZRA,1(r0). While the
energies EZRA,0(r0) and EZRA,1(r0) approach the r0 = 0 limit
from above and below, respectively, for all N considered, the
contacts CZRA,0(r0) and CZRA,1(r0) approach the r0 = 0 limit
from either above or below. Specifically, fitting CZRA,0(r0) to
a function of the form c0 + c1r0 + c2r

2
0 , we find that c1 is

positive for N = 4, very close to zero for N = 6, negative
for N = 8, and again positive for N = 10. For the odd-N
systems, c1 is always positive. The pair distribution functions
exhibit an analogous range dependence in the r0 # r # aho
region (see Figs. 9 and 10 of the Supplemental Material for
the N = 5 and 8 systems), suggesting that the intricate N
and r0 dependence of the contact is a real effect and not an
artifact of our numerics. Our convergence studies support this
interpretation. Table IV reports the zero-range contact C(0) for
N = 3 − 10 at unitarity obtained by extrapolating CZRA,1(r0)
to the zero-range limit. The error bars in parentheses account
for the zero-range extrapolation error and the basis set error.
The r0 = 0 extrapolations of CZRA,0(r0) and of the contact
extracted from the pair distribution functions agree with the
values reported in Table IV but have larger error bars. The
contact exhibits an interesting even-odd pattern. Specifically,
for the N = 4 and 5 systems (and the 6 and 7 systems and
the 8 and 9 systems), the contacts are roughly equal, reflecting
the fact that these neighboring even-odd systems contain the
same number of pairs. To zeroth order, the contact scales as N2
times the contact of the two-body system, i.e., linearly with the
number of pairs. Since C(0) scales with N2, the r0 # r # aho
region of the scaled pair distribution functions 4πP12(r)r2

approximately collapse to a single curve if multiplied by N1.
This approximate collapse is illustrated in Figs. 4(c) and 4(d).

Figure 5 shows the radial density P1(r) of the ground state
at unitarity for even N and r0 = 0.06aho. We note that the
convergence of the radial density in the small-r regime is not
as good as that of the pair distribution function, especially
for large N and small r0. P1(r) peaks at r = 0 for the (2,2)
system, is relatively flat in the small-r region for the (3,3)
and (5,5) systems, and peaks around 0.6aho for the (4,4)
system. To estimate the range dependence, we calculate P1(r)
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FIG. 4. (Color online) Panels (a) and (c) show the scaled pair
distribution functions 4πP12(r)r2 and 4πN1P12(r)r2, respectively, of
the ground state at unitarity for the (2,2) system (solid line), (3,3)
system (dashed line), (4,4) system (dotted line), and (5,5) system
(dash-dotted line). Panels (b) and (d) show the scaled pair distribution
functions 4πP12(r)r2 and 4πN1P12(r)r2, respectively, of the ground
state at unitarity for the (2,1) system (solid line), (3,2) system (dashed
line), (4,3) system (dotted line), and (5,4) system (dash-dotted line).
The calculations are performed for r0 = 0.06aho.

for different r0 for the (2,2), (3,3), and (4,4) systems. For a
given system, the r ! 0.5aho region of P1(r) increases with
decreasing two-body range r0 (see Fig. 8 of the Supplemental
Material [27]). The changes with r0 are relatively small and
the densities displayed in Fig. 5 show the generic behavior of
trapped Fermi gases with short-range interactions. Figure 6
shows Pj (r), j = 1 and 2, for the odd-N systems at unitarity
for r0 = 0.06aho. P1(r) and P2(r) peak at r = 0 for the (2,1)
system, are relatively flat in the small-r region for the (3,2) and
(5,4) systems, and peak around 0.5aho for the (4,3) system.
We find that the range dependence of the radial density for
the odd-N systems is similar to that for the even-N systems
(see Fig. 7 of the Supplemental Material [27]).

To gain insights into the pairing of the particles, Fig. 7
shows the integrated quantities N̄j (r),

N̄j (r) = 4πNj

∫ r

0
Pj (r ′)r ′2dr ′, (14)
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FIG. 5. (Color online) Radial density P1(r) of the ground state at
unitarity for the (2,2) system (solid line), (3,3) system (dashed line),
(4,4) system (dotted line), and (5,5) system (dash-dotted line). The
calculations are performed for r0 = 0.06aho.
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Contact et résonance de Fano-Feshbach
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Contact et résonance de Fano-Feshbach

Données expérimentales de Partridge et al., 2005 sur un gaz de 6Li
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exponential decay, followed by a much slower two-body
process. As the temperature of the cloud is T ’ 0:75TF,
this initial fast decay may indicate the presence of uncon-
densed paired fermions [12] or finite-lifetime molecules.
The slower (two-body) process is ascribed to free-bound
photoassociation, which is supported by the fact that the
extracted two-body rate coefficient, K2 ! 4:9"3:3# $
10%10 "cm3 s%1#="Wcm%2#, agrees well with the calcu-
lated value of 9:8"2:6# $ 10%10 "cm3 s%1#="Wcm%2# ob-
tained using the expression forK2 given in Ref. [11], where
the uncertainties arise mainly from the temperature
determination.

Figure 4 shows the extracted values of Z for fields
between 600 and 920 G. Below 600 G, the dressed mole-
cule lifetime is too short to obtain a reliable measurement
of Z. Also shown in Fig. 4 are the results of a coupled
channels calculation, which represents an exact two-body
theory. An analytic expression for Z on the BEC side of the
resonance has been given in Ref. [13] and is in good
agreement with our calculation. While the two-body theory
accurately represents the data for fields below resonance,
there is complete disagreement above resonance. Two-
body theory predicts that Z goes to zero as the resonance
is approached, since the size of the dressed molecules
diverges at resonance and produces a vanishing overlap
with the excited molecules. The measured quantity, how-
ever, continues smoothly through resonance, decreasing
exponentially with increasing field. Although the closed-
channel fraction is finite and measurable, its magnitude
above resonance is sufficiently small, & 10%5, that the
expectation of the number of closed-channel molecules is
less than one.

The small closed-channel fraction suggests comparison
with a single-channel model. We note that ! is proportional

to the integral over volume of the local pair correlation
function G2"r; r# ! h ̂y

# "r# ̂y
" "r# ̂""r# ̂#"r#i, where  ̂" and

 ̂# are the fermionic field operators for atoms in different
internal states. In the mean-field approximation G2 may be
factorized as G2"r; r# ! n2"r# & h ̂y

# "r# ̂y
" "r#ih ̂""r# ̂#"r#i,

where the first term is the Hartree term with atom density
n"r# ! n""r# ! n#"r#. This term gives rise to a slow two-
body photoassociation process as was observed in the high-
temperature data of Fig. 3. The second term is nonzero only
for correlated pairs and is proportional to j"j2, the square
of the order parameter. In the BCS limit, j"j2 /
!2Fe

%"="kFjaj#, whereas in the BEC limit, j"j2 / !2F="kFa#
[14], which is simply proportional to n"r#, and produces a
rapid one-body loss. In Fig. 5 the data are compared with
these functional forms. The fact that the data have the
correct dependence on "kFa#%1 in the BEC and BCS limits
is suggestive that such an approach has captured the essen-
tial physics. Note that noncondensed pairs [12] will give
rise to a similar factorization of G2 but it is not expected to
have the same dependence on kFa. Although the order
parameter presented in Fig. 5 comes from a single-channel
model, it is the underlying closed-channel part, albeit
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FIG. 4. Z vs B. The closed circles represent the value of Z
extracted from measured values of !. In the case of the 920 G
point, the loss is not exponential, but the value of ! is taken to be
the initial loss rate. The uncertainty in Z is approximately equal
to the size of the closed circles, and is due mainly to uncertainty
in the probe laser intensity. The dotted line shows a comparison
with results obtained from a coupled channels calculation [15].
The vertical dashed lines represent the boundaries of the strongly
interacting regime, kFjaj> 1, where kF is evaluated using
typical values of N at the low- and high-field extremes.
Although shot-to-shot variations in N are 30%, the average value
of N at each field is between 13000 and 90000 due to day to day
variations. TF is between 200 and 600 nK due to differences in N
as well as the trap frequencies. For all the data, T < Tc and for
the points above 850 G, T < 0:5Tc, where Tc refers to the critical
temperature at 695 G. The gas is expected to be adiabatically
cooled by the increasing field ramp for fields above 755 G [16].
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FIG. 3. Same as for Fig. 2, except at 865 G. The dashed line in
the case of the full trap depth data (closed circles) is a fit to a
‘‘two-fluid’’ model where one component decays via a rapid
one-body loss process and the other via a slower two-body loss
process. Approximately 75% of the gas is lost by the initial fast
process.
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the (fermionic) Lee-Huang-Yang correction. This leads to4

F
(

1
kF a

)
=

512
945π2

(kF a)2

×
[
1 +

(
256
35π2

− 63 + 189 ln2
1024

)
kF a + . . .

]
. (23)

Around the unitary limit 1/(kF a) → 0 we use the expan-
sion

f

(
1

khom
F a

)
= ξ − ζ

khom
F a

+ . . . , (24)

which gives for the trapped gas:

F(0) =
27

52 × 7π
ζ

ξ1/4
$ 0.28 (25)

where we took the estimates

ξ $ 0.41 (26)
ζ $ 0.95 . (27)

The estimate for ξ is obtained by averaging the predic-
tions of [32] (ξ = 0.42(1)), of [26] (ξ = 0.449(9)), of [33]
(ξ = 0.42(1)) and of [27] (ξ = 0.37(5)). The estimate for
ζ is obtained from the calculation of the short range pair
correlation of [34], see Section 3.1, and is close to the value
ζ $ 1.0 that may be extracted directly from the values of
f in [32] by approximating the derivative by a two-point
formula5.

2.3 Comparison to Rice experiment

At Rice [5] the quantity Z = Nb/(N/2) was measured for
a lithium gas, by resonantly exciting the closed-channel
molecules with a laser that transfers them to another,
short-lived molecular state; the molecule depletion reflects
into a reduction of the atom number that can be measured.

We now compare the Rice results to our prediction (8).
We first insert (9,10) into (8) which gives

Nb = NkF R∗F
(

1
kF a

) (
1 − abg

a

)2
(28)

4 For a small positive scattering length 0 < kF a ! 1, equa-
tions (22,23) also apply to the atomic gas state; since the inter-
action potentials considered here have a two-body bound state
for a > 0, this atomic gas state is only metastable [49], the
ground state being the BEC of dimers considered previously
(cf. Eq.(21)).

5 The values (26,27) of ξ and ζ can be inserted into the ex-
pressions [50,51] for the derivatives of the frequencies of the
hydrodynamic collective modes with respect to 1/(kF a) taken
at unitarity. The resulting slope is compatible with the exper-
imental data for the radial mode [12,52], while the agreement
with the data for the axial mode [53] is only marginal. The
data from [12] agree very well for all positive values of a with
the theoretical result [54] obtained from the fixed-node Monte
Carlo equation of state [32], while in [52,53] finite-temperature
effects may play a role [12,54,55].
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Fig. 1. Derivative −dE/d(1/a) of the energy E of a trapped
two-component Fermi gas, where a is the s-wave scatter-
ing length. Solid line: theoretical prediction combining the
Lee-Huang-Yang formulas (19, 22) in the weakly interacting
regimes with an interpolation of the fixed-node Monte Carlo
results of [32,34] in the strongly interacting regime (see
Appendix D). Dashed lines: analytical predictions in the
weakly interacting regimes, on the BEC side (21) and on the
BCS side (23). Cross: result (25) at unitarity. Circles (with
error bars): experimental measurement of the number Nb of
closed-channel molecules in a lithium gas at Rice [5], com-
bined with the present theory linking dE/d(1/a) to Nb, see
(28). (a): linear scale on the vertical axis. (b): logarithmic scale.
−dE/d(1/a) is expressed in units of N!2kF /m. All the theo-
retical predictions are obtained in the local-density approxi-
mation.

where the function F is defined in (15). The length R∗
depends on the interchannel coupling and is related to
the width of the Feshbach resonance as:

R∗ =
!2

mabgµb∆B
. (29)

For the B0 $ 834 G Feshbach resonance in 6Li, we
have µb $ 2µB where µB is the Bohr magneton [21],
∆B = −300 G, abg = −1405a0 where a0 = 0.0529177 nm
is the Bohr radius [56]; this gives R∗ = 0.0269 nm. From
the Rice data for Nb/N , using (28), we thus get values
of F , i.e. of dE/d(1/a), that we compare in Figure 1 to
theoretical predictions, given in the local-density approxi-
mation either by the expansions (21,23) in the weakly in-
teracting regime, or by (25) at the unitary limit, or by an
interpolation of the Monte Carlo results of [32,34] in the

1/kFa

1
4π

C
NkF
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En résumé, pour un gaz dilué  :nb3 ≪ 1

Contact
C

Fonction de corrélation  
à deux corps  ∝ C/r2

Variable thermodynamique  

 C ∝
∂E
∂a

Théorème du viriel  

 PL3 −
2
3

E ∝ CFraction de dimères  
 ∝ C

da
dB

Distribution en  
impulsion  ∝ C/k4

Impuretés et pertes d’atomes 
dN
dt

∝ − NC

Spectroscopie radio-fréquence  

aile ∝
C

(ω − ω0)3/2


