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Introduction

This year’s course has its origins in a simple question: what would be-
come of the ordered objects of our physical world - crystals, magnets, su-
perfluids - if we lived in a space with a lower dimension, on a plane for
example? The analysis initiated by Peierls in 1935 had shown that ther-
mal and quantum fluctuations would then be of greater importance, pre-
venting the appearance of an order similar to that observed in our three-
dimensional space. This result was reinforced in the 1960s by Mermin &
Wagner (1966) and Hohenberg (1967).

However, if a conventional "order-disorder" transition cannot occur in
reduced dimension, this does not mean that all phase transitions have dis-
appeared: in the early 1970s, studies by Vadim Berezinskii on the one hand,
and J. Michael Kosterlitz and David J. Thouless on the other, showed that
a new mechanism could emerge, linked to the appearance of topological
defects.

Let us start by saying a few words about this link between topology and
physics, which the 2016 Nobel Jury saluted by rewarding David J. Thou-
less, F. Duncan M. Haldane and J. Michael Kosterlitz for theoretical discov-
eries of topological phase transitions and topological phases of matter. These two
disciplines, topology and physics, seem far apart. Topology is a branch of
mathematics concerned with establishing abstract equivalences between
different objects, equivalences based on the shape – to be understood in
a broad sense – of these objects. This kind of preoccupation might seem
disconnected from research into the physical properties of matter, which is
concerned with the phases that may appear as a function of density, tem-
perature or interactions within a material.

To understand how "everyday" physics can benefit from notions of
topology, it is useful to take a detour into geometry, more specifically the
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Figure 1. Objects with genus g = 0, 1, 2.

link between topology and geometry established by Gauss (who did not
publish it) and Bonnet (who published it in 1848). In its simple version,
the Gauss-Bonnet theorem concerns the study of regular surfaces in three-
dimensional space, surfaces that we will assume here to be orientable and
edgeless (i.e. closed). At each point r on the surface S, we can define its
curvature Ω(r). The Gauss-Bonnet theorem proves the quantization of the
integral of Ω(r) on the surface S and gives an interpretation to this quanti-
zation:

1

4π

∫

S
Ω(r) d2r = 1− g (.1)

where g is an integer, called the genus of the surface, which counts its num-
ber of holes. A sphere or the surface of a bowl has no hole (or no handle),
so g = 0; a torus or a normal coffee cup has one handle, so g = 1; more
complex objects have two, three handles (figure 1).

With this theorem emerges the notion of "topological protection": start-
ing with a torus, for example, we can continuously deform it into a cup
without closing the handle (figure 2). In this deformation, the curvature
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Figure 2. Continuous deformation of a cup into a torus. The curvature inte-
gral (.1) remains constant during this deformation (and equal to 0 for this one-
handled object). Figure taken from the Scientific American web page and created
by Keenan Crane (Columbia U.).

at each point will of course change, but its integral over the surface will
remain constant: this integral is therefore a robust quantity, protected from
deformation. In fact, the only way to modify it is to plug the loop (or cre-
ate a second one). At the precise moment when the hole is plugged, the
surface is no longer regular and Gauss-Bonnet’s theorem does not apply.
As soon as the handle is plugged, the surface becomes regular again, but it
now belongs to the g = 0 class of spheres and bowls...

When transposed to physical objects, this topological robustness is of
great practical interest. Suppose a physical quantity can be written as the
integral over a closed surface of a quantity Ω that can be assimilated to a
curvature. We then know that this quantity will be robust, insensitive to
changes in the detail of the object under consideration. This is precisely the
situation encountered in the integer quantum Hall effect, where conductiv-
ity is obtained by integrating the Berry curvature over a closed surface, in
this case the Brillouin zone associated with the populated energy band. We
will not go into this aspect of the link between topology and physics in this
lecture series, but it undoubtedly falls within the field rewarded by the No-
bel jury, notably with the famous article TKNN (Thouless, Kohmoto, et al.
1982), which we had the opportunity to discuss in the 2013-14 course and
that we will revisit in detail in next year course.

Another example of a topologically robust object that will feature
prominently in this year’s course is a vortex in a two-dimensional parti-
cle fluid obeying the Bose-Einstein statistic. Let us briefly introduce the

notion of vortex in this context. We suppose1 that the fluid is described by
a matter wave field ψ(r) with r = (x, y). This field is complex and is there-
fore characterized by its amplitude and phase. Traditionally, it is written

ψ(r) =
√
ρ(r) eiθ(r), (.2)

where ρ(r) = |ψ(r)|2 represents the density at point r. The phase θ(r)
is defined modulo 2π, since the only constraint on the field ψ is that it be
single-valued. Knowing the field ψ, we determine the fluid velocity as a
function of the gradient of the phase θ(r), at any point r where the density
is non-zero:

v(r) =
~
m

∇θ(r). (.3)

It is important that the density is non-zero at r so that the phase θ(r) is
itself well-defined in the vicinity of r and we can calculate its gradient.
Since the velocity is proportional to the gradient of the phase, we deduce
that for any closed contour C on which the phase is defined (figure 3):
∮

C
∇θ(r) · dr = n 2π −→

∮

C
v(r) · dr = n

2π~
m

, n ∈ Z. (.4)

This circulation is a quantized and topologically protected quantity: it can
only change if the contour C is deformed to pass over a point where θ(r) is
not defined, i.e. a zero of ψ.

The zeros of ψ correspond to vortices. The ones we will encounter in
this course are simple zeros, corresponding to the cases n = ±1. A vortex
in r = 0 is obtained by taking, for example, a field ψ(r) of the form

ψ(r) = (x± iy)F
(
x2 + y2

)
= r F (r2) e±iϕ (.5)

where F is a regular function. The number n = ±1 determining the phase
winding ±2π on a contour surrounding a vortex is called the topological
charge of the vortex.

Because of the protection of
∮
C v(r) · dr for any contour surrounding

a vortex, these vortices are referred to as "topological defects". A field
ψ(r) containing a vortex cannot be deformed continuously into a field ψ(r)

1We will come back to this assumption at length in the chapters that follow. Possible
references on this subject include Pitaevskii & Stringari (2016), Leggett (2006) or Svistunov,
Babaev, et al. (2015).
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Figure 3. Circulation of the velocity field on a closed contour C in a two-
dimensional Bose gas. This circulation is non-zero if the contour encompasses
a vortex. The value is then quantized [equation (.4)] with the integer n giving the
charge of the vortex (or the sum of the charges if several vortices are located inside
the contour).

without a vortex. On the contrary, a field ψ(r) exhibiting only smooth os-
cillations of ρ(r) and θ(r), with ρ(r) non-zero everywhere, can be continu-
ously deformed into a completely uniform field ψ0 (figure 4). We will later
interpret these smooth oscillations as phonons.

This notion of topological defect plays a central role in the mechanism
discovered by Kosterlitz & Thouless (1973). In fact, their work parallels
that of Berezinskii (1971), and in this course we will refer to it as the BKT
mechanism. The BKT mechanism consists of a "pairing-unpairing" transi-
tion of topological defects (figure 5):

• Let us consider the situation where the defects are paired; in the case
of a Bose fluid, this means that in the immediate vicinity of any vortex
of charge +1, we find a vortex of charge −1. If we restrict ourselves
to large enough contours C, the two vortices will almost always be
inside the contour, leading to a zero integral. The state ψ(r) can be
seen, at least in the context of a coarse-grained average, as similar to
the uniform state expected at zero temperature. This state is referred
to as topologically ordered.
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Figure 4. Left: amplitude of a field ψ(r) containing a vortex. This "defect" is
topologically protected by the phase winding ±2π around it. Right: amplitude of
a field ψ(r) exhibiting only smooth oscillations of ρ(r) and θ(r), with ρ(r) non-
zero everywhere. This field can be continuously deformed into a uniform field,
corresponding to the expected state at zero temperature.
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Figure 5. Left: low temperature state with paired topological defects. If we do a
coarse-grained average of the state of the system, we recover the situation with no
defects. Right: high temperature, unpaired topological defects; the phase obtained
is radically different from that expected at low temperature.

• On the other hand, if the defects are unpaired, a contour C will gener-
ally encompass a different number of positive and negative vortices.
The state ψ(r) cannot be continuously deformed towards the uniform
state and it is not topologically equivalent to the zero-temperature
state.

In the thermodynamic limit, the corresponding transition is a phase
transition. In the particular case of a Bose fluid of fixed density, it occurs
for a critical temperature Tc that can be calculated. The BKT mechanism
applies to a wide variety of systems, both classical and quantum. The cor-
responding phase transition is radically different from those described in
the Landau classification. In fact, the BKT transition can be seen as an
infinite-order transition, since all thermodynamic functions are continuous
at Tc.

The plan for this lecture series is as follows:

• The first chapter is devoted to Peierls’ argument, showing why con-
ventional crystalline order cannot exist in one and two dimensions
due to thermal fluctuations. We also give some illustrations of the
topological order likely to appear in a fluid of interacting particles.

• We then turn to quantum fluids, starting with the ideal gas. We re-
turn to the impossibility of achieving long-range order and show how

confinement effects can nevertheless lead to the emergence of a Bose-
Einstein condensate. We illustrate this point with photon condensa-
tion experiments in an electromagnetic cavity. We conclude this chap-
ter by describing how to take into account interactions between two
particles in dimension two.

• Chapter 3 is devoted to the case of an interacting 2D Bose gas, in the
low-temperature limit where a Bogoliubov-type approach is relevant.
In agreement with the Mermin–Wagner–Hohenberg result, we show
that the phase ordering well-known in 3D cannot appear in 2D, and
we explain that it is replaced by a quasi-order with an algebraic decay
of the one-body correlation function G1 for a uniform gas:

G1(r) = 〈ψ̂†(r) ψ̂(0)〉 ∝ 1

rη
, (.6)

where the exponent η can be related to the phase-space density of the
gas.

• The role of topological defects (vortices) is discussed in detail in Chap-
ter 4, where we see why the existence of isolated vortices destroys
superfluidity, whereas pairs of bound vortices have no major conse-
quences. We describe in semi-quantitative terms the now-standard
methods for analyzing the critical point of the BKT transition. We also
look at how the first experiments carried out on helium films in the
late 1970s confirmed these predictions.

• Chapter 5 is devoted to comparing BKT predictions with experiments
carried out on dilute quantum fluids, atomic gases or cavity polari-
tons. In particular, we show that it is not easy to design a single physi-
cal system capable of demonstrating all characteristics of the BKT tran-
sition at once.

• Finally, in Chapter 6, we look at the difference between the classi-
cal and quantum aspects of degenerate 2D gases. The BKT transi-
tion emerges when we describe these fluids by a classical field ψ(r),
the only quantization being that of the velocity circulation (.4). This
"classical field" approach brings a bonus: the scale invariance. On the
contrary, a completely quantum description of the fluid breaks this
invariance. We present some recent experiments on this subject.

10
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Clearly, in the limited space available for this course, it is not possible
to provide a comprehensive overview of research dedicated to the BKT
transition. The latter has been the subject of numerous books and jour-
nal articles, and we refer readers wishing to learn more to the recent book
edited by José (2013), which contains numerous references on the subject.
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Chapter I

Crystalline order in low dimension

Most of this year’s course will be devoted to the study of quantum gases
in reduced dimensions, essentially in dimension two. Because of this re-
duction of dimensionality, the condensation phenomenon associated with
Bose-Einstein statistics is absent, at least in the thermodynamic limit, i.e.
for an infinite system. In other words, the long-range order that character-
izes a Bose-Einstein condensate, i.e. the phase coherence of the wave func-
tion that describes the gas, disappears in two or one dimensions. Thermal
fluctuations play a more important role than in three dimensions, destroy-
ing the order that statistics and interactions tend to create.

Rudolf Peierls, originally from Germany but working in England from
1933, formalized this possible loss of long-range order in systems of re-
duced dimension (Peierls 1934; Peierls 1935). Peierls was not interested in
Bose-Einstein condensates, but in the translational order of a solid, and he
showed that a crystal could not exist in a one- or two-dimensional world.

In this chapter, we will start by examining Peierls’ arguments in one
and two dimensions. We will then describe some recent experiments on
colloids that have tested Peierls’ prediction. We will also see that the ab-
sence of crystalline order does not mean complete disorder: these colloidal
assemblies can be "almost" crystalline at low temperatures, before becom-
ing completely liquid at higher temperatures. This will be our first en-
counter with a phase transition induced by topological defects, a concept
formalized by Kosterlitz & Thouless (1973).

1 Peierls argument in 1D

We start with a one-dimensional system, i.e. a chain of atoms. We restrict
ourselves to the case of nearest-neighbor interactions to arrive at Peierls’
simple result: such a system cannot exhibit crystalline order. Even if the
position of a given atom in the chain is known precisely, the position of
another atom is completely undefined on the scale of the spatial period of
the crystal, provided this second atom is chosen far enough away from the
first.

1-1 A simple argument: piling up defects

Consider a chain of atoms with nearest-neighbor interaction described by
the potential U(x). If we label the atoms with the index j and assume
· · · < xj−1 < xj < xj+1 < · · · , the interaction energy of the system is equal
to

Vint({xj}) =
∑

j

U(xj+1 − xj). (I.1)

To favor the emergence of crystalline order, let us assume that the potential
U(x) has a local minimum at x = a, so that at zero temperature and in the
absence of any quantum fluctuations, the chain of atoms is regular, with a
spacing between adjacent atoms equal to a (figure I.1).

Suppose now that the system is at non-zero temperature T . Taking the

13
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Figure I.1. One-dimensional chain of atoms with nearest-neighbor interactions
described by the potential U(x). This potential has a minimum at x = a, which
leads to the formation of a crystal, at least for a gas of particles at zero temperature
described by classical physics (no thermal or quantum fluctuations).

position x0 of atom 0 as a reference, the position x1 of its neighbor on
the right will fluctuate around its equilibrium position with a root-mean-
square deviation δ1 which can be deduced from the equipartition theorem:

x1 = x0 + a+ δ1 with 〈δ1〉 = 0, 〈δ2
1〉 ∼

kBT

κ
, κ =

d2U

dx2

∣∣∣∣
x=a

.

(I.2)
We have restricted ourselves here to the case where |δ| � a, so we can
use a quadratic approximation to estimate the variations of the potential
U(x) in the vicinity of its minimum x = a. Furthermore, we have added
a ∼ sign and not a = sign, as the treatment here can only give an order of
magnitude of 〈δ2

1〉. Indeed, the position of atom 1 must not only be located
in relation to its left-hand neighbor, atom 0, but also in relation to its right-
hand neighbor, atom 2. Correctly taking all these interactions into account
leads to a set of coupled equations that we will look at later (§ 1-2).

The same argument can be used to evaluate fluctuations in the position
of atom j relative to its neighbor j − 1:

xj = xj−1 + a+ δj with 〈δ2
j 〉 ∼

kBT

κ
(I.3)

With respect to the initial atom 0, the position of atom j is given by

xj = x0 + ja+ ∆j (I.4)

where the quantity ∆j is the sum of the j independent random variables:

∆j = δ1 + · · ·+ δj . (I.5)

This quantity also has zero mean value and its variance reads:

〈∆2
j 〉 ∼

kBT

κ
j. (I.6)

We can thus see that the uncertainty in the position of atom j increases as√
j as we move away from the reference atom. For j large enough, typically

〈∆2
j 〉 & a2 −→ j &

κa2

kBT
, (I.7)

the uncertainty ∆j becomes larger than the lattice period a and crystal or-
der is lost: even if we know exactly where the reference atom 0 is, we have
no information on the position of the atom j on the scale of the crystal
period.

This very simple argument is conclusive in the one-dimensional case,
but is difficult to generalize to higher dimensions. We are therefore go-
ing to use a slightly more elaborate treatment, in which we consider the
vibrations (phonons) of the lattice, a treatment that can be transposed to
dimensions 2 and 3. This treatment is similar to the one we will be using
later to study superfluidity.

1-2 Classical harmonic crystal

We consider the same chain of atoms as in the previous paragraph, choos-
ing periodic boundary conditions to simplify calculations. Noting the total
atom number as N , we identify atom N and atom 0, which amounts to
positioning the atoms on a circle (figure I.2). We limit ourselves to small
variations of the distances xj+1 − xj around their equilibrium value a, so
that the total energy (kinetic + interactions) of the system is written in the

14
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Figure I.2. Left: ordered chain of N atoms with periodic boundary conditions,
leading to identification of atom j = 0 and atom j = N . Right: definition of
displacements uj relative to equilibrium positions. We assume that |uj+1−uj | �
a, but not necessarily that |uj | � a.

harmonic approximation

E =

N∑

j=1

1

2
mu̇2

j +
κ

2
(uj+1 − uj)2 (I.8)

where uj denotes the deviation of atom j from its equilibrium position Xj :

uj = xj −Xj with Xj = ja (I.9)

(with the convention uN+1 ≡ u1). Note that the assumption of small vari-
ation in the distance between nearest neighbors:

|uj+1 − uj | � a (I.10)

does not imply that uj and uj+1 are separately small in front of a. Atoms j
and j + 1 may each be strongly deviated from their equilibrium positions
Xj and Xj+1, but we make the assumption that their deviations uj and
uj+1 are close; in other words, there can be local order without having
long-range order.

The equations of motion lead to a system ofN coupled linear equations:

müj = κ(uj+1 − 2uj + uj−1), (I.11)

whose solutions are the eigenmodes of the system, i.e. the phonons. Solv-
ing this system of equations is a classic in solid-state physics textbooks [see,
for example, Ziman (1960) and Ashcroft & Mermin (1976)]. We introduce
the coefficients ûq (with N even)

ûq =
1√
N

∑

j

e−i qXj uj , q = −π
a
, . . . ,− 2π

Na
, 0,

2π

Na
, . . . ,+

π

a
(I.12)

where the two extreme values q = ±π/a lead to the same coefficient ûq .
The uj → ûq transformation is simply a discrete Fourier transform that
associates the deviations uj with the amplitudes ûq of the momenta q. This
transformation is inverted to give

uj =
1√
N

∑

q

ei qXj ûq. (I.13)

Since the N positions uj are real, the complex amplitudes ûq satisfy

û∗q = û−q, û0, û±π/a ∈ R. (I.14)

We therefore have N independent real variables, both in position space
and in Fourier space.

The total energy (I.8) can be written as a function of the phononic modes
ûq :

E =
∑

q

1

2
m ˙̂uq ˙̂u−q +

1

2
mω2

q ûqû−q (I.15)

where

ωq = 2

√
κ

m
| sin qa

2
|. (I.16)

We have therefore decomposed the problem into N independent
phonon modes, governed by the equation of motion:

¨̂uq + ω2
q ûq = 0. (I.17)
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• The û0 mode, with equation of motion ¨̂u0 = 0, corresponds to the
motion of the center of mass of the entire chain. Nothing constrains
the position of this center of mass, since the total energy is invariant in
a global translation of the N atoms.

• The N − 1 modes ûq with q 6= 0 form decoupled harmonic oscillators
of frequency ωq .

Modes (I.12-I.16) correspond to a discretized version of the traveling
waves eiqx, with the positions x = Xj ≡ ja. For small wave numbers
(q � π/a), we find a linear dispersion relation

ωq = c |q| with c = a

√
κ

m
, (I.18)

corresponding to sound waves traveling at velocity c.

1-3 Correlation of the deviations uj

At thermal equilibrium, we deduce from the energy expression (I.15) that
each mode ûq for q 6= 0 has a zero mean value and a variance given by the
equipartition theorem:

1

2
mω2

q 〈|ûq|2〉 =
1

2
kBT 〈ûqû∗q′〉 = 0 if q 6= q′. (I.19)

To establish this relationship (with the correct factors!), remember that we
are working with complex oscillators [cf. (I.14)]. In case of doubt, one
should think in terms of independent real oscillators, for example by con-
sidering the real and imaginary parts of ûq , taking the sum (I.15) and re-
stricting it to the independent variables corresponding to q ≥ 0.

It is then easy to calculate the correlation between the displacement of
atom j and that of atom 0 (≡ N ). Let us start with

uj − u0 =
1√
N

∑

q

(
eiqXj − 1

)
ûq, (I.20)

which gives in average

〈(uj − u0)2〉 =
4

N

∑

q

sin2 (qXj/2) 〈|ûq|2〉 (I.21)

=
kBT

m

4

N

∑

q

sin2 (qXj/2)

ω2
q

. (I.22)

At this point, it is useful to replace the sum over the discretized momenta
q by an integral using the relationship deduced from (I.12):

∑

q

−→ Na

2π

∫ π/a

−π/a
dq, (I.23)

which leads to

〈(uj − u0)2〉 =
2

π

kBTa

m

∫ π/a

−π/a

sin2(qXj/2)

ω2
q

dq

=
4

π

kBTa

m

∫ π/a

0

sin2(qXj/2)

ω2
q

dq

≈ 4

π

kBT

κa

∫ π/a

0

sin2(qXj/2)

q2
dq (I.24)

where we have replaced in the last line the frequency ωq by its linearized
expression ωq = cq, and used the expression (I.18) for the speed of sound
c. This approximation will be justified once we know which modes q con-
tribute most to this integral.

We take the case where atom j is far from atom 0, since we are inter-
ested in long-range order. To evaluate this integral, we will first use an ap-
proximate method. It consists in cutting up the integration interval, then
evaluating each piece. This method will simply give us the scaling law for
〈(uj − u0)2〉 and will be directly transposable to the two-dimensional case.
We will then look at a second method, specific to the 1D case, which will
allow us to calculate this integral (almost) exactly.

Cutting the integral. The structure of the integrand suggests splitting the
integration interval into two parts (figure I.3):
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0 j
Xj

q ⇠ ⇡/Xj

q � ⇡/Xj

Figure I.3. The two types of modes likely to contribute to the integral (I.24), for a
given distance Xj between the two sites considered.

• Values such as q & π/Xj , for which we can replace the sin2 by its mean
1/2, i.e.

≈ 2

π

kBT

κa

∫ π/a

π/Xj

1

q2
dq ≈ 2

π2

kBT

κa
Xj (I.25)

where we used the fact that Xj � a.

• Values such as q . π/Xj for which we can replace the sine by its
argument:

≈ 1

π

kBT

κa
Xj

2

∫ π/Xj

0

dq =
kBT

κa
Xj (I.26)

In this form, we can see that the two contributions are of roughly the same
order, their precise relative value depending on the position of the bound-
ary between the two domains (here π/Xj). They each lead to a linear di-
vergence of 〈(uj − u0)2〉 with j. We can also see that the values of q that
contribute most to these two integrals are those around q ∼ 1/Xj � 1/a,
i.e. modes whose wavelength is of the order of the distance between the
two sites 0 and j considered here. This observation justifies the lineariza-
tion of the frequency ωq ∝ sin(qa/2) made in equation (I.24).

(Almost) exact calculation of the integral (I.24). A change of variable in
this integral leads to:

〈(uj − u0)2〉 =
2

π

kBT

κa
Xj

∫ πXj/a

0

sin2 z

z2
dz. (I.27)

In the limit j � 1, the upper bound of the integral can be extended to +∞
and the value of the integral is then π/2; we recover thus the result found
in the first paragraph [cf. (I.6)]:

〈(uj − u0)2〉 =
kBT

κa
Xj =

kBT

κ
j. (I.28)

This result also coincides (to within 20%) with the sum of the two contri-
butions (I.25) and (I.26).

This calculation therefore confirms the conclusion of the simplified
analysis in paragraph § 1-1: at non-zero temperature, there is no long-
range order, and the memory of the atom’s position j = 0 is lost after a
distance that varies as 1/T . On the other hand, at zero temperature, long-
range order does exist in this classical model, with each atom occupying
exactly its equilibrium position.

1-4 The quantum case

Before moving on to the multi-dimensional case, it is interesting to see how
the previous results are modified when the influence of quantum fluctu-
ations is taken into account. Let us place ourselves at zero temperature
to simplify the analysis. To begin with, let us note that energy (I.8) is a
quadratic function of positions and velocities, so the quantum treatment
can be modelled on the classical one. In particular, the identification of
phonon modes is unchanged, and we find for the potential energy of each
oscillator ûq :

1

2
mω2

q 〈|ûq|2〉 =
1

4
~ωq, (I.29)

this expression replaces the classical equipartition of energy given in (I.19).

Let us inject this result into the expression (I.21) giving the variance of
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the random variable uj − u0:

〈(uj − u0)2〉 =
2~
mN

∑

q

sin2(qXj/2)

ωq
(I.30)

≈ 2

π

~√
κm

∫ π/a

0

sin2(qXj/2)

q
dq (I.31)

where ωq has been replaced by cq. As we did in (I.25-I.26), we can separate
this integral into two parts, according to the relative value of q and 1/Xj :

• For q & π/Xj , we have for Xj � a

≈ 1

π

~√
κm

∫ π/a

π/Xj

1

q
dq =

1

π

~√
κm

ln(Xj/a) (I.32)

• For q . π/Xj , we find:

≈ 1

2π

~√
κm

X2
j

∫ π/Xj

0

q dq =
π

4

~√
κm

. (I.33)

For Xj � a, the first contribution is dominant since it diverges as ln(Xj).
We therefore find, up to an additive constant

〈(uj − u0)2〉 ∼ a2
oh

π
ln(Xj/a), (I.34)

where we set aoh = (~2/mκ)1/4, which is the characteristic size of the
ground state of a quantum harmonic oscillator of mass m and stiffness κ.

This divergence indicates that a one-dimensional quantum crystal can-
not exist even at zero temperature, at least if we restrict ourselves to
nearest-neighbor interactions. This divergence is weak since it is logarith-
mic, but it is enough to prevent crystalline long-range order.

In the following paragraph, we will find again a logarithmic divergence
for a classical 2D crystal at non-zero temperature, with a mathematical
treatment directly inspired by the one we have just used. Note that this re-
lationship between a d-dimensional quantum system at zero temperature
and its d + 1-dimensional classical equivalent at finite temperature is not
accidental. It can be fully formalized for certain problems, as discussed,
for example, in the review article by Sondhi, Girvin, et al. (1997).

2 2D and 3D crystals

The above analysis can be transposed to the multi-dimensional case (Mer-
min 1968; Mermin 1979; Mermin 2006). The search for the system’s eigen-
modes is carried out in the same way, by linearizing the interaction po-
tential between atoms in the vicinity of their equilibrium position in the
crystal. The translational invariance of the system also allows us to search
for the system’s eigenmodes in the form of plane waves characterized by
their wave vector q.

A further complication arises in a lattice of dimension greater than 1. To
fully specify the structure of an eigenmode, we need to know its polariza-
tion ε, i.e. the direction of oscillation of the atoms with respect to the wave
vector. In one dimension, the problem does not arise, since oscillation nec-
essarily takes place longitudinally, along the crystal’s axis. In two (resp.
three) dimensions, there are two (resp. three) independent polarizations
for a given vector q. The situation is simplified in the case of an isotropic
crystal, for which one can always choose a solution polarized parallel to
q and the other (or the other two in 3D) perpendicular to q (Ashcroft &
Mermin 1976).

Once the eigenmodes have been identified, we can repeat the previous
reasoning to evaluate the variance of the difference between the displace-
ments u0 and uR of two atoms separated by R. The exact treatment is
complicated by the need to separate the contributions of the different po-
larizations of the modes, but fortunately the use of scaling laws is sufficient
to conclude.

2-1 Deviations at thermal equilibrium in the 2D case

Let us consider a square lattice of period a, with N sites along each di-
rection and periodic boundary conditions along each axis (figure I.4). Each
site in the lattice is labelled by a pair of integers, (jx, jy) ≡ j, corresponding
to the position

Rj = a (jxx̂ + jyŷ) (I.35)

where x̂ and ŷ are two unit vectors along the x and y axes. The position rj
of an atom is identified by its deviation uj from the equilibrium position
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0 j
Xj

q ⇠ ⇡/Xj

q � ⇡/Xj

Figure I.4. Two-dimensional lattice, with equilibrium positions Rj , j = (jx, jy)
and the deviation uj .

Rj :
rj = Rj + uj . (I.36)

Under the assumption |uj − uj′ | � a if j and j′ are close neighbors, the
interaction energy between atoms can be reduced to a quadratic Hamil-
tonian for the variables uj , and the eigenmodes (phonons) can then be
determined exactly, in particular their dispersion relation ωq .

Equipartition of energy applied to each mode leads to a result that has
the same structure as in the one-dimensional case (I.22):

〈(uj − u0)2〉 ∼ kBT

m

8

N2

∑

q

sin2(q ·Rj/2)

ω2
q

, (I.37)

where a multiplicative factor of 2 has been introduced to account for the
two directions of space.

The transition from a discrete sum to an integral on q is done by:

(2D):
∑

q

−→
(
Na

2π

)2 ∫

BZ

d2q, (I.38)

where the integral covers the entire Brillouin zone (BZ): −π/a < qx, qy ≤
π/a. Replacing ωq by c|q|, which is possible because – as in the 1D case –
we will see that the dominant contribution comes from the small values of
q (q � 1/a), we arrive at:1

(2D): 〈(uj − u0)2〉 ∼ kBT

κ

2

π2

∫

BZ

sin2(q ·Rj/2)

q2
d2q. (I.39)

We define mc2 = κa2 where κ is (as in 1D) an estimate of the spring con-
stant associated with the restoring force acting on an atom towards its equi-
librium position.

As in the one-dimensional case, we can approximate this integral by
splitting it into two parts:

• For q & π/Rj , replacing the sin2(. . .) by its mean value 1/2, we arrive
at

≈ 1

π2

kBT

κ

∫ π/a

π/Rj

1

q2
2πq dq ≈ 2

π

kBT

κ
log(Rj/a). (I.40)

• For q . π/Rj , replacing the sine by its argument, we find

∼ 1

2π2

kBT

κ
R2

j

∫ π/Rj

0

πq dq ∼ π

4

kBT

κ
. (I.41)

The main contribution therefore comes from the first term, which di-
verges logarithmically with distance Rj :

〈(uj − u0)2〉 ∼ 2

π

kBT

κ
log

(
Rj

a

)
. (I.42)

As in the 1D case, this divergence comes from momenta q of the order of
1/Rj , i.e. long wavelengths of the order of the distance Rj .

1Strictly speaking, we should take into account here the fact that the speed of sound is not
the same for longitudinal and transverse vibrations. Since we are only interested in scaling
laws here, we will omit this refinement.
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Figure I.5. Bragg diffraction of an incident wave with wave vector ki to a final
wave vector k. We have chosen ki orthogonal to the plane of the atoms. The
intensity I(k) reveals a possible crystalline order or quasi-order.

2-2 A possible order parameter: the Bragg peaks

To test experimentally whether or not crystalline order is present in a sam-
ple, a standard method is to diffract a wave (photons, electrons, neutrons)
with incident wave vector ki onto the sample. For a crystal characterized
by the basis vectors aα, with α = 1, 2 in 2D, we expect to observe Bragg
peaks for wave vectors k such that

k = ki +Q, (I.43)

whereQ is a vector of the reciprocal lattice defined by

Q · aα = 0 modulo 2π. (I.44)

The variation of the diffracted intensity around Q then reveals the crys-
talline order (or absence of).

To simplify the analysis, let us assume that ki is orthogonal to the plane
of atoms (figure I.5). The intensity diffracted in direction k reads after av-

eraging over the thermal fluctuations of the deviations uj :

I(k) ∝ 〈
∣∣∣
∑

j

eik·(Rj+uj)
∣∣∣
2

〉

∝
∑

j,j′

eik·(Rj−Rj′) 〈eik·(uj−uj′)〉 (I.45)

After decomposition on the phonon modes, the relative displacement uj −
uj′ is written as a sum of independent variables. We can then use the
classic result for a Gaussian variable 〈eiθ〉 = e−〈θ

2〉/2, which gives:

〈exp [ik · (uj − uj′)] 〉 = exp

[
−k

2

4
〈(uj − uj′)2〉

]

≈ exp

[
−k

2 kBT

2πκ
ln

(
Rj

a

)]

≈
(

a

Rjj′

)η
(I.46)

where the exponent η is defined by :

η =
k2 kBT

2πκ
. (I.47)

Recall that the stiffness κ entering here heuristically describes the bonding
potential between atoms. A more rigorous treatment makes use of the Lamé
elastic constants of the solid (Nelson & Halperin 1979).

In the absence of thermal fluctuations, η = 0, all the coefficients
〈eik·(uj−uj′)〉 are equal to 1 and the diffracted intensity

I(k) ∝
∑

j,j′

eik·(Rj−Rj′) (I.48)

consists of Dirac peaks (at the limit of an infinite lattice) located on the
vectorsQ of the reciprocal lattice.

In the presence of thermal fluctuations, the coefficients 〈eik·(uj−uj′)〉
decrease algebraically with distanceRjj′ with exponent η. Bragg peaks are
then broadened, as the intensity varies in the vicinity of a given vector Q
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as

I(k) ∝
∑

j,j′

eik·(Rj−Rj′)
(

a

Rjj′

)η

∝
∫

ei(k−Q)·R
( a
R

)η
d2R (I.49)

leading to
I(k) ∝ |k −Q|η−2. (I.50)

Note that this result is significantly different from that for a completely dis-
ordered assembly of atoms. In the latter case, there would be no marked
structure in a given direction Q. Here, on the contrary, we continue to
observe significant diffraction in specific directions in space, but the struc-
ture of the diffracted profile is less peaked than for perfect crystalline or-
der. One thus speaks of a crystalline quasi-order (Nelson & Halperin 1979;
Strandburg 1992).

2-3 The 3D crystal

To understand the specificity of the low-dimensional case, it is interest-
ing to repeat the above treatment for a 3D crystal. The starting point is
unchanged: after introducing the deviations uj from the equilibrium posi-
tionsRj with here j = (jx, jy, jz), we again reduce to a quadratic Hamilto-
nian for the uj ’s. The eigenmode decomposition and the energy equipar-
tition theorem lead to an estimate of the variance of the relative displace-
ments of atom 0 and atom j:

〈(uj − u0)2〉 ∼ kBT

m

12

N3

∑

q

sin2(q ·Rj/2)

ω2
q

, (I.51)

for a crystal of N ×N ×N sites, with periodic boundary conditions.

Passing from a discrete sum to an integral then gives

〈(uj − u0)2〉 ∼ kBT

m

12

N3

(
Na

2π

)3 ∫

BZ

sin2(q ·Rj/2)

ω2
q

d3q

∼ 3

2π3

akBT

κ

∫

BZ

sin2(q ·Rj/2)

q2
d3q, (I.52)

where, as before, we have replaced the frequency ωq by its linearized ex-
pression2 cq, and introduced a characteristic stiffness κ such that mc2 =
κa2.

Let us apply the same treatment to this integral as in one and two di-
mensions, by splitting the integration domain into two parts:

• For q & π/Rj , substituting the sin2 function by its mean value 1/2
gives

∼ 3

2π3

akBT

κ

∫ π/a

π/Rj

1

2q2
4πq2dq ∼ kBT

κ
. (I.53)

• For q . π/Rj , substituting the sin function by its argument gives

∼ kBT

κ

a

Rj
. (I.54)

As in two dimensions, the contribution of the first term is dominant:

〈(uj − u0)2〉 ∼ kBT

κ
, (I.55)

but the form of this contribution is very different: it is now dominated by
large values of q, typically q ∼ 1/a, i.e. wavelengths of the order of the
lattice period. An essential consequence is that this contribution is inde-
pendent of the distance Rj . This means that crystalline order can exist as
long as this term is small compared to the square of the lattice period:

kBT

κ
� a2. (I.56)

When this condition is verified, the position of atom j will be well defined
relative to that of atom 0 on the scale of a single lattice period, whatever
the distance Rj separating these two sites. More precisely, Lindeman’s
criterion indicates that crystalline order will be possible as long as (Nelson
2002) [

〈(uj − u0)2〉
]1/2 ∼ 0.15 − 0.30 a. (I.57)

2In fact, this linearization is not as well justified as in 1D or 2D, since large wave vector
modes have a significant contribution at 3D, as we will see later. However, since we are only
looking for scaling laws here, the approximation ωq ≈ cq is still sufficient.
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2-4 The Mermin–Wagner–Hohenberg theorem

The conclusion that we have just reached on the existence or non-existence
of crystalline order as a function of the number of spatial dimensions is
only a special case of a very general result known as the Mermin–Wagner–
Hohenberg theorem. We now state this theorem, which we will return to
later in another case, that of the existence or non-existence of Bose-Einstein
condensation.

This theorem was proved by Mermin & Wagner (1966) and indepen-
dently by Hohenberg (1967)3. The Mermin-Wagner paper was concerned
with ferromagnetism or antiferromagnetism in 1D or 2D systems, whereas
Hohenberg used the Bose liquid or Cooper pairs in a superconducting sys-
tem as examples. Their approaches were similar: starting from an inequal-
ity established by Bogoliubov (1962), they arrived at a result that can be
formulated in the following general way:

For a system of dimension less than or equal to 2 and short-range interactions,
there can be no spontaneous breaking of a continuous symmetry at non-zero tem-
perature.

We will not be proving this theorem in the general case [see, for exam-
ple, Herbut (2007) or Mudry (2014)], but we will emphasize a few impor-
tant points:

• Interactions must be short-ranged. If the range is infinite, mean-field
theory can be safely applied and the standard phase transitions pre-
dicted by this theory can occur, whatever the dimension of space.

• We are interested in the breaking of a continuous symmetry: this is
the case, for example, of the translational symmetry considered in this
chapter. It can also be the U(1) symmetry associated with the choice
of phase of a macroscopic wave function, the breaking of which cor-
responds to Bose-Einstein condensation. On the other hand, the the-
orem does not apply as such to discrete symmetries. For example,
for the Ising model where spins σz = ±1 are placed on a lattice with

3These two papers were submitted within a week of each other. The Mermin-Wagner
article appeared in 1966, while Hohenberg’s appeared in 1967; however, Mermin and Wagner
were aware of Hohenberg’s work, since they explicitly cite him as unpublished.

nearest-neighbor interactions, a phase transition occurs for a critical
temperature Tc > 0 in the 2D case (Onsager 1944).

• We discuss here transitions occurring at T 6= 0. At zero temperature,
the interacting 2D quantum Bose gas is condensed [Schick (1971) and
Popov (1972) and more recently Pilati, Boronat, et al. (2005) and Mora
& Castin (2009)]. We will come back to this problem in Chapter 6.

3 2D crystals in the laboratory

In their 1973 paper, Kosterlitz and Thouless suggested applying their the-
oretical model of a defect-induced phase transition to the case of two-
dimensional crystals. However, the situation is more complex than that
encountered later in this course for superfluids, as two successive transi-
tions occur from the perfect triangular crystal expected at zero temperature
to the liquid state at high temperatures. The quantitative theory of two-
dimensional melting was made by Halperin & Nelson (1978a), Halperin &
Nelson (1978b), Nelson & Halperin (1979), and Young (1979) [referred to as
the KTHNY theory] and the main results are detailed in the review article
by Strandburg (1988).

3-1 Scenario for the fusion of a 2D crystal

Let us summarize some salient points of the KTHNY model that are exper-
imentally observed in colloidal systems [see for example Deutschländer,
Dillmann, et al. (2015) and refs. in]. These points have also been validated
by recent simulations carried out on a gas of 105 particles interacting via a
Lennard–Jones potential (Wierschem & Manousakis 2011).

• At zero temperature, we have a perfect triangular crystal (at least if we
neglect quantum fluctuations) corresponding to the densest arrange-
ment. In this crystal, each particle has exactly 6 equally spaced neigh-
bors.

• At very low temperatures, the crystal lattice is almost triangular, with
phonons destroying long-range order as we saw above. We therefore
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SIMULATION OF MELTING OF TWO-DIMENSIONAL . . . PHYSICAL REVIEW B 83, 214108 (2011)

thermodynamic variables are collected by generating averages
on each of the 100 parallel threads; then, by using the central
limit theorem, we obtain the total average, as we have 100
independent means.

Although in our preliminary studies we have computed
thermodynamic quantities for a range of densities and temper-
atures, the effects of critical slowing down near the melting
transition and our desire to study the largest possible systems
have led us to focus on a single density 0.873 (all densities
are in units of particles per σ−2). This density was chosen
for several reasons. This is a density that could be readily
compared to prior numerical simulations of Lennard-Jones
melting.15 Also, we wanted a density that is relatively low, but
large enough to avoid the solid-vapor coexistence phase at low
temperatures. Strictly speaking, there is a solid phase in the
zero temperature limit only at densities of 0.9165 (the density
at which the spacing of the triangular lattice is the same as the
position of the Lennard-Jones potential minimum) and above.
Below this density, there is a solid-vapor coexistence phase.
However, the triple point density is roughly 0.82, so at higher
densities the system will in general become solid before the
onset of melting occurs.8

III. ROLE OF DEFECTS

A. Defect types

In two dimensions, the densest packing of particles of
uniform size is achieved in a triangular lattice. In such a
configuration, each particle has exactly six nearest neighbors.
Thermal fluctuations will lead to distortions in the lattice,
or even destroy it completely. To quantify this, we use the
Delaunay triangulation to determine the nearest-neighbor
network of our particle configurations. The nearest-neighbor
network tells us the number of nearest neighbors, or coor-
dination number, of each particle. For a system of particles
in a periodic plane, the average coordination number is
always six.21 Particles in a triangularly ordered region will
be 6-coordinated, while disruptions in the lattice will lead to
particles with coordination numbers greater than or less than
six. A defect is defined as any coordination number other
than six. These non-6-coordinated atoms may be thought of
as disclinations of charge n, with their coordination number
being 6 + n.

The most common type of disruption, or defect, is a
5- or 7-coordinated particle. These may be interpreted as
disclinations of charge plus or minus one. Two oppositely
charged disclinations may be thought of as a dislocation. More
complex arrangements of disclinations are possible, such as
dislocation pairs and grain boundary loops, but in our analysis
we have only considered individual defects. The defect fraction
fd = 1 − N6/N is defined as the fraction of particles that do
not have six neighbors, where N is the number of particles in
the system, and N6 is the number of 6-coordinated particles in
the system. Remembering that dislocations are made of two
bound disclinations of opposite charge, and that dislocations
become unbound above the melting point, we can expect the
defect fraction to experience a jump at the melting point.21

Additionally, at low temperatures, we can expect an energy
gap to occur, which is the energy cost to create a dislocation
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FIG. 1. (Color online) The Delaunay triangulation for N = 1600
particles at T = 0.70. Defects are shown in red.

pair. Because the overall disclinicity of the system must be
zero, as well as the net Burgers vector of any dislocations, the
lowest-energy defect excitation is a dislocation pair of opposite
Burgers vectors. In practice, this is usually two pairs of 5- and
7-coordinated particles. This leads to an exponential behavior
in the defect fraction fd = e−β#, where # is the lowest energy
for a defect-type excitation of the system.

B. Unbinding of defects

In Figs. 1, 2, and 3, the Delaunay triangulated configuration
of a 1600 particle system is shown at temperatures 0.7, 0.9,
and 1.1, respectively. The defects are shown in red. At low
temperature as demonstrated in Fig. 1, we see that defects
occur in quadruplets consisting of two 5-coordinated and
two 7-coordinated particles. As the temperature is raised to
0.9 (Fig. 2) ,we can see isolated dislocations (one 5-fold-
coordinated atom bound to a 7-fold-coordinated atom). At
yet higher temperature, such as 1.1 (Fig. 3), we can observe
isolated disclinations.

This can also be seen in the pair distribution functions
g77(r), g55(r), and g57(r) for pairs of 7-coordinated particles,
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FIG. 2. (Color online) The Delaunay triangulation for N = 1600
particles at T = 0.90. Defects are shown in red.

214108-3

Figure I.6. A local defect in a particle assembly exhibiting long-range transla-
tional quasi-order. This defect can be seen as a pair of dislocations, with two A5

sites (with five neighbors) and two A7 sites (with seven neighbors). Figure taken
from Wierschem & Manousakis (2011).

have a translational quasi-order, with a logarithmic growth of the root-
mean-square deviation 〈(ui−uj)2〉with distance Rij , which induces
an algebraic decrease in the order parameter (Bragg peaks), as we al-
ready discussed. We also have true orientational order, meaning that
the correlation function of the local crystal orientation θ(r) does not
tend towards 0 at infinity. There may be local defects, such as the one
shown in figure I.6, but this does not change the general conclusion
reached by our study of phonon modes.

• Above a certain temperature Tm, defects called dislocations have a
significant probability of appearing. An example of a dislocation is
shown in figure I.7. This type of defect is created by an A5 − A7 pair,
i.e. a 5-neighbor site contiguous with a 7-neighbor site. The presence
of a dislocation is equivalent to adding half a line of atoms (figure I.7,
right).

This intermediate phase is known as the hexatic phase. In this phase,
the presence of dislocations destroys the translational quasi-order and
transforms the decay of the order parameter into an exponential law.

0 j
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FIG. 3. (Color online) The Delaunay triangulation for N = 1600
particles at T = 1.10. Defects are shown in red.

pairs of 5-fold-coordinated atoms, and for (5-fold–7-fold)–
coordinated atoms, respectively. In Fig. 4, a sharp peak in
g77(r) is observed at low temperatures (T = 0.70), indicating
that dislocations are tightly bound. At higher temperatures
(T = 0.90 and 1.10), the peak in g77(r) is greatly diminished,
and dislocations become first weakly bound (T = 0.90)
and then completely unbound (T = 1.10). g55(r), while not
shown, behaves qualitatively similar to g77(r), as both are
representative of the pair distribution of dislocations.

The pair distribution function for disclinations g57(r) is
shown in Fig. 5. While the sharp peak at low (T = 0.70)
and intermediate (T = 0.90) temperature is expected, the
peak at T = 1.10, while quite lower, is still very substantial.
This indicates that disclinations have not become completely
unbound, and indeed it is difficult to find isolated disclinations
in the snapshot configurations presented in Fig. 3. When
isolated disclinations do occur, they are still next-nearest
neighbors with at least one other disclination of opposite
charge.
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FIG. 4. (Color online) The pair distribution function for 7-
coordinated particles g77(r). The peak for T = 0.70 extends to ∼ 50.
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FIG. 5. (Color online) The pair distribution function for pairs
consisting of one 5-coordinated particle and one 7-coordinated
particle g57(r). The peak for T = 0.70 extends to ∼ 150.

C. Defect fraction

According to the KTHNY theory, disclinations remain
very tightly bound below Tm. Above Tm, the disclinations are
screened from one another by the presence of free dislocations
yet remain bound, albeit by a weaker logarithmic binding.3

Thus, we expect a proliferation of defects to occur around Tm,
and to continue growing until somewhere above Ti , where a
saturation should occur. In Fig. 6, we show the average defect
fraction as a function of temperature. At low temperature,
there are very few defects, while at high temperature, there
is a considerable fraction of the system that is defected. In
between, there is a region of rapidly increasing defect fraction,
from T = 0.8 to 1.0. This can be quantitatively verified by
calculating the temperature derivative of the defect fraction,
which is indeed found to have a broad peak in this temperature
region. The overall shape of dfd (T )/dT is very similar to that
of the specific heat capacity, to be shown next. Additionally,
we can see some size dependence in the region 0.6 < T < 1.0,
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FIG. 6. (Color online) Fraction of defects fd as defined by the
fraction of non-6-coordinated particles in the Delaunay triangulation
fd = 1 − N6/N . The rapid rise in fd from near zero to almost 25%
is a possible sign that dislocation and/or disclination unbinding is
occurring.

214108-4

Figure I.7. Isolated dislocation composed of an A5 site and an A7 site, equiv-
alent to inserting an extra half-line of atoms. Figure taken from Wierschem &
Manousakis (2011).

Indeed, the addition of a half-line between the two sites Ri and Rj

changes the distance Rij by an amount that is of the order of the lat-
tice period. We therefore expect complete decorrelation of the devia-
tions uj and uj as soon as Rij is of the order of the average distance
between dislocations.

However, the right-hand image in figure I.6 shows that a dislocation
does not completely destroy orientational order. Despite the addition
of the half-line of atoms, the lattice axes remain approximately the
same (in fact, the local orientation correlation function θ(r) decreases
algebraically in this regime).

• Above a second critical temperature Ti, the two members A5 and A7

of the dislocations can move arbitrarily far apart. An isolated A5 or
A7, a defect called disclination, changes the orientation of the crystal,
as shown in figure I.8. In this case, orientational order is also lost, with
the correlation function for the orientation θ(r) decreasing exponen-
tially with distance.
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CHAPITRE I. CRYSTALLINE ORDER IN LOW DIMENSION § 3. 2D crystals in the laboratory

renormalization group analysis of topological defects (18–20). In
the KTHNY formalism, the orientationally long range-ordered
crystalline phase melts at a temperature Tm via the dissociation
of pairs of dislocations into a hexatic fluid, which is unknown in
3D systems. This fluid is characterized by quasi-long-range ori-
entational but short-range translational order. In a triangular
lattice, dislocations are point defects and consist of two neigh-
boring particles with five and seven nearest neighbors, re-
spectively, surrounded by sixfold coordinated particles. At a
higher temperature Ti, dislocations start to unbind further into
isolated disclinations (a disclination is a particle with five or
seven nearest neighbors surrounded by sixfold coordinated par-
ticles), and the system enters an isotropic fluid with short-range
orientational and translational order. A suitable orientational
order parameter is the local bond order field ψ6ð~rj, tÞ=
n−1j

P
ke

i6θjkðtÞ =
!!ψ6ð~rj, tÞ

!!eiΘjðtÞ, which is a complex number with
magnitude

!!ψ6ð~rj, tÞ
!! and phase ΘjðtÞ defined at the discrete par-

ticle positions~rj. ΘjðtÞ is the average bond orientation for a spe-
cific particle. The k-sum runs over all nj nearest neighbors of
particle j, and θjk is the angle of the kth bond with respect to a
certain reference axis. If particle j is perfectly sixfold coordinated
[e.g., all θjkðtÞ equal an ascending multiple of π=3], the local bond
order parameter attains

!!ψ6ð~rj, tÞ
!!= 1. A five- or sevenfold co-

ordinated particle yields
!!ψ6ð~rj, tÞ

!!J 0. The three different
phases can be distinguished via the spatial correlation g6ðrÞ=
hψp

6ð~0Þψ6ð rj!Þi or temporal correlation g6ðtÞ= hψp
6ð0Þψ6ðtÞi of the

local bond order parameter. For large r and t, respectively, each
correlation attains a finite value in the (mono)crystalline phase, de-
cays algebraically in the hexatic fluid, and exponentially∼ expð−r=ξ6Þ
and ∼ expð−t=τ6Þ in the isotropic fluid (20, 21). Unlike second-
order phase transitions where correlations typically diverge alge-
braically, the orientational correlation length ξ6 and time τ6 di-
verge in the KTHNY formalism exponentially at Ti

ξ6 ∼ exp
"
ajej−1=2

#
and τ6 ∼ exp

"
bjej−1=2

#
, [6]

where e= ðT −TiÞ=Ti, and a and b are constants (20, 22). This
peculiarity is the reason why KTHNY melting is named contin-
uous instead of second order. In equilibrium, the KTHNY sce-
nario has been verified successfully for our colloidal system in
various experimental studies (23–25).
To transfer this structural 2D phase behavior into the frame-

work of the Kibble–Zurek mechanism, we start in the high
temperature phase (isotropic fluid) and describe the symmetry
breaking with the spatial distribution of the bond order parameter.
Because in 2D the local symmetry is sixfold in the crystal and the
fluid, the isotropic phase is a mixture of sixfold and equally num-
bered five- and sevenfold particles (other coordination numbers
are extremely rare and can be neglected). During cooling, isolated
disclinations combine to dislocations that, for infinite slow cooling
rates, can annihilate into sixfold particles with a uniform director
field. This uniformity is given by a global phase, characterizing the

orientation of the crystal axis. Spontaneous symmetry breaking
implies that all possible global crystal orientations are degenerated,
and the Kibble–Zurek mechanism predicts that in the presence of
critical fluctuations the system cannot gain a global phase at finite
cooling rates: Locally, symmetry broken domains will emerge,
which will have different orientations in causally separated regions.
The final state is a polycrystalline network with frozen-in defects.
As in the case of superfluid 4He, ψ6ð~rj, tÞ is complex with two
independent components (N = 2). Consequently, we expect to
observe monopoles in two dimensions. The phase of ψ6ð~rj, tÞ is
invariant under a change in the particular bond angles of
ΔθjkðtÞ=±nπ=3 (n∈N), which is caused by the sixfold orientation
of the triangular lattice. Similar to the Higgs field or the superfluid,
one cannot consider a closed (discrete) path in ψ6ð~r, tÞ on which
θjkðtÞ changes by an amount of ±π=3, leaving the orientational field
invariant. Reducing this path to a point, ψ6ð~r, tÞ must tend toward
zero at the center to maintain continuity. Because the orientational
field is defined at discrete positions, the defect is a single particle
marked as a monopole of the high symmetry phase. In fact, this
coincides with the definition of disclinations in the KTHNY for-
malism (20): The particle at the center is an isolated five- or sev-
enfold coordinated site. Fig. 2 illustrates this for a bond on a closed
path. Going counterclockwise around the defect, the bond angle
changes by an amount of +π=3 for a fivefold (Fig. 2A) and by −π=3
for a sevenfold site (Fig. 2B). [In principle, also larger changes in
θjkðtÞ are possible, e.g., for n= 2, a four- or eightfold oriented site,
but these are extremely rare.] In KTHNY theory the monopoles
(disclinations) combine to dipoles (dislocations) that can only an-
nihilate completely if their orientation is exactly antiparallel. At
finite cooling rates, they arrange in chains, separating symmetry
broken domains of different orientation: chains of dislocations can
be regarded as strings or 2D domain walls.

Colloidal Monolayer and Cooling Procedure
Our colloidal model system consists of polystyrene beads with
diameter σ = 4.5 μm, dispersed in water and sterically stabilized
with the soap SDS. The beads are doped with iron oxide nano-
particles that result in a superparamagnetic behavior and a mass
density of 1.7 kg/dm3. The colloidal suspension is sealed within a
millimeter-sized glass cell where sedimentation leads to the for-
mation of a monolayer of beads on the bottom glass plate. The
whole layer consists of >105 particles and in a 1,158 μm × 865 μm
subwindow, ≈ 5,700 particles are tracked with a spatial resolution
of submicrometers and a time resolution in the order of seconds.
The system is kept at room temperature and exempt from density
gradients due to a months-long precise control of the horizontal
inclination down to microradian. The potential energy can be
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Fig. 2. Sketch of a fivefold oriented (A) and sevenfold oriented (B) dis-
clination. The red arrows illustrate the change in bond angle (blue) when
circling on an anticlockwise path around the defect.
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Figure I.8. Disclinations corresponding to an A5 or A7 defect. The proliferation
of this type of defects leads to a loss of orientational order. Figure taken from
Deutschländer, Dillmann, et al. (2015).

3-2 Studies on colloidal systems

The experimental demonstration of the KTHNY scenario has been the sub-
ject of a great deal of work since it was first proposed. Here we focus
on recent results obtained by the Konstanz group, led by Peter Keim and
Georg Maret, on colloidal monolayers. These experiments are carried out
on polystyrene beads with a diameter of 4.5 microns immersed in water
retained by capillarity in a glass cell (figure I.9), with a water-air interface
for the lower surface (Deutschländer, Puertas, et al. 2014; Deutschländer,
Dillmann, et al. 2015).

The density of the beads is 1.7, so they accumulate at the bottom of
the water, at the water-air interface. They form a monolayer of about 105

particles, from which one selects those located within a window of 1 mm×
1 mm (figure I.10). There are around 4,000 beads in this window, and the
position of each one is tracked using a sub-micrometer resolution imaging
system.

These beads are doped with iron oxide nanoparticles, making them
paramagnetic. By applying a magnetic field perpendicular to the plane
of the cell, a magnetic dipole is induced in each bead. As these verti-
cal dipoles are orthogonal to the segments joining two beads, the dipole-

Figure I.9. Experimental setup used in the Constance experiments. A droplet
of water (diameter 8 mm) is suspended by capillary action. Polystyrene beads
doped with iron oxide nanoparticles accumulate on the bottom plane, at the water-
air interface. A vertical magnetic field induces a magnetic moment in the beads,
creating a repulsive interaction between them. Figure taken from Keim, Maret,
et al. (2007).

dipole interaction is repulsive and isotropic in plane. It therefore tends to
form a triangular crystalline order. For the experimental parameters of the
Constance experiment, the average distance between beads is 13µm. The
experiment is carried out at room temperature, with sample horizontality
controlled at the microradian level. Thermalization times can be up to a
month, during which bead trajectories are tracked every second.

A typical image is shown in figure I.10 where the defects appearing in
the spatial distribution of the beads are colored. The control parameter of
the experiment is the ratio

Γ =
Emag

kBT
, (I.58)

between the magnetic energy of two neighboring dipoles and the charac-
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Figure I.10. Identification of defects in an assembly of around 4000 paramagnetic
beads. This figure was obtained for the ratio Γ = 98, after a quench of slope
Γ̇ = 1/(19 days). Figure taken from Deutschländer, Dillmann, et al. (2015).

teristic thermal energy kBT . The two transitions shown above are obtained
for (Deutschländer, Puertas, et al. 2014):

• Γm = 70.3 for the crystal/hexatic transition,

• Γi = 67.3 for the hexatic/isotope transition,

in good agreement with the values obtained by numerical simulation.

In fact, these remarkably rich experiments make it possible not only to
validate predictions concerning the equilibrium state of two-dimensional
materials, but also to study the temporal evolution of the system when the
two phase transitions are crossed at finite speed Γ̇. This is the Kibble–Zurek
problem, which aims to characterize the number of defects generated as a
function of the quench rate (Deutschländer, Dillmann, et al. 2015). Another
recent study on these systems involved measuring density fluctuations on

Figure I.11. Numerical simulation of a graphene surface at 300 K, withN = 8640
atoms, showing that the surface is rippled under the effect of thermal fluctuations.
Arrows have a length of 8 nm. Figure taken from Fasolino, Los, et al. (2007).

a large spatial scale (Illing, Fritschi, et al. 2017).

3-3 What about graphene?

The most famous example of a two-dimensional crystalline order is
graphene (Castro Neto, Guinea, et al. 2009). This raises the question of
whether the existence of these sheets of carbon atoms is compatible with
the Mermin-Wagner-Hohenberg theorem. In the literature, we find two
classes of answers, both of which are compatible:

• Given the stiffness of the bonds in graphene, one finds a gigantic value
for the characteristic distance over which the loss of crystalline order
should manifest itself (Thompson-Flagg, Moura, et al. 2009). Finite-
size effects alone are therefore sufficient to explain the apparent order
in laboratory samples.

• The surface of graphene is not flat: it is rippled (figure I.11) and de-
viations from the plane can play, at least in principle, an important
role (Fasolino, Los, et al. 2007; Schoelz, Xu, et al. 2015). The non-linear
coupling between fluctuations of the height and displacements paral-
lel to the surface changes the nature of the interactions by giving them
a long-range effective component, which may invalidate the Mermin–
Wagner–Hohenberg theorem.
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Chapter II

The 2D quantum gas:
From the ideal case to binary interactions

We now turn to the study of two-dimensional quantum fluids. Most
of the chapter will be devoted to the ideal gas governed by Bose-Einstein
statistics. We will look successively at the uniform case, for which there is
no condensation at the thermodynamic limit, and the case of a trapped gas,
for which condensation can occur. We will describe experiments carried
out on a photon gas stored in a cavity and illustrating this prediction. In the
final section, we will explain how to take particle interactions into account
by looking at a binary collision between two identical atoms.

Let us start by recalling a few elements for dealing with the thermo-
dynamic equilibrium of an ideal gas of Bose particles. Let us assume that
we know the eigenstates ψα(r) of the one-particle Hamiltonian and the as-
sociated energies Eα, the index α being a discrete or continuous variable
allowing us to identify each state unambiguously. The average population
of a state ψα is then given by

Nα =
1

e(Eα−µ)/kBT − 1
, (II.1)

where we have introduced two intensive thermodynamic variables, the
temperature T and the chemical potential µ. For cold atom experiments,
we can usually measure the temperature T and the total number of atoms
N with good accuracy, from which we deduce the chemical potential by
inverting the relation N =

∑
αNα.

1 The 2D uniform Bose gas

In this paragraph, we consider a gas of particles confined in a square (two-
dimensional) box of size L × L. To simplify calculations, we will use the
expression for eigenstates obtained by assuming periodic boundary condi-
tions. These states are then plane waves identified by their momentum p:

ψp(r) =
1

L
eip·r/~, p =

2π~
L
n, n = (nx, ny) ∈ Z2. (II.2)

We are going to look at the thermodynamic limit of this gas, by letting
the size L of the box and the number N of particles tend to infinity, while
keeping the spatial density constant:

L→∞, N →∞, ρ(2) =
N

L2
: constant (II.3)

An important concept in the calculation of physical quantities is the den-
sity of states D(E). Consider a physical quantity F (p) varying relatively
smoothly with p, the population N(p) of level p for example, and let us
look at the sum

∑
p F (p). When passing to the thermodynamic limit, we

can replace discrete sums on quantized momenta by an integral:

F (p) regular :
∑

p

F (p) −→
(

L

2π~

)2 ∫
F (p) d2p. (II.4)
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If the quantity F (p) to be summed is a function of the energy E(p) =
p2/2m only, the integral over the angular distribution of the momentum
p can be carried out analytically and we find

∑

p

F (p) −→
∫ +∞

0

F (E) D(2)(E) dE with D(2)(E) =
mL2

2π~2
. (II.5)

The variation of the density of states at low energies will play a crucial role
in what follows: while this density in the 3D case tends to 0 as1

√
E when

E → 0, it remains constant in 2D. This confirms what we had already seen
in the first lecture, when we found that long-wavelength phonons were
responsible for the destruction of crystal order in 2D.

1-1 The (non-)saturation of excited states

Reminder on the three-dimensional case. The Bose-Einstein condensa-
tion of the ideal 3D gas is covered in many statistical physics books, and
we described it in detail in the 2015-16 lecture series. Recall that it is based
on three properties of the distribution (II.1):

• At a fixed temperature T , each populationNα is an increasing function
of the chemical potential µ.

• In order for Nα to be defined for any state α, including the ground
state which we will note here α = 0, we must restrict to µ < E0.

• This inequality on µ implies that for a given temperature T , there is an
upper bound on the number of atoms Nexc(T, µ) that can occupy the
set of excited states:

Nexc(T, µ) < Nmax
exc (T ) (II.6)

with

Nexc(T, µ) =
∑

α6=0

1

e(Eα−µ)/kBT − 1
, Nmax

exc (T ) =
∑

α6=0

1

e(Eα−E0)/kBT − 1
.

(II.7)

1The exact value is D(3)(E) = 1
4π2

(
2mL2

~2

)3/2√
E.

For a 3D gas in the thermodynamic limit, consider the spatial density
associated with these excited states

ρ(3)
exc(T, µ) =

Nexc(T, µ)

L3
(II.8)

which can be calculated analytically by replacing the discrete sum by an
integral:

ρ(3)
exc(T, µ) =

1

L3

∫ +∞

0

D(3)(E)
1
Z eE/kBT − 1

dE =
1

λ3
T

Li3/2(Z) (II.9)

where the thermal wavelength and the gas fugacity are defined by

λT =
~
√

2π√
mkBT

Z = eµ/kBT (II.10)

and where the polylogarithm function is

Liα(x) =

+∞∑

n=1

xn

nα
. (II.11)

For α > 1, this function is defined at any point of the interval x ∈ [0, 1] and
we find in particular2 Li3/2(1) = 2.612 . . .

The limit Z → 1 corresponds to µ → E0 = 0 for this gas of non-
interacting particles. The fact that Li3/2(Z) remains finite when Z → 1
means that the spatial density that can be placed in excited states is
bounded by 2.612/λ3

T . The phase-space density associated with excited
states, defined as

Dexc = ρ(3)
excλ

3
T , (II.12)

is therefore also upper bounded:

Dexc < Dmax
exc = 2.612. (II.13)

Bose-Einstein condensation arises from this inequality: it occurs when
the phase-space density D exceeds the critical value Dmax

exc . The surplus

2The constant Li3/2(1) is also equal to the value of the Riemann function ζ(x) in x = 3/2:
ζ(x) =

∑+∞
n=1 n

−x.
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D
Dc

D0

DexcDc

Figure II.1. 3D case: phase-space densities associated respectively with the ground
state (D0) and the set of excited states Dexc, as a function of the total phase-space
density D. We have defined Dc ≡ Dmax

exc = 2.612.

of particles must accumulate in the single-particle ground state p = 0. In
other words, two cases are possible (figure II.1):

D ≤ 2.612 : D ≈ Dexc = Li3/2(Z), D0 � D, (II.14)

D > 2.612 : D = D0 +Dmax
exc with Dmax

exc = 2.612. (II.15)

The pair of equations (II.14-II.15) constitutes the equation of state of the
ideal 3D Bose gas.

The two-dimensional case. For a 2D gas, the calculation of the spatial
density associated with excited states can be repeated in virtually the same
way as in the 3D case, the only difference being in the expression of the
density of states, which loses a factor

√
E. The proportion of states in the

vicinity of E = 0 increases as we move from 3D to 2D; as we shall see, this
causes the E = 0 state to lose its singular character and prevents conden-
sation.

Again, replacing the discrete sum (II.7) by an integral, we find:

ρ(2)
exc =

1

L2

∫ +∞

0

D(2)(E)
1
Z eE/kBT − 1

dE =
1

λ2
T

Li1(Z). (II.16)

Note that the function Li1(Z), which is calculated from the general expres-
sion (II.11), can be expressed in analytical form Li1(Z) = − ln(1−Z), which

gives the phase-space density

Dexc = − ln (1− Z) . (II.17)

This brings us to the crucial point that, unlike Li3/2(Z), the function
Li1(Z) has no finite limit when Z → 1. This means that even for an ar-
bitrarily large phase-space density D, we can always find (at a given tem-
perature) a chemical potential µ such that D = Dexc(T, µ). This does not
mean that the population of the ground level is zero, but simply that it
does not take on a "macroscopic" value at the thermodynamic limit. No
singularity appears when the density is increased at constant temperature,
and Bose-Einstein condensation does not occur.

It is important to identify the essential ingredient that causes this dif-
ference between the 3D and 2D cases. The question is whether the d-
dimensional integral:

ρ(d)
exc(T ) =

1

Ld

∫ +∞

0

D(d)(E)
1
Z eE/kBT − 1

dE (II.18)

has a finite limit in the highly degenerate case Z → 1. As there is no prob-
lem of convergence of the integral when E → +∞, the difficulty is con-
centrated in E → 0. We can then do an expansion of the integrand in the
neighborhood of E = 0 in the limiting case Z = 1:

Z = 1, E → 0 :
D(d)(E)

1
Z eE/kBT − 1

∼ kBT
D(d)(E)

E
. (II.19)

For a power-law density of state in the vicinity of E = 0:

D(d)(E) ∝ Eν (II.20)

then the integral will be convergent at E = 0 if

ν > 0 (II.21)

and this even if Z = 1, which is the maximum value allowed. This is
the situation reached in 3D: the density in the excited states saturates and
condensation occurs. In contrast, the 2D case corresponds to ν = 0 and the
integral is divergent for Z = 1. Whatever the chosen spatial density, we
can always find a value of Z close enough to 1 to match this density.
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The equation of state of the 2D gas. The result

D(T, µ) = − ln (1− Z) Z ≡ eµ/kBT (II.22)

is the equation of state for the ideal 2D Bose gas. Two interesting limiting
cases are:

• The non-degenerate case is obtained by taking the Z � 1 limit:

Z � 1 : D(T, µ) ≈ Z = eµ/kBT � 1, (II.23)

which corresponds to the well-known result for a Boltzmann gas.

• The case Z → 1, obtained for |µ| � kBT , corresponds on the contrary
to a strongly degenerate gas:

Z ≈ 1 : 1− Z ≈ |µ|
kBT

→ D(T, µ) ≈ ln

(
kBT

|µ|

)
� 1 (II.24)

1-2 Momentum distribution

For an ideal gas, this distribution is written:

N(p) =
1

1
Z ep2/(2mkBT ) − 1

. (II.25)

To gain some intuition about the shape of this distribution (cf. figure II.2),
we consider the two limiting cases of a non-degenerate gas (Z � 1) and of
a strongly degenerate gas (Z ≈ 1).

Non-degenerate case. In theZ � 1 case, we can make the approximation

Z � 1 : N(p) ≈ Z e−p
2/(2mkBT ) (II.26)

which yields the Maxwell-Boltzmann Gaussian distribution.

0 2 4 6 8
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pλT /h̄

N
(p

)

Figure II.2. Momentum distributions for D = 0.1, 0.3, 1, 3, 10.

Highly degenerate case. To describe the Z ≈ 1 case, corresponding to
|µ| � kBT , we separate the momenta into two classes:

• The momenta p such that p2

2m < kBT , i.e. pλT /~ <
√

4π, for which we
can linearize the exponential in the denominator of (II.25):

Z ≈ 1,
p2

2m
< kBT : N(p) ≈ kBT

p2

2m + |µ|
=

4π~2

λ2
T

1

p2 + p2
c

(II.27)

with
pc =

√
2m|µ| �

√
2mkBT (II.28)

(remember that µ is always negative).

• The momenta p such that p2

2m > kBT for which we can neglect the
−1 "Bose" term in the denominator of (II.25) to recover a Gaussian
distribution à la Boltzmann:

Z ≈ 1,
p2

2m
> kBT : N(p) ≈ e−p

2/(2mkBT ). (II.29)

The momentum distribution is therefore made up of two distinct parts:
a central Lorentzian part of width pc and Gaussian wings of width

√
mkBT .

To go a step further, it is interesting to evaluate the respective weights of
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these two distributions. For the central Lorentzian part, we find

DLor. ≈
∫ √2mkBT

0

2p

p2 + p2
c

dp ≈ ln

(
kBT

|µ|

)
(II.30)

i.e., using (II.24)
DLor. ≈ D. (II.31)

For the Gaussian wings, we have

DGau. ≈
λ2
T

2π~2

∫ +∞

√
2mkBT

e−p
2/(2mkBT ) p dp ≈ 1/e � D. (II.32)

The contribution DGau. is small compared to D since we have assumed a
strongly degenerate gas. We can therefore consider that most atoms are lo-
cated in the Lorentzian distribution of width pc �

√
mkBT . However, as a

Lorentzian distribution is non-normalizable in 2D (unlike the 1D case), we
need to put a cutoff on the integrals at the thermal momentum

√
2mkBT .

1-3 One-body correlation function

Beyond the possible appearance of a macroscopic fraction of atoms in the
ground state, another manifestation of Bose-Einstein condensation appears
on the correlation function:

G1(r, r′) = 〈r|ρ̂1|r′〉 (II.33)

where ρ̂1 is the one-body density operator. Recall that the translational
invariance of the system ensures that the value of G1 actually depends
only on r − r′.

To evaluate G1, let us start with the matrix element of ρ̂1 between two
momentum states p and p′. We introduce a double closure relation

〈p|ρ̂1|p′〉 =

∫∫
〈p|r〉 G1(r, r′) 〈r′|p′〉 d2r d2r′. (II.34)

with 〈r|p〉 = eir·p/~/L. Using translation invariance, this result can be
written

〈p|ρ̂1|p′〉 = δp,p′

∫
e−ir·p/~ G1(r) d2r (II.35)
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Figure II.3. Correlation function G1(r) for an ideal two-dimensional Bose gas.
Curves made for D = 0.1, 0.3, 1, 3, 10.

where, for simplicity, we have noted G1(r) = G1(r, 0). The momentum
distribution N(p) = 〈p|ρ̂1|p〉 and the correlation function G1(r) are thus
Fourier transforms of each other. Note that the proof of this result does not
depend on whether the gas is ideal, nor on the dimension of the space.

The correlation function G1 is obtained by taking the inverse Fourier
transform

G1(r) =
1

(2π~)2

∫
eir·p/~ N(p) d2p

=
1

λ2
T

+∞∑

n=1

Zn

n
e−πr

2/(nλ2
T ). (II.36)

To analyze this result, let us concentrate on the two limiting cases already
identified, that of the non-degenerate gas and that of the strongly degener-
ate gas.

In the non-degenerate case, the Gaussian character of the distribution
N(p) given in (II.26) leads to a correlation functionG1 that is also Gaussian:

Z � 1 : G1(r) ≈ ρ(2) e−πr
2/λ2

T . (II.37)

The thermal wavelength λT therefore gives the extension of spatial coher-
ence in this case.
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In the highly degenerate case, we have seen that most of the distribution
is concentrated in the central Lorentzian of width pc. The 2D Fourier trans-
form of this Lorentzian is defined at any point r 6= 0 and is proportional
to the Bessel function of imaginary argument K0(pcr/~). The asymptotic
behavior of this function is

x→∞ : K0(x) ≈
√

π

2x
e−x (II.38)

and is dominated by exponential decay. We then have

G1(r) ∝ 1√
r

e−r/` with ` =
~
pc
. (II.39)

Using the definition (II.28) of pc and the link (II.24) between the phase-
space density and the ratio kBT/|µ|, we get the characteristic decay length
of the G1 function in the strongly degenerate case:

` ≈ λT√
4π

eD/2. (II.40)

Here we see the marginal character of the uniform 2D Bose gas. Al-
though there is no long-range order strictly speaking, since theG1 function
tends exponentially to 0, the characteristic length of this exponential di-
verges exponentially fast with the phase-space density of the system. This
underlines the important role for finite-size effects, which we examine in
the next paragraph.

1-4 Finite size effects

In cold-atom experiments, phase-space densities in excess of 30 are com-
monly achieved. For these values of D, we find ` ∼ λT × 106. For a typical
value of thermal wavelength λT = 1µm, the decay length ` of G1 is of the
order of a meter, and therefore undetectable on a realistic sample size. Un-
der these conditions, the phase is essentially constant across the sample, as
if we had a genuine Bose-Einstein condensate.

We can give ourselves two equivalent criteria for setting the threshold
for the appearance of finite-size effects:

• The first is to compare the difference E0 − µ with the gap E1 − E0

between the first excited state and the ground state. When E0 − µ
becomes smaller than E1−E0, then the discretization of energy levels
due to finite-size effects begins to play a significant role. Apart from
a numerical factor of no importance here, E1 − E0 ∼ ~2/mL2 so this
first criterion is written:

|µ| . ~2

mL2
→ kBT

|µ| &
L2

λ2
T

(II.41)

which for the degenerate case leads to [cf. (II.24)]:

D & ln(L2/λ2
T ). (II.42)

• The second criterion is to compare the decay length ` of the function
G1 with the sample size L. Finite-size effects become significant when
` exceeds L, i.e. :

` & L → eD/2 &
L

λT
, (II.43)

which is effectively equivalent to the criterion (II.42).

2 Bose gas in a 2D harmonic trap

Many experiments on atoms, light or hybrid systems use a harmonic con-
finement. The major effect of this confinement is to modify the density of
states of the system and thus to change, for a given dimensionality, the
existence or non-existence of the condensation phenomenon. In what fol-
lows, we consider an isotropic harmonic trap of frequency ω for which the
energy levels are given by Ej = j ~ω, with j ∈ N (up to an additive con-
stant). In the case of a non-isotropic trap, most of the following results
remain valid, provided we replace ω by the geometric mean of the trap
frequencies.

2-1 The influence of the spatial dimension

To find out whether or not condensation is possible, let us return to the
expression giving the number of atoms in the excited states of the one-
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particle Hamiltonian

Nexc =
∑

α 6=0

1
1
Z eEα/kBT − 1

(II.44)

where the subscript α denotes the energy levels in the trap. As in the uni-
form case, it is useful to replace this discrete sum by an integral, which is a
good approximation if the thermal energy kBT is large compared with the
distance between consecutive energy levels. We then obtain

Nexc =

∫ +∞

0

D(E)
1
Z eE/kBT − 1

dE (II.45)

where D(E) is the density of states for the trap.

As in the case of a box, the density of state in a harmonic trap depends
on dimensionality. For a 1D trap, the levels (j+1/2)~ω are non-degenerate
(ξj = 1), equidistant and separated by ~ω, i.e.

D(1)(E) =
1

~ω
. (II.46)

In dimension 2, the degeneracy of the energy level Ej = (j + 1)~ω is ξj =
j + 1. In dimension 3, the degeneracy of the level Ej = (j + 3/2)~ω is
ξj = (j + 1)(j + 2)/2, so that

D(2)(E) =
E

(~ω)2
, D(3)(E) =

E2

2(~ω)3
. (II.47)

Let us return to the criterion found in (II.19-II.21). The density of states
does indeed vary as Eν and the exponent ν is strictly positive in dimen-
sion 3 and dimension 2 (ν = 2 and ν = 1 respectively). Condensation is
therefore possible in both cases. On the other hand, dimension 1 remains
(marginally) excluded, since it corresponds to ν = 0.

2-2 The condensation point

The maximum number of atoms that can be placed in a harmonic trap is
obtained by injecting the density of states (II.47) into the expression (II.45)

D
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Figure II.4. Thermodynamic limit in a trap. It is obtained by decreasing the
frequency ω while increasing the number of atoms so as to keep the central density
constant.

for the maximum fugacity Z = 1. We obtain

2D : N (max)
exc (T ) = Li2(1)

(
kBT

~ω

)2

with Li2(1) =

+∞∑

n=1

1

n2
=
π2

6
,

(II.48)
and

3D : N (max)
exc (T ) = Li3(1)

(
kBT

~ω

)3

with Li3(1) =

+∞∑

n=1

1

n3
= 1.202 . . .

(II.49)
Remember that these results are valid under the assumption kBT � ~ω,
necessary to replace the discrete sum (II.44) by an integral. The opposite
case kBT � ~ω is conceptually trivial: particles accumulate in the ground
state simply because the excited levels are not thermally activated.

Thermodynamic limit in a trap. For a gas in a square box, the notion
of thermodynamic limit is simple: for a given temperature T , we take the
limit where the number of particles N and the size of the box L tend to
infinity, keeping the spatial density constant. In a harmonic trap, the ther-
modynamic limit is obtained in a similar way, but we now keep the central
density n(0) constant, while letting the number of particles N tend to in-
finity (De Groot, Hooyman, et al. 1950; Bagnato, Pritchard, et al. 1987). To
understand how this is achieved, we can use the prediction for Maxwell-

33



CHAPITRE II. THE 2D QUANTUM GAS: FROM THE IDEAL CASE TO BINARY INTERACTIONS § 2. Bose gas in a 2D harmonic trap

Boltzmann statistics as an example:

ρ(d)(r) =
1

(2π)d/2
N

σd
e−r

2/2σ2

with
1

2
mω2σ2 ≡ 1

2
kBT, (II.50)

leading to

ρ(d)(0) =

(
m

2πkBT

)d/2
Nωd. (II.51)

The thermodynamic limit is thus obtained by taking (figure II.4):

N → +∞, ω → 0, ρ(d)(0) ∝ Nωd = constant. (II.52)

Both results (II.48) and (II.49) on the saturation of excited states in 2D
and 3D traps are relevant in this limit, since they are expressed in terms of
the single variable N (max)

exc (T ) ωd:

N (max)
exc (T ) ωd = Lid(1)

(
kBT

~

)d
. (II.53)

The one-dimensional case. In one dimension, the situation is more del-
icate than in 2D and 3D, since the integral (II.45) diverges when Z → 1
(Bagnato & Kleppner 1991). We must therefore return to the discrete sum
(II.44) to evaluate the maximum number of atoms that can be placed in a
trap with frequency ω and temperature T . The calculation is described by
Ketterle & vanDruten (1996) and leads to the result:

1D, kBT � ~ω : N (max)
exc (T ) ≈ kBT

~ω
ln

(
2kBT

~ω

)
. (II.54)

As expected, this result does not survive when we take the thermodynamic
limit, since the product Nω required to reach the condensation threshold
diverges. On the other hand, in a 1D trap with a fixed ω, a condensate
forms when the number of atoms exceeds (II.54).

2-3 Semi-classical approximation

The equilibrium state of an ideal gas in a harmonic trap can be written in
terms of the single-particle density operator

ρ̂1 =
1

1
Z eĤ/kBT − 1

, (II.55)

where Ĥ = p̂2

2m + Vtrap(r̂) is the single-particle Hamiltonian. The density
operator ρ̂1 is diagonal in the eigenstate basis of Ĥ and the population of
each state is given by the Bose–Einstein statistic (II.1).

The semi-classical approximation consists in "forgetting" the fact that p̂
and r̂ are non-commuting operators and in replacing them with classical
variables (Bagnato, Pritchard, et al. 1987). The operator ρ̂1 then becomes a
distribution in phase space:

W (r,p) =
1

(2π~)d
1

1
Z e[ p

2

2m+V (r)]/kBT − 1
(II.56)

which can be integrated on either variable to determine the position and
velocity distributions. The normalization constant of W will be justified
later.

In reality, the concept of phase-space distribution does not exist in quan-
tum physics. It is impossible to prepare a particle in such a state that both
its position and momentum are perfectly defined. The object that comes
closest is the Wigner distribution (Wigner 1932), a real but not always pos-
itive quantity. The link between the function W (r,p) defined above and
the Wigner distribution is discussed in detail by Castin (2001). The upshot
of this discussion is that (II.56) can validly be used if one is interested in
phase-space structures with an extent much larger than ~. In other words,
one should not try to resolve the contribution of each quantum state indi-
vidually, but one should restrict to evaluating physical quantities that vary
smoothly from a given state to a neighboring one. In particular, this must
be the case for the population of these states, which means that kBT � ~ω.

Within the framework of this approximation, it is straightforward to
determine the d-dimensional spatial density profile, ρ(d)

exc.(r), in a trap at
a given temperature (remember that the ground state, if macroscopically
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populated, is not included in this semi-classical distribution). Integration
over momentum gives:

ρ(d)
exc(r) =

1

(2π~)d

∫
Ze−[ p

2

2m+V (r)]/kBT

1− Ze−[ p
2

2m+V (r)]/kBT
ddp

=
1

(2π~)d

+∞∑

j=1

Zj
∫

e−j[
p2

2m+V (r)]/kBT ddp (II.57)

=
1

λdT

+∞∑

j=1

1

jd/2

[
Z e−V (r)/kBT

]j
=

1

λdT
Lid/2

[
Z e−V (r)/kBT

]
.

Note that for Z � 1, the first term (j = 1) of the sum is larger than all the
others, and we recover the Boltzmann distribution

ρ(d)
exc(r) ≈ ρ(d)

tot(r) =
Z

λdT
e−V (r)/kBT . (II.58)

Number of atoms in the semi-classical approximation. The result (II.57)
gives the density at any point in the trap. For the harmonic potential
V (r) = mω2r2/2, we can now integrate this density over space and re-
cover the results obtained previously:

N (d)
exc =

1

λdT

+∞∑

j=1

1

jd/2
Zj
∫

e−jmω
2r2/(2kBT ) ddr

=

+∞∑

j=1

Zj

jd/2

(
kBT

~ω

)d
= Lid(Z)

(
kBT

~ω

)d
. (II.59)

2-4 The local density approximation (LDA)

In the absence of a trapping potential (ω = 0), we recover the result given
above for a uniform 2D gas [cf. (II.16)]:

ρ(d)
exc(r) =

1

λdT
Lid/2

(
eµ/kBT

)
, (II.60)

which justifies the normalization constant introduced in (II.56). In the gen-
eral case, the result (II.57), written as

ρ(d)
exc(r) =

1

λdT
Lid/2

(
e[µ−V (r)]/kBT

)
(II.61)

provides an illustration of the local density approximation: the density at
any point in the trap is the density of a uniform gas of the same tempera-
ture and chemical potential µ− V (r). We will later generalize this approx-
imation to a gas of interacting particles.

Condensation threshold for the semi-classical approach. Let us start
with the 3D case. Condensation in the harmonic trap V (r) = mω2r2/2
is obtained when the fugacity Z tends towards 1, in which case the result
(II.57) indicates that the central density of the trap is:

ρ(3)
exc(0) =

1

λ3
T

Li3/2 (1) . (II.62)

So we arrive at a remarkable (and satisfying!) conclusion that links the
uniform and trapped cases: condensation in the trap occurs when the cen-
tral density is equal to the critical density of a uniform gas of the same
temperature.

How does this result transfer to two dimensions? The answer does not
seem obvious, since condensation occurs in the harmonic trap, but not in
the uniform case. The answer lies in the fact that the central density n(0)
in the trap diverges when Z → 1, although the integral of n(r) over space
remains convergent. The divergence of n(r) around the point r = 0 is
indeed quite smooth:

Z = 1 : ρ(2)
exc(r) =

1

λ2
T

Li1
(

e−V (r)/kBT
)

= − 1

λ2
T

ln
(

1− e−mω
2r2/(2kBT )

)

r→0≈ − 1

λ2
T

ln(r2) + constant. (II.63)

This brings us back to the marginal aspect of two-dimensional condensa-
tion, at least in the thermodynamic limit: it can take place in a harmonic
trap, but this means adding atoms until the central density becomes infi-
nite. While this is possible in principle for an ideal gas, we can guess that
it will be problematic in the presence of repulsive particle interaction.
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3 An almost ideal 2D gas: photons in cavities

An example of Bose–Einstein condensation of an ideal gas in a 2D har-
monic trap is provided by experiments carried out in Martin Weitz’s group
in Bonn since 2010 (Klaers, Schmitt, et al. 2010), and repeated more re-
cently in Robert Nyman’s group at Imperial College (Marelic & Nyman
2015; Marelic, Zajiczek, et al. 2016). It involves the two-dimensional con-
densation of photons in a Fabry-Perot cavity. A priori, the extension to pho-
tons of the notion of Bose–Einstein condensation, a phenomenon specific
to massive particles, raises a number of questions:

• Photons are not massive particles in 3D space. How can they acquire
a mass in 2D?

• To get a two-dimensional condensate, one needs to confine the par-
ticles, for example in a harmonic trap. How do we achieve this har-
monic trapping for photons?

• Photons are generally assigned a zero chemical potential, on the
grounds that their number is not conserved. In particular, this argu-
ment is used to establish the Planck law for blackbody radiation. How
is it that photons can acquire a non-zero chemical potential in this type
of experiment?

• Bose-Einstein condensation corresponds to the accumulation of a
macroscopic number of particles in a single quantum state of the sys-
tem, and the same is true for the laser. How do the experiments from
the Bonn group differ from an ordinary laser?

3-1 Mass and harmonic potential for photons

Klaers’ experimental scheme is shown in figure II.5. The experiment is
carried out with photons of wavelength λ ≈ 570 nm. A Fabry-Perot cavity
of high finesse (105) and low thickness L ≈ 1.5µm is used. The cavity is
filled with a medium (methanol+dye) of index n0 = 1.33, so that L ≈ N λ

2n0

with N = 7. Photons are stored in the cavity in the longitudinal mode
N = 7.

Figure II.5. Fabry-Perot cavity filled with dye and laterally pumped by a laser. For
a sufficiently high pumping rate, Bose-Einstein condensation of photons occurs in
the N = 7 longitudinal mode and in the lowest transverse mode. Figure taken
from Klaers, Schmitt, et al. (2011).

The choice of the value ofL is motivated by the fact that the free spectral
range, i.e. the energy gap between the N = 7 mode and its neighbors N =
6 or 8, must be greater than (i) kBT , where T is the ambient temperature,
and (ii) the spectral width of the dye fluorescent light. When this condition
is met, these other longitudinal modes play no role: the degree of freedom
along z can be considered as frozen. The choice of L = 1.5µm leads to an
energy gap of around 10 kBT , which is more than sufficient.

How can photons be given a mass? In what follows, we focus on the
dynamics and thermodynamics of photons in the xy plane, where z is the
cavity axis. A photon resonant with the cavity has a wave vector (k⊥, kz)
with kz = Nπ/L. If we restrict ourselves to the paraxial approximation,
i.e. to photons making a small angle with the z axis, we have |k⊥| � kz .
The energy of a photon in the medium of index n0 filling the cavity can be
written as

~ω(k⊥) =
~c
n0

(
k2
z + k2

⊥
)1/2 ≈ ~ω0 +

~2k2
⊥

2mph
, (II.64)

where

~ω0 =
Nπ~c
n0L

. (II.65)

36



CHAPITRE II. THE 2D QUANTUM GAS: FROM THE IDEAL CASE TO BINARY INTERACTIONS § 3. An almost ideal 2D gas: photons in cavities

We obtain a massive particle dispersion relation and the effective mass of
the photon for the motion in the xy plane is:

mph =
~n0kz
c

= n2
0

~ω0

c2
. (II.66)

This effective mass is 0.7× 10−35 kg in the Bonn experiment, 100 000 times
less than an electron!

How can one induce a harmonic potential in the xy plane? We are go-
ing to use a classical corpuscular reasoning here, which can be transposed
into wave formalism if needed. The cavity is made up of two spherical
mirrors of radius R, so that the distance L between the two mirrors varies
with the distance from the axis r =

(
x2 + y2

)1/2:

L(r) = L0 − 2
(
R−

√
R2 − r2

)
. (II.67)

The radius of curvature of the mirrors R ≈ 1 m is large compared to the
typical distance to the optical axis, r ≈ 100µm so that

L(r) ≈ L0 −
r2

R
. (II.68)

The variation in cavity length with the distance to axis induces a spatial
variation in the energy of a photon stored in the longitudinal mode N .
More precisely, if we inject the result for L(r) into the definition (II.65) of
~ω0, we arrive at

~ω0(r) = ~ω0(0) +
1

2
mphΩ2r2 (II.69)

where the frequency Ω is defined by:

Ω =
c

n0

√
L0R/2

. (II.70)

The desired harmonic confinement is obtained, with an oscillation fre-
quency Ω/(2π) ≈ 40 GHz for the Bonn experiment.

At this point, the energy of a photon with transverse position r and
transverse momentum ~k⊥ can be written as follows

E(r,k⊥) =
~2k2

⊥
2mph

+
1

2
mphΩ2r2, (II.71)

Figure II.6. Absorption and emission of a photon by a dye molecule. Figure taken
from Klaers, Schmitt, et al. (2011).

which, from a kinematic point of view, is sufficient to apply the previous
formalism.

3-2 Temperature and chemical potential

The cavity is filled with a dye (rhodamine 6G) which is illuminated from
the side with a pump laser at 532 nm. A dye molecule can be considered
as a system with two electronic levels g (ground) and e (excited), with a
quasi-continuum of vibrational and rotational sublevels for each of these
levels (figure II.6). In an e → g transition, a molecule emits a photon in
the cavity mode N = 7. This photon can be reabsorbed by a molecule
(g → e transition), then re-emitted multiple times before finally escaping
the cavity.

This succession of absorption and emission processes leads to a ther-
mal distribution for the photon energy. More precisely, using Kennard–
Stepanov’s law which relates the absorption and emission spectra of
molecules, we can show that the photon energy distribution is charac-
terized (roughly) by the same temperature as that of the dye, T = 300 K
(Klaers, Schmitt, et al. 2011). In conjunction with the effective mass deter-
mined above, this corresponds to a thermal wavelength λT ∼ 1.6µm.

At this stage, the situation seems similar to that of blackbody radia-
tion, where one considers photons in equilibrium with the walls of an
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oven. However, in the case of black-body radiation, we are led to impose
a zero chemical potential to the photons. This is because the number of
photons, or more precisely the number of excitations in the system, is not
conserved. When we consider the dynamics of photons interacting with
the oven walls, we can have a process of the type:

1 photon → 1 wall excitation → 2 photons (II.72)

resulting in the conversion of one photon of energy ~ω into two photons
of energy ~ω′ and ~ω′′, with ω = ω′ + ω′′. The existence of such processes
imposes µ = 2µ for photons, i.e. µ = 0.

The situation is very different in the Bonn experiment. Although the
photons have the same temperature T as the dye, their number in the
wavelength range around 570 nm is different from that of a black body
at this temperature, since it also depends on the pumping intensity. To
understand this point, let us start with the process shown in figure II.6:

1 photon + one molecule g ←→ one molecule e. (II.73)

In such an elementary process, the number of excitations in the system is
constant, unlike in the case of black-body radiation 3. A simplified version
of the equilibrium in the above relationship can be written in terms of the
balance equation:

N (ω) Ng(E) = [1 +N (ω)]Ne(E + ~ω) (II.74)

whereN (ω) represents the number of photons of frequency ω, Ng/e(E) the
number of molecules of internal energy E. In this equation, we have taken
into account the phenomenon of stimulated emission, which is responsible
for condensation. In this simple model, we have

Ne(E + ~ω)

Ng(E)
= Z e−~ω/kBT , (II.75)

which implicitly assumes that relaxation within rovirational sublevels
guarantees a thermal distribution for each of these two continua. In con-
trast, the ratio between the global populations of g and e is not thermal,

3If we return to the description of elementary processes of molecule-radiation interaction,
we may note that this point is the basis of the rotating field approximation (RWA), which
consists in keeping in the Hamiltonian only the terms in â†|g〉〈e|+ H.c.

Figure II.7. Spectrum of light emitted for different pump powers. Continuous
lines are fits by Bose–Einstein distributions associated with energy (II.71) and
non-zero fugacity. For a pump power above a certain threshold, a macroscopic
accumulation of photons occurs in the lowest transverse mode of the cavity. Figure
taken from Klaers, Schmitt, et al. (2011).

but imposed by the pump laser and described by the coefficient Z. The
solution to the balance equation is

N (ω)

1 +N (ω)
=
Ne(E + ~ω)

Ng(E)
−→ N (ω) =

1
1
Z e~ω/kBT − 1

(II.76)

i.e. a Bose-Einstein law of fugacity Z 6= 1.

3-3 Experimental results

A typical example of experimental spectra is shown in figure II.7. We can
see that, over a range of around twenty nanometers, the frequency dis-
tribution of photons emitted by the cavity reproduces very well a Bose–
Einstein law at temperature T = 300 K and with a chemical potential that
depends on the pump power. For high enough power, one clearly observes
an accumulation of photons in a narrow peak, with a wavelength around
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Figure II.8. Spatial distribution of light emitted by the cavity, below (left) and
above (right) the threshold power. Note that the shortest wavelengths (green) are
emitted at the edges, confirming the presence of the effective harmonic potential
mphΩ2r2/2. Figure taken from Klaers, Schmitt, et al. (2011).

584 nm. A direct image of the light from the cavity, below and above the
threshold, confirms the interpretation of this peak as an accumulation of
photons in a central cavity mode (figure II.8). For λ > 585 nm, the num-
ber of photons falls, as this region is beyond the cut-off wavelength for the
mode under consideration (N = 7). The spectrum is then very different
from that of a black body, for which N (ω) diverges at low frequency. The
number of photons in the cavity at the threshold of the transition is of the
order of 60,000, in good agreement with the prediction4 for an ideal gas
π2

3 (kBT/~Ω)
2.

More recent experiments, still carried out by the Bonn group, have fo-
cused on studying the statistical distribution of the number of photons
present in the condensate at a given time. Schmitt, Damm, et al. (2014)
have shown that these fluctuations correspond to those expected for the
grand canonical ensemble. This is consistent with the idea that the photon
gas exchanges energy and particles with the reservoir formed by the dye
molecules. This result was recently confirmed by measuring the phase co-
herence of the light leaving the cavity (Schmitt, Damm, et al. 2016). Mea-
surement of the specific heat of the photon gas (fig. II.9), with a charac-
teristic variation showing "a λ point", has further confirmed the validity
of the interpretation of these phenomena as a Bose–Einstein condensation

4This number differs by a factor of 2 from (II.48) because the two possible polarization
states for the photons must be taken into account.

Figure II.9. Specific heat (per photon) measured as a function of the reduced tem-
perature T/Tc, showing the characteristic singularity ("λ point") of the Bose–
Einstein transition. In the high-temperature regime, the specific heat reaches
the classical limit of 2kB per photon. The solid lines show the prediction for an
ideal Bose gas for three different numbers of particles. Figure taken from Damm,
Schmitt, et al. (2016).

(Damm, Schmitt, et al. 2016).

Condensate or laser? The answer to this question depends on the criteria
we set to obtain one or the other of the two effects. Firstly, a condensate can
be required to appear above a pedestal that can be assimilated to a thermal
distribution, which is not the case for a laser. The Bonn experiment satisfies
this criterion. Furthermore, most lasers tend to produce light with a Pois-
son distribution of the number of photons emitted over a given duration.
Here, the light leaving the cavity exhibits much larger fluctuations, well
described in the grand-canonical ensemble of a Bose gas. It should also
be noted that a condensate corresponds to a situation of thermodynamic
equilibrium. From this point of view, the Bonn experiment is not really in
a state of equilibrium, since the cavity is an open system: energy is con-
tinuously injected into it via the pump, and energy escapes when photons
leave the cavity. On the other hand, since each photon undergoes multiple
"absorption-emission" processes before escaping, a quasi-thermal equilib-
rium has plenty of time to be reached. In view of these various criteria, all
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linked to static properties of the system, it seems legitimate to consider that
this experiment has indeed produced a 2D condensate of trapped photons.
Finally, we should point out that Chiocchetta, Gambassi, et al. (2015) re-
cently proposed criteria of a different, more restrictive nature, based on the
verification of fluctuation-dissipation type relations. To our knowledge,
these criteria have not yet been tested on 2D photon condensates.

4 Two-dimensional binary collisions

To go beyond the ideal gas model and arrive at the BKT transition, we need
to take particle interactions into account. In the dilute gases of interest here,
these interactions are well described by a binary collision model, where the
interaction Hamiltonian is described as a sum of two-body terms

Ĥint =
1

2

∑

i 6=j
U(ri − rj). (II.77)

We must therefore begin by describing the two-body problem in the pres-
ence of the interaction potential U(r). The study is simplified by the fol-
lowing remarks:

• The dominant interactions are spherically symmetric, so that U(r) de-
pends only on r = |r|. The angular momentum is conserved in a col-
lision, allowing the two-body problem to be treated using the eigen-
states of the operator L̂. This is the principle of partial wave expan-
sion, identified by the value ` ∈ N of angular momentum. Note that
for polarized bosons, symmetrization of the two-body wave function
means that only even values of ` are allowed.

• Atoms are cold and their thermal wavelength λT is large compared to
the range of the potential, which will be noted here b. In other words,
the relevant wave vectors k, which are of the order of 1/λT , verify
kb� 1. Furthermore, the potential U(r) decreases quite rapidly at in-
finity. The combination of these two properties ensures that collisions
essentially occur in the s-wave channel, i.e. the state corresponding to
a relative angular momentum ` = 0 between the two collision partners
(figure II.10).

0 1 2 3 4 5
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−1
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1

2

r

U
(r
)

potential for s-wave
potential for p-wave

Centrifugal energy (p wave)
Incident energy

Figure II.10. −1/r6 radial potential experienced by a particle in the s-wave chan-
nel (red, no centrifugal term), and in a partial wave of non-zero angular momen-
tum (blue, with a centrifugal term in +1/r2). Length and energy scales are chosen
here as dimensionless.

The treatment of 3D binary collisions is covered in most quantum
physics textbooks. In the case of cold atoms, see for example our subse-
quent lecture series (2021-22). The aim of this section is to show the impor-
tant changes brought about by the move to two dimensions, and so set the
scene for our study of the BKT transition.

4-1 Separation of variables and scattering amplitude

Consider two identical atoms of mass m and introduce the center-of-mass
variables,R and P :

R =
1

2
(r1 + r2), P = p1 + p2 (II.78)
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and the relative variables, r and p:

r = r1 − r2, p =
1

2
(p1 − p2). (II.79)

The two-body Hamiltonian splits into two terms

Ĥ = ĤCM + Ĥrel, ĤCM =
P̂ 2

2M
, Ĥrel =

p̂2

2mr
+ U(r), (II.80)

where we introduced the total mass M = 2m and the relative mass
mr = m/2. The binary collision problem therefore boils down to a one-
body problem with reduced mass mr in the external potential U(r), de-
scribed by the Hamiltonian Ĥrel. This is the problem we are going to study.

We are going to look at the asymptotically free states that describe a
scattering process. The formalism of scattering theory relies on the fact
that for any plane wave eik·r, i.e. any eigenstate of the Hamiltonian

Ĥrel,0 =
p̂2

2mr
, (II.81)

with eigenvalue Ek = ~2k2/2mr, one can associate an eigenstate ψk(r) of
Ĥrel with the same energy,

Ĥrelψk(r) = Ek ψk(r), (II.82)

this state being written asymptotically as the sum of the incident plane
wave and a spherical (three-dimensional) or cylindrical (two-dimensional)
outgoing wave:

3D, 1� kr : ψk(r) ∼ C0

{
eik·r + f(k)

eikr

r

}
, (II.83)

2D, 1� kr : ψk(r) ∼ C0

{
eik·r + f(k)

eikr

√
kr

[
−
√

i

8π

]}
, (II.84)

where C0 is a normalization constant. We have taken into account the fact
that the scattering process takes place essentially in the channel of zero an-
gular momentum (s-wave), and we have therefore restricted ourselves to
the case of an isotropic scattered wave. We also note that the definition
of the scattering amplitude f(k) is not exactly the same in three and two

dimensions, with the factor 1/
√
k appearing explicitly in (II.84). The def-

inition used here ensures simple analytical properties for f(k) (Adhikari
1986). Finally, the reason for the factor in square brackets in the 2D def-
inition lies in the form found for f(k) in the case of quasi-2D geometry
(§ 4-4), which takes the form f(k) ≈ g̃, where the constant g̃ is the parame-
ter commonly used to characterize the strength of interactions in this type
of problem.

The scattering amplitude f(k) therefore determines the properties of
the binary collision. To calculate it, let us take the angular average of the
Schrödinger equation (II.82) by noting Rk(r) = 1

4π

∫
ψk(r, θ, ϕ) sin θ dθ dϕ

at 3D and Rk(r) = 1
2π

∫
ψk(r, ϕ) dϕ at 2D. We then arrive at the radial

Schrödinger equation :

3D:
d2Rk
dr2

+
2

r

dRk
dr

+

[
k2 − 2mr

~2
U(r)

]
Rk(r) = 0 (II.85)

and

2D:
d2Rk
dr2

+
1

r

dRk
dr

+

[
k2 − 2mr

~2
U(r)

]
Rk(r) = 0, (II.86)

The difference between the 3D and 2D cases appears minor here, with only
a factor of 2 difference for the term with a first derivative in r. We will
see, however, that this difference strongly alters the behavior of the radial
functionRk(r) and the scattering amplitude f(k). Note that the asymptotic
behavior of the radial function Rk(r) is obtained by angular averaging of
(II.83-II.84):

3D, 1� kr : Rk(r) ∼ C0

{
sin(kr)

kr
+ f(k)

eikr

r

}
, (II.87)

2D, 1� kr : Rk(r) ∼ C0

{
J0(kr) + f(k)

eikr

√
kr

[
−
√

i

8π

]}
.(II.88)

To simplify our analysis, we will assume that the potential U(r) cancels
out (or takes on negligible values compared to the other energies in the
problem) beyond the radius b. We will focus on the low-energy regime
kb� 1, so that there is an intermediate region of space

b < r � k−1 (II.89)
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Figure II.11. Principle of the calculation of the 3D scattering amplitude for low
wave vectors kb � 1. We assume that the scattering potential takes significant
values only for r < b. For kr � 1, the superposition of the incident plane wave
and the divergent spherical wave can be written after angular averaging as a linear
combination of e±ikr/r. These two basis functions connect in the intermediate
region b < r < k−1 to the two functions R(I)(r) = 1 and R(II)(r) = 1/r. The
physically relevant linear combination, including the required regularity at r = 0,
is used to define the scattering length a.

in which the potential U(r) has no influence, and where we can still make
an expansion in powers of kr for the scattering states ψk(r). In particular,
the incident plane wave is eik·r ≈ 1 in this intermediate region.

4-2 Scattering length in 3D

Our aim here is to obtain a solution of the Schrödinger equation with
asymptotic behavior (II.87). To do this, we proceed in three steps, which
we will then repeat in the two-dimensional case.

Step 1: general solutions in the zone U = 0. Consider the zone r > b
where U is negligible. The two functions e±ikr/r are then exact solutions

of the radial equation (II.85) (both for kr � 1 and for b < r < k−1), and the
general solution is therefore a linear combination of these two functions.
In particular, in the intermediate region b < r < k−1, we find (cf. figure
II.11)

e±ikr

r
≈ 1± ikr

r
=

1

r
± ik (II.90)

which, by linear combination, provides a convenient basis of the solutions
in this region:5

R(I)(r) = 1 R(II)(r) = 1/r, (II.91)

or
R(r) = C1 −

C2

r
, (II.92)

where C1 and C2 are two constants. The asymptotic form (II.87) written in
terms of the two functions e±ikr/r can be transposed to this intermediate
region since these functions are exact solutions as long as the potential U
is negligible. We thus end up with the form (II.92) with

Rk(r) = C1

[
1 +

f(k)

r

]
. (II.93)

Step 2: zero energy solution. Let us take k = 0 in the radial Schrödinger
equation (II.85) and consider the region 0 < r < b where U(r) is no longer
negligible. Since this is a second-order linear differential equation, the
space of solutions is always of dimension 2. However, it is generally found
that only one linear combination of solutions is acceptable if we impose
that R0(r) should be regular in r = 0. When we follow this solution up to
the point r = b where U becomes negligible and the form (II.92) becomes
relevant, this linear combination imposes the ratioC2/C1. Let us define the
three-dimensional scattering length by a = C2/C1. The solution for E = 0
therefore has the following form for r > b:

E = 0 : R0(r) = C1

(
1− a

r

)
, (II.94)

the scattering length corresponding, by definition, to the point where this
asymptotic form vanishes.

5This basis can recovered by considering the limit k → 0, U → 0 of (II.85), rR′′+2R′ = 0,
which integrates into R′(r) = C2/r2 where C2 is a constant, and thus R(r) = C1 − C2/r
where C1 is another constant.
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Step 3: Matching solutions for low energy. We now consider a low-
energy solutionRk(r) (kb� 1) and we study its behavior in the intermedi-
ate zone b < r � k−1. Comparing the form (II.93) with the solution R0(r)
for E = 0 leads immediately to the link between the scattering length and
the amplitude f(k):

a = − lim
k→0

f(k). (II.95)

The total effective scattering cross-section associated to the potential U(r)
is then calculated by balancing the input and output probability currents,
and we find σ = 4πa2. For identical particles obeying Bose-Einstein statis-
tics, quantum statistical effects multiply this result by 2 if the two particles
are prepared in the same spin state.

4-3 Scattering length in 2D

We now transpose to the 2D case the various steps of the approach that we
outlined above for 3D scattering (see figure II.12).

Step 1: general solutions in the U = 0 zone. The 2D case immediately
appears more complicated than the 3D case, since the cylindrical waves
e±ikr/

√
r are not exact solutions of the radial equation (II.86) for U = 0. If

they were, the low-energy limit would give the basis of functions 1√
r
±ik
√
r

and thus, by linear combination, 1√
r

and
√
r. However the limit k → 0 and

U → 0 of (II.86) gives rR′′+R′ = 0 which integrates into R′(r) = C1/r and
thus

R(I)(r) = ln(r) R(II)(r) = 1, (II.96)

and thus the general solution:

R(r) = C1 ln(r) + C2. (II.97)

To return to this result in a more general context, we note that the equa-
tion (II.86) for the radial function in the case U = 0 is in fact the equation
defining Bessel functions of order 0. Two independent solutions of this
equation are the first-order Bessel function, J0(kr), and the second-order
Bessel function, Y0(kr). The behavior of J0 and Y0 is known for both large
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Figure II.12. Principle of 2D scattering amplitude calculation by a potential tak-
ing significant values only for r < b and for low wave vectors kb � 1. For
kr � 1, the superposition of the incident plane wave and the divergent spherical
wave can be written after angular averaging as a linear combination of e±ikr/

√
r.

These two functions are the asymptotic forms of the Bessel functions of the first
and second kind. They connect in the intermediate region b < r < k−1 to the
two functions R(I)(r) = ln(r) and R(II)(r) = 1. The physically relevant linear
combination, including the required regularity at r = 0, is used to define the 2D
scattering length a2.

and small values of kr :

kr � 1 : J0(kr) ∼
√

2

πkr
cos
(
kr − π

4

)
(II.98)

Y0(kr) ∼
√

2

πkr
sin
(
kr − π

4

)
(II.99)

and

kr � 1 : J0(kr) ∼ 1 (II.100)

Y0(kr) ∼ 2

π
ln(η kr) (II.101)

where 6 η = 0.89 . . .. In particular, any linear combination of J0 and Y0 for
6η = eγ/2 where γ = 0.5772 . . . is Euler’s constant.
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kr � 1 is of the form (II.97).

Step 2: zero energy solution. For k = 0 and in the presence of the poten-
tial U(r), the space of solutionsR0(r) of the radial equation is of dimension
2. The regularity condition ofR0(r) in r = 0 selects a particular linear com-
bination of these functions. When extended beyond the radius r = b, this
linear combination connects to a particular linear combination of the type
C1 ln(r) + C2 [cf. (II.97)], which can still be written as

r > b : R0(r) = C1 ln(r/a2) (II.102)

where a2 ≡ e−C2/C1 is the two-dimensional scattering length.

Step 3: Matching solutions for low energy. Let us move on to the case
where k is not zero, but remains very small in front of 1/b. To form an out-
going cylindrical wave, we see on (II.98-II.99) that we must take a function
proportional to the linear combination7 J0 + iY0. More precisely, we will
choose

2D, 1� kr :
1

4i
[J0(kr) + iY0(kr)] ∼

ikr

√
kr

[
−
√

i

8π

]
, (II.103)

where we recognize in square brackets the prefactor of f(k) introduced in
(II.88). For r > b, the radial function we are looking for is of the type

Rk(r) = C0

{
J0(kr) +

f(k)

4i
[J0(kr) + iY0(kr)]

}
. (II.104)

In the intermediate region b < r < k−1, this linear combination becomes:

Rk(r) = C0

{
1 +

f(k)

4i

[
1 + i

2

π
ln(η kr)

]}
. (II.105)

which leads to the equation in the limit k → 0:

f(k) = −4i
1

1 + i
2

π
ln(η ka2)

=
1

− 1

2π
ln(η ka2) +

i

4

(II.106)

7This combination is called the Hankel function of the first kind, denoted H(1)
0 (kr). The

function of the second kind, H(2)
0 (kr), corresponds to J0 − iY0.

to find the form (II.102) in C1 ln(r/a2), with in particular Rk(r) = 0 for
r = a2 (Petrov & Shlyapnikov 2001; Pricoupenko & Olshanii 2007).

Note in particular that the scattering amplitude f(k) tends towards 0
at small k, contrary to the 3D case where it tended towards a finite limit
equal to −a. Furthermore, the total effective cross-section of scattering by
the potential U(r) can also be calculated by balancing the input and output
probability currents. We find σ(k) = |f(k)|2/(4k), a quantity that has the
dimension of a length and diverges at small k.

4-4 Collisions in quasi-2D geometry

In an experiment, the reduction of dimensionality is achieved by strongly
confining the atoms along an axis, z for example. Confinement is charac-
terized by the residual extension of the gas along this direction. For ex-
ample, if the confinement is achieved by imposing the harmonic potential
V

(1D)
trap (z) = 1

2mω
2
zz

2 and if the temperature is low enough, the atoms will
occupy only the ground state nz = 0 of the motion along z,

χ0(z) =
1

(πa2
oh)1/4

e−z
2 / (2a2

oh) with aoh =

√
~

mωz
, (II.107)

at least as long as we neglect the interactions between these atoms.

A detailed treatment of the collision between two atoms in the presence
of the potential V (1D)

trap (z) has been given by Petrov & Shlyapnikov (2001).
Here, we simply report some of the results of that paper. The interaction
between two atoms in the absence of potential along the z axis is charac-
terized by the three-dimensional scattering length a. We will concentrate
on the case most often encountered in practice:

a� aoh, (II.108)

so that the energy associated with the interactions, ~2/(ma2), is greater
than ~ωz . In a dynamical view of the collision, this means that even if the
atoms enter and leave in the nz = 0 channel, several nz 6= 0 excited states
of motion along z are involved during the collision.

Furthermore, since the asymptotic states are those of a gas confined
along z in the nz = 0 state, the wave function of the relative variable of the
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pair of atoms must be written in the 2D version seen above:

1� kr : ψk(r, z) ∼
{

eik·r + f(k)
eikr

√
kr

[
−
√

i

8π

]}
χ0(z) (II.109)

where r ≡ (x, y). The scattering amplitude f(k) must remain of the
form (II.106) and Petrov & Shlyapnikov (2001) were able to relate the two-
dimensional scattering length a2 to the three-dimensional scattering length
a. Their result can be written as follows8:

a2 = 2.092 aoh exp

(
−
√
π

2

aoh

a

)
. (II.110)

In practice, as a � aoh, this equation leads to extremely low values of a2.
Let us take the case of rubidium atoms (a ≈ 5 nm) confined by a potential
of frequency ωz/2π = 10 kHz, which leads to aoh ≈ 100 nm. We then
find a2 ≈ 3 10−18 m. This value, 1000 times smaller than the size of the
atomic nucleus, has no particular physical significance. It is actually more
interesting to return to the expression for the scattering amplitude (II.106),
which can be put in the form:

f(k) =
1

1

g̃
− 1

2π
ln(η′ kaoh) +

i

4

with η′ = 1.86. (II.111)

and
g̃ =
√

8π
a

aoh
. (II.112)

The parameter g̃ will play a central role in the following chapters, as it will
enable us to characterize the strength of interactions between atoms. To
understand this role, let us note that the condition of validity of our treat-
ment, a� aoh, entails that g̃ � 1. The 1/g̃ term in the denominator of f(k)
is therefore larger than 1. Since the wave vectors describing collisions be-
tween atoms are of order 1/aoh (at least, they do not differ from this value
by orders of magnitude), the term ln(η′ kaoh) contributing to the denomi-
nator of f(k) is of order 1. It follows that the term 1/g̃ is largely dominant

8The evaluation of the numerical coefficient 2.092 involved in this equation has been im-
proved by Pricoupenko & Olshanii (2007) and it is therefore the value of the latter that we
report here.

Region allowed forbidden
Equation rR′′ +R′ + rk2R = 0 rR′′ +R′ − rk2R = 0

Function J0(kr) Y0(kr) I0(kr) K0(kr)

kr → 0 1− 1
4 (kr)2 2

π ln(η kr) 1 + 1
4 (kr)2 − ln(η kr)

kr →∞
√

2
πkr cos

(
kr − π

4

) √
2
πkr sin

(
kr − π

4

)
1√

2πkr
ekr

√
π

2kr e−kr

Derivative J ′0 = −J1 Y ′0 = −Y1 I ′0 = I1 K ′0 = −K1

Table II.1. Summary of the properties of the Bessel functions used in this chapter
to determine the radial function R(r). The constant η ≈ 0.8905 . . . is defined by
η = eγ/2 where γ = 0.5772 . . . is the Euler constant.

compared to the terms 1
2π ln(η′ kaoh) and i/4, at least as long as g̃ remains

less than 1. We can then approximate

g̃ . 1 : f(k) ≈ g̃ (II.113)

corresponding to a constant scattering amplitude.

We will return to this approximation (II.113) in the next chapter as part
of a variational approach, and we will come back to the corrective terms to
this approximation in chapter 6. We will then show that these corrections
are responsible for a "quantum anomaly", which breaks the scale invari-
ance of the 2D problem treated by a classical field.

Appendix: scattering by a square potential

As an example, we present in this paragraph the problem of the scattering
of a particle of mass mr by a potential well (U0 < 0) or a potential barrier
(U0 > 0), each with radius b:

U(r) = U0 if r < b, U(r) = 0 if r > b. (II.114)

We set k0 =
√

2mr|U0|/~. In the zone r > b, we know that the radial
function is a linear combination of the Bessel functions

r > b : R(r) = C1 J0(kr) + C2 Y0(kr) (II.115)
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and that the scattering amplitude is related to the coefficients C1 and C2 by
[cf. (II.104)]

C1

C2
=

1 + f(k)/4i

f(k)/4
=⇒ 1

f(k)
=

1

4

C1

C2
+

i

4
. (II.116)

We then identify the scattering length from the relationship (II.106):

k → 0 :
1

f(k)
≈ − 1

2π
ln(η ka2) +

i

4
, (II.117)

or

k → 0 : ln(η ka2) ≈ −π
2

C1

C2
. (II.118)

Case of a potential barrier

We consider the case of low-energy scattering, with k < k0. The central
region is therefore classically forbidden, and the radial equation for the
function R(r) reads in this zone:

rR′′ +R′ − rk2
1R = 0 with k2

1 = k2
0 − k2 > 0. (II.119)

The solutions to this equation are the modified Bessel functions (also
known as hyperbolic Bessel functions) I0(k1r) andK0(k1r). Their behavior
in the vicinity of 0 is given by

x→ 0 : I0(x) ≈ 1 +
x2

4
(II.120)

K0(x) ≈ − ln(ηx). (II.121)

The divergence in ln(r) eliminates the contribution of K0:

r < b : R(r) = C0 I0(k1r) (II.122)

and we need to connect this function in r = b with (II.115), ensuring the
continuity of the function itself and its first derivative. This requires

k1
I ′0(k1b)

I0(k1b)
= k

C1J
′
0(kb) + C2Y

′
0(kb)

C1J0(kb) + C2Y0(kb)
. (II.123)

Using J ′0(x) ≈ −x/2 and Y ′0(x) ≈ 2/(πx) in the vicinity of 0, we can see that
we can neglect the contribution of J ′0 in front of that of Y ′0 in the numerator
of the above expression9. Since we are interested in the k → 0 limit, we
take k1 ≈ k0, J0(kb) ≈ 1 and Y0(kb) ≈ 2

π ln(ηkb), and we arrive at

C1

C2
= − 2

π
ln(η kb) +

2

πk0b

I0(k0b)

I ′0(k0b)
(II.124)

from which we deduce the scattering length (figure II.13):

a2 = b exp

[
− 1

k0b

I0(k0b)

I ′0(k0b)

]
. (II.125)

In the limit U0 → ∞ (hard sphere), the scattering length tends to b. The
asymptotic behavior of I0(x) at infinity is indeed

x→∞ : I0(x) ∼ ex√
2πx

(II.126)

so that I0(x)/I ′0(x) ∼ 1. In the inverse limit U0 → 0, we find a2 ≈
b exp[−2/(k0b)

2] which tends exponentially fast to 0.

Case of a potential well

Search for bound states

A cylindrically symmetric bound state of energy E = −~2κ2/2mr, with
|E| < |U0|, is characterized by a radial function solution of

rR′′ +R′ + rk2
1R = 0 with k2

1 = k2
0 − κ2 > 0 (II.127)

inside the well (allowed region) and

rR′′ +R′ − rκ2R = 0 (II.128)

outside (forbidden region).

9We can a posteriori check that the relative amplitude of C1 and C2 we end up with is
compatible with this approximation.
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In the allowed region, the solutions are linear combinations of J0(k1r)
and Y0(k1r). The function Y0(k1r) diverges at r = 0 and must therefore be
eliminated. This leaves

r < b : R(r) = C0 J0(k1r). (II.129)

In the forbidden region, the solution is a linear combination of I0(κr) and
K0(κr). We have already indicated that I0(x) diverges as ex/

√
2πx at in-

finity and should therefore be discarded. The function K0(x), on the other
hand, behaves like

x→∞ : K0(x) ∼
√

π

2x
e−x (II.130)

and is acceptable. We therefore take in this region:

r > b : R(r) = C1 K0(κr). (II.131)

The boundary connection in r = b imposes

k1
J ′0(k1b)

J0(k1b)
= κ

K ′0(κb)

K0(κb)
, κ2 + k2

1 = k2
0, (II.132)

which can be used to determine a discrete set of solutions for a fixed value
of k0.

Let us consider the case of a shallow well k0b� 1. Using the expansions
of the functions J0 and K0 in the vicinity of 0, we find a unique solution to
the problem in this case

η κb ≈ e−2/k2
0b

2

. (II.133)

So there is always al least one bound state in a 2D square potential well, but
its binding energy may be very weak since it decreases exponentially fast
with the depth |U0|. Remember that in 3D, a bound state exists in a square
potential well only above a certain threshold value of the depth |U0|.

As we increase the depth of the well, more bound states appear. At
the threshold for the appearance of a bound state, we have κ ≈ 0, so that
the right-hand member κK ′0/K0 of (II.132) tends to 0 at this point. The
appearance of a new bound state therefore corresponds to a zero of J ′0(k0b),
or J1(k0b) since J1(x) = −J ′0(x).
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kb=0.1
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Figure II.13. Top: variation of the scattering length a2 (in units of b) as a function
of the well depth U0 (in units of ~2/(2mrb

2). Bottom: modulus of the scattering
amplitude f(k) for two values of the wave vector, kb = 0.1 and kb = 0.01. This
amplitude is calculated directly from (II.116) and (II.123) (or its equivalent when
the central region is classically allowed). One can check numerically that this
result is very close to the asymptotic expression (II.106).
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Search for scattering states

In the central zone of the well, we keep the form

r < b : R(r) = C0 J0(k1r) with k2
1 = k2

0 + k2 (II.134)

and we take in the outer zone:

r > b : R(r) = C1 J0(kr) + C2 Y0(kr). (II.135)

The connection in r = b now imposes for k → 0:

C1

C2
= − 2

π
ln(ηkb) +

2

π

1

k0b

J0(k0b)

J ′0(k0b)
(II.136)

or (figure II.13):

a2 = b exp

[
− 1

k0b

J0(k0b)

J ′0(k0b)

]
. (II.137)

The scattering length therefore diverges at the appearance of each new
bound state, since J ′0(k0b) cancels out at this point and changes its sign
(Levinson’s theorem).

For a shallow well (k0b� 1), we find

a2 = b e2/(k0b)
2

(II.138)

which corresponds to a large scattering length. Using (II.133), we find that
η a2κ = 1, so that ~2/(2mra

2
2) is equal (to within a factor of η2) to the abso-

lute value of the (very low) energy of this bound state.
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Chapter III

The quasi-long-range order

We now turn to the description of an interacting two-dimensional gas.
We will concentrate on the low-temperature regime, where the state of the
gas can be described as a "quasi-condensate", i.e. a condensate with a fluc-
tuating phase (Kagan, Svistunov, et al. 1987; Popov 1987; Petrov, Gangardt,
et al. 2004).

We will adopt a classical field description of the atomic fluid, which
leads to significant simplifications compared with the quantum descrip-
tion. We will show that this description in terms of the classical field still
contains an important quantum element, the quantization of velocity cir-
culation. The latter will play a central role in the following chapter, where
we will look at the physics of vortices.

In this chapter, we will be concentrating on the low energy excitations
of the gas, i.e. phonons, which dominate at low temperatures. Our key
result will be to show that the repulsive interactions between atoms that
underlie phonon physics induce quasi-long-range order in the gas, with an
algebraic decay of the one-body correlation function G1(r). This result is
radically different from that found for an ideal gas in the previous chapter,
where we showed thatG1(r) always decays exponentially with distance in
the absence of interactions.

1 The classical field approach

1-1 Optical analogy

Bose-condensed or superfluid states are quantum states of matter. To de-
scribe them theoretically, we need to go beyond Boltzmann statistics and
take into account the indistinguishability of particles. The Bose–Einstein
or Fermi–Dirac quantum statistics that appear in this case make it possible
to explain the emergence of the superfluid or superconducting states when
particle interactions are taken into account.

From this point of view, the approach we are going to adopt in this
chapter and the next one may seem paradoxical: we are going to describe
the assembly of N interacting particles by a classical field. Hence the im-
mediate question: isn’t this classical field approach contradictory to the
quantum phenomenon we are trying to describe? The aim of this first sec-
tion is to show that this is not the case. One should not confuse the classical
treatment of the particles (which we will not do) with the treatment of this
gas by a classical field (which we will do). In a sense that we will soon clar-
ify, these two concepts – although both qualified as "classical" – correspond
to two opposite limiting cases of the Bose–Einstein distribution.

An optical analogy may be useful at this point. The classical field treat-
ment simply corresponds to solving Maxwell’s equations for the electric
E(r, t) and magnetic fields B(r, t). We know that this treatment can be
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used to describe a wide range of optical phenomena, including those we
might be tempted to describe as "non-classical", such as the operation of
a laser. Phenomena that are not describable by this treatment are those
where the granularity of light plays an important role, such as the phe-
nomenon of spontaneous emission. Another limitation of the classical field
approach originates from the blackbody problem: the energy of the clas-
sical field diverges due to the contribution of high-energy, and therefore
weakly populated, modes. But for situations where the number of pho-
tons in the relevant modes is greater than 1, this restriction is not essential.

1-2 Simplification of the many-body quantum problem

The state of a many-body quantum system is described by its wave func-
tion Φ(r1, . . . , rN ) or, more generally, by its density operator ρ̂. The idea of
the classical field treatment is to approximate this quantum state by a statis-
tical mixture of one-body states characterized by a field ψ(r), common to
the N particles and denoted :

|N : ψ〉 or equivalently ψ(r1) . . . ψ(rN ), (III.1)

and called a Hartree function. The problem is to find a probability distribu-
tion P[ψ] that reproduces as faithfully as possible the state Φ or the density
matrix ρ̂. Ideally, for any physical quantity A described by the observable
Â, using the functional integral formalism for the field ψ, we would like to
have

Tr
(
Â ρ̂
)

=

∫
〈N : ψ|Â|N : ψ〉 P[ψ] d[ψ]. (III.2)

As we will show below on a simple example, it is not always possible to
find a function P[ψ] satisfying all the properties required for a probability
distribution, such as positivity and regularity. Rather, for a given problem,
one has to find the distributionP[ψ] that best approximates the many-body
quantum state Φ or the density operator ρ̂. This search has been the subject
of numerous works in quantum optics for photons, using for example the
Wigner, Glauber–Sudarshan or Husimi representations (Gardiner & Zoller
2004).

The impossibility of finding a distribution P[ψ] to represent any state
|Φ〉 is shown by the following counterexample. We take a system com-

posed of two identical particles, each with two possible states ↑ and ↓, and
we consider the Bell state

|Φ〉 =
1√
2

(|1 :↑ ; 2 :↓〉+ |1 :↓ ; 2 :↑〉) . (III.3)

We are interested in1 the probability P↑ of finding both particles in the ↑
state and the probability P↓ of finding both particles in the ↓ state. These
two probabilities are clearly zero for the state |Φ〉, whereas they cannot be
simultaneously zero if we consider a statistical mixture of one-body func-
tions |ψ〉. Indeed, these functions can be parameterized by the two angles
θ and ϕ:

|ψ〉 = cos θ | ↑〉+ sin θ eiϕ | ↓〉. (III.4)

and we find P↑↑ = 〈cos4 θ〉, P↓↓ = 〈sin4 θ〉. So we have

P↑↑ + P↓↓ =
3

4
+

1

4
〈cos(4θ)〉 → P↑↑ + P↓↓ ≥

1

2
. (III.5)

This counter-example is instructive. In the second quantization frame-
work, the vanishing of the probability P↑↑ comes from the fact that we
have to calculate the mean value of the operator â†↑â

†
↑â↑â↑, which is null

because we cannot destroy two particles in ↑ for the state |Φ〉. On the other
hand, if we consider â†↑â↑â

†
↑â↑, we find a non-zero mean value compatible

with a classical field representation. This counter-example is thus based on
the fact that the commutator [â†↑, â↑] is non-zero.

This remark gives us the main validity criterion for the classical field
representation. As long as we are interested in modes with individual pop-
ulations much larger than 1, the difference between â†↑â↑ and â↑â

†
↑, i.e. the

commutator [â↑, â
†
↑] = 1, will not play an important role and the approxi-

mation will be relevant. On the other hand, for modes with a population
of the order of or smaller than 1, "quantum granularity" effects will be es-
sential and the approximation will be invalid.

1-3 Back to statistical distributions

To explain how the classical field approach is radically different from the
classical Boltzmann treatment of particles, it is useful to go back over the

1Associated operators: Â = |1 :↑ ; 2 :↑〉〈1 :↑ ; 2 :↑ | and B̂ = |1 :↓ ; 2 :↓〉〈1 :↓ ; 2 :↓ |.
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j1

j2

j3

j4

Figure III.1. Elastic collision between two particles to ensure thermal equilibrium.
Energy conservation imposes that E1 + E2 = E3 + E4.

assumptions underlying the different statistical distributions. Here, we
will take up the main lines of an argument we have already presented in
the 2015-16 lecture series.

Boltzmann statistics. Implicit in the statistical laws for an ideal gas is an
equilibrium balance between different collision processes. Consider a pair
of particles in states j1 and j2, of energies E1 and E2 respectively. These
particles can enter into an elastic collision (figure III.1) and exit the collision
in two other states, j3 and j4, assuming the total energy is conserved:

j1 + j2 −→ j3 + j4 if E1 + E2 = E3 + E4. (III.6)

The reverse process j3 + j4 −→ j1 + j2 is also possible, and at equilibrium
the detailed balance condition imposes equality between the rates of the two
processes:

Nj1 Nj2 = Nj3 Nj4 if E1 + E2 = E3 + E4. (III.7)

Let us assume for simplicity that the population of a state j depends only
on the energy Ej of this state, Nj = N(Ej), so the detailed balance relation
is written:

N(E1) N(E2) = N(E3) N(E4) if E1 + E2 = E3 + E4. (III.8)

A simple mathematical analysis (see course 2015-16) shows that the func-
tions N(E) satisfying this equation are the exponentials of an affine func-

tion aE + b:

N(E) = eaE+b ≡ e(µ−E)/kBT with a = −1/kBT, b = µ/kBT.
(III.9)

We recover in this way Maxwell-Boltzmann statistics.

Bose-Einstein statistics. The difference with the Boltzmann gas case is
that transition probabilities are increased by stimulated emission if the final
states are already occupied. The detailed equation is therefore as follows

Nj1 Nj2 [1 +Nj3 ] [1 +Nj4 ] = Nj3 Nj4 [1 +Nj1 ] [1 +Nj2 ], (III.10)

which can be rewritten as

Nj1
1 +Nj1

Nj2
1 +Nj2

=
Nj3

1 +Nj3

Nj4
1 +Nj4

(III.11)

for any quadruplet of states such thatE1+E2 = E3+E4. Again we assume
that Nj depends only on the energy Ej of state j, and we define

G(E) =
N(E)

1 +N(E)
. (III.12)

The function G(E) satisfies an equation identical to that found for Boltz-
mann statistics

G(E1) G(E2) = G(E3) G(E4) if E1 + E2 = E3 + E4. (III.13)

The solutions are G(E) = e(µ−E)/kBT , which leads to

N(E) =
1

1
G(E) − 1

=
1

e(E−µ)/kBT − 1
. (III.14)

We have thus recovered Bose-Einstein statistics.

Before moving on to the case of a classical field, it is interesting to dis-
tinguish two regimes for Bose–Einstein statistics, depending on the relative
values of E − µ and kBT [cf. figure III.2]:

• If E − µ� kBT , the exponential dominates the denominator of N(E)
and we can neglect the "- 1" in front of this exponential. We then find

N(E) ≈ e−(E−µ)/kBT , (III.15)
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Figure III.2. Black solid line: Bose-Einstein distribution N(E) =
1/[e(E−µ)/kBT − 1]. Blue dashed line: Maxwell-Boltzmann distribution N(E) =
e−(E−µ)/kBT . Red dotted line: distribution for a classical field N(E) = kBT

E−µ .

i.e. the Boltzmann result. This result is by construction valid if and
only if N(E) < 1, since we have required the exponential to be domi-
nant in the denominator.

• In the opposite case, E − µ � kBT , we can expand the exponential,
e(E−µ)/kBT ≈ 1 + (E − µ)/kBT , similar to the approximation used in
the previous chapter in the case of the ideal gas, and we find

N(E) ≈ kBT

E − µ. (III.16)

This result is by construction valid only if N(E) > 1.

We therefore have two approximations of the Bose–Einstein law, depend-
ing on whether the mean occupation of a single-particle state is small or
large in front of 1. In the first case, we find the result for classical particles à
la Boltzmann. The second case, as we have already indicated, corresponds
to the domain of validity of the classical field approach.

Classical field statistics. As the classical field will play a central role in
what follows, it may be useful to show how the approximation (III.16)
can be recovered directly from the detailed balance equation obtained for
bosons

Nj1 Nj2 [1 +Nj3 ] [1 +Nj4 ] = Nj3 Nj4 [1 +Nj1 ] [1 +Nj2 ] (III.17)

when Nj are greater than 1. If we neglect all the "1 "s in this equation, we
get the trivial result that Nj1Nj2Nj3Nj4 must be equal to itself. Let us go to
the next order, which gives

Nj1 Nj2 [Nj3 +Nj4 ] = Nj3 Nj4 [Nj1 +Nj2 ] (III.18)

or
1

Nj1
+

1

Nj2
=

1

Nj3
+

1

Nj4
if E1 + E2 = E3 + E4. (III.19)

The solution to this equation is simple: the function 1/N(E) must be an
affine function of E and can therefore be written as

1

N(E)
=
E − µ
kBT

→ N(E) =
kBT

E − µ. (III.20)

This brings us back to the "high-occupancy" limit of the Bose-Einstein dis-
tribution found above. This N(E) ∝ 1/E behavior for large enough ener-
gies will be characteristic of the equilibrium state of the classical field we
will find in this chapter.

Now that we have verified that the classical field approximation cor-
rectly describes highly populated, i.e. low-energy modes, the relevance of
this approximation to the problem addressed in this year’s lecture series
becomes clear. We have seen in the preceding chapters that the specificity
of the two-dimensional case, with the Mermin-Wagner-Hohenberg theo-
rem, lies in the system’s behavior at long wavelengths. These wavelengths
are associated with low-energy modes, which will therefore be well de-
scribed by a classical field. The same applies to the study of Bose-Einstein
condensation in the three-dimensional case.

1-4 What is quantum in this problem?

As we have already indicated, the classical field approach amounts to for-
get about the granularity of matter, by neglecting the commutator [â, â†],
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q = +1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = 0

Figure III.3. Quantification of the circulation of the velocity v(r) = ~
m∇θ associ-

ated with the classical field ψ(r) =
√
ρ(r) eiθ(r). The value of the circulation can

change only if the contour C passes over a vortex, i.e. a point where ρ(r) cancels
out.

where â is the destruction operator of a given mode. Nevertheless, there
remains a quantum aspect to the description of the state of the assembly of
atoms by a field ψ(r). For a two-dimensional gas, the complex field ψ(r)
is characterized by its amplitude and its phase: ψ(r) =

√
ρ(r) eiθ(r). This

field is associated with a velocity at any point where the phase is defined,
i.e. where the density is non-zero:

v(r) =
~
m
∇θ. (III.21)

As explained by Svistunov, Babaev, et al. (2015), this equation high-
lights the relevant parameter ~/m of the classical field approach. The mass
m of an atom has lost its physical meaning since the granularity of matter
has been erased. The same applies to ~ taken individually. On the other
hand, the ratio ~/m plays a central role in linking the field ψ to the flow of
observable matter.

Once this point has been established, the quantum aspect that remains
is clear. It is about the quantization of the circulation of velocity on any closed

contour not passing through a point where ρ(r) vanishes (figure III.3):
∮
v(r) · dr = n

2π~
m

, n ∈ Z. (III.22)

This quantification follows directly from the fact that the velocity is pro-
portional to the gradient of a phase. It is essential for the emergence of the
notion of topological defects, the vortices, which will constitute the build-
ing blocks of the BKT mechanism.

2 The Gross-Pitaevskii Functional

2-1 From quantum to classical fields

Here we consider a fluid composed of identical particles (bosons) with a
binary interaction described by the potential U(ri − rj). These particles
are also trapped by the external potential

V
(3D)
trap (r) = V

(1D)
trap (z) + V

(2D)
trap (x, y) (III.23)

which induces:

• a strong confinement along the z axis, freezing the corresponding mo-
tion and making the gas two-dimensional.

• a weaker confinement in the xy plane, for example in the form of a
harmonic potential or a box of size L × L. In this chapter, we will
take the box case and assume periodic boundary conditions in the xy
plane.

The Hamiltonian of the fluid is:

Ĥ =

N∑

j=1

(
p̂2
j

2m
+ V

(3D)
trap (r̂j)

)
+

1

2

∑

i6=j
U(r̂i − r̂j). (III.24)

It can also be written in second quantization formalism, introducing the
operator Ψ̂(r), which destroys a particle at point r, and its conjugate her-

53



CHAPITRE III. THE QUASI-LONG-RANGE ORDER § 2. The Gross-Pitaevskii Functional

mitian Ψ̂†(r), which creates a particle at this point:

Ĥ =

∫ (
1

2m
∇Ψ̂†(r) ·∇Ψ̂(r) + Ψ̂†(r)V

(3D)
trap (r)Ψ̂(r)

)
d3r

+
1

2

∫∫
Ψ̂†(r)Ψ̂†(r′) U(r − r′)Ψ̂(r′)Ψ̂(r) d3r d3r′.

The exact treatment of this Hamiltonian is complicated as soon as the
interaction potential U is non-zero. In two and three dimensions, for exam-
ple, it is not possible to simply replace this potential by a contact interaction
U(r) = U0 δ(r), as this leads to mathematical inconsistencies. On the other
hand, this is not a problem in the classical field formalism we described in
the first paragraph and which we will now use.

As explained above, a simple way of approaching the bosonic many-
body problem (whatever the dimensionality) is to take a Hartree ansatz as
a class of possible functions:

Φ(r1, . . . , rN ) ∝ φ(r1) . . . φ(rN ), (III.25)

the function φ being normalized here by the number of particles2:
∫
|φ(r)|2 d3r = N. (III.26)

This ansatz is of course inspired by the concept of Bose–Einstein con-
densation, since all particles are placed in the same state. But the function
φ here does not correspond to the minimum energy state; it simply pro-
vides a possible sampling of the fluid at a given instant. In what follows,
this function will have its own dynamics, with amplitude and phase fluctu-
ations playing an important role. These fluctuations can be used to assign
a temperature to the fluid and highlight the desired phase transition.

The energy E(φ) associated with a given function φ is calculated from
〈Φ|Ĥ|Φ〉 by injecting the Hartree ansatz:

E(φ) =

∫ (
~2

2m
|∇φ|2 + V

(3D)
trap (r)|φ(r)|2

)
d3r (III.27)

(III.28)

+
1

2

∫
U(r − r′) |φ(r)|2 |φ(r′)|2 d3r d3r′

2In the 2015-16 lecture series, we normalized φ to unity.
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y

Figure III.4. Wave function χ0(z) corresponding to the freezing of motion in the
z direction.

where we have taken N − 1 ≈ N .

In this "classical field" approach, there is no problem in modeling the
interaction between atoms by a contact interaction

U(r − r′) = g δ(r − r′) with g =
4π~2a

m
, (III.29)

where a is the scattering length associated with the initial potential U . The
energy functional (still in 3D for now) is therefore:

E(φ) =

∫ (
~2

2m
|∇φ|2 + V

(3D)
trap (r)|φ(r)|2 +

g

2
|φ(r)|4

)
d3r. (III.30)

2-2 Factorization of the frozen degree-of-freedom

We have to take into account the fact that the motion along the z direction is
frozen by the strongly confining potential along this axis (figure III.4). We
therefore make an additional ansatz, which consists in writing the function
φ(r) in the factorized form:

φ(x, y, z) = ψ(x, y) χ0(z) (III.31)

where χ0(z) is the ground state of the one-particle motion along z:

− ~2

2m

d2χ0

dz2
+ V

(1D)
trap (z) χ0(z) = ε0 χ0(z), (III.32)
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which we normalize to unity:
∫
|χ0(z)|2 dz = 1. (III.33)

This factorization assumption is valid if the energy associated with particle
interactions and the thermal energy kBT are both small compared to the
difference between the energy of the ground state of this motion along z
and that of its first excited state.

Up to an unimportant additive constant, we arrive at the energy asso-
ciated with ψ(x, y):

E(ψ) =

∫ (
~2

2m
|∇ψ|2 + V

(2D)
trap (r)|ψ(r)|2 +

~2

2m
g̃ |ψ(r)|4

)
d2r, (III.34)

where we have introduced the dimensionless number g̃ which character-
izes the strength of interactions in this 2D problem:

g̃ = 4π a

∫
|χ0(z)|4 dz. (III.35)

For harmonic confinement of frequency ωz along the z axis, the state χ0

is:

χ0(z) =
1

(πa2
oh)1/4

e−z
2 / (2a2

oh) with aoh =

√
~

mωz
, (III.36)

which leads to
g̃ =
√

8π
a

aoh
. (III.37)

We are back to the dimensionless parameter characteristic of two-
dimensional interactions that we already introduced in the previous chap-
ter.

At this stage, it is interesting to write the equation of motion of the field
ψ(r), i.e. the time-dependent Gross–Pitaevskii equation3. Taking isotropic
harmonic trapping of frequency ω in the xy plane, we arrive at:

i
∂ψ

∂t
= − ~

2m
∇2ψ +

m

2~
ω2r2ψ +

~
m
g̃ |ψ|2ψ (III.40)

3This equation can also be obtained using the Lagrangian approach, with [cf. lecture series
2015-16]

L(ψ) =

∫
Ldyn[ψ(r)] d2r − E(ψ) (III.38)

As announced above, we can verify that the relevant parameter in this
equation is ~/m, together with the trap frequency ω and the interaction
parameter g̃. Furthermore, we can check that the total number of particles
N(ψ) =

∫
|ψ|2 and the total energy E(ψ) are conserved quantities for this

equation of evolution.

For the sake of simplicity, let us now consider the case of a gas confined
in a box of size L×L with periodic boundary conditions. The total energy
(III.34) is the sum of the kinetic energy and the interaction energy:

Ekin =
~2

2m

∫
|∇ψ|2 d2r Eint =

~2

2m
g̃

∫
ρ2(r) d2r (III.41)

where we have introduced the surface density at the r point

ρ(r) = |ψ(r)|2 with
∫
ρ(r) d2r = N. (III.42)

The ground state of the system corresponds to the uniform wave function:

ψ(r) =
√
ρ with ρ =

N

L2
, (III.43)

for which only the interaction energy is non-zero:

Eint =
~2

2m
g̃ ρN. (III.44)

To gain some intuition regarding the value of g̃ corresponding to a
"strong interaction", we can compare the interaction energy of the ground
state with the kinetic energy of the gas if we arrange the N particles on
the first N energy states of the box, ranging from energy E = 0 to energy
Emax (a "fermionized" state4). Using the (constant) density of states D(E)
determined in Chapter 2, we first determine the value of Emax:

N =

∫ Emax

0

D(E) dE with D(E) =
mL2

2π~2
=⇒ Emax =

2π~2

m
ρ.

(III.45)

where the dynamical part of the Lagrangian is, within one total derivative with respect to
time:

Ldyn[ψ(r)] =
i~
2

(
ψ∗ψ̇ − ψ̇∗ψ

)
. (III.39)

4This is the type of state that appears in the quantum Hall effect (Laughlin state) or in 1D
problems (Tonks-Girardeau state).
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We deduce the kinetic energy of this fermionized gas:

Ekin, fermion. =

∫ Emax

0

E D(E) dE =
π~2

m
ρN. (III.46)

According to this somewhat arbitrary criterion, we can see that a "strong"
interaction corresponds to

Eint ∼ Ekin, fermion. −→ g̃ ∼ 2π. (III.47)

For such a value of g̃, the classical field approach developed here will no
longer apply, as the correlations between particles created by interactions
are too strong: they are likely to prevent any accumulation of several parti-
cles in the same quantum state. In experiments with cold atoms, the value
of g̃ is significantly less than 1; for rubidium atoms confined along z by a
potential frequency ωz/(2π) = 10 kHz, we find g̃ = 0.24.

2-3 Ultraviolet cutoff and healing length

Like all classical field theories, modeling the fluid in terms of a wave func-
tion ψ(r) suffers from a problem of ultra-violet divergence. This is the fa-
mous "black body" problem: there are modes of arbitrarily high wave vec-
tor q, and the equipartition of energy applied to each of these modes leads
to a divergence of the physical quantities calculated by summing over q.
Indeed, as we saw in (III.20), the population of these modes N(E) decays
"softly" as 1/Eq , and this soft decay associated with the constant density of
states D(E) (for free particles) causes the integral

∫
E N(E) D(E) dE to

diverge. This problem can only be solved exactly by quantizing the field,
which introduces an effective cutoff for modes of frequency ωq greater than
kBT/~ [more precisely, by introducing an exponential decay for N(E), cf.
(III.15) ].

In practice, this divergence will not be a major difficulty for us: we are
interested in the long-range behavior of our fluid’s correlation functions,
which are associated with small wave vectors. Precise knowledge of the
physical quantities of interest in the ultraviolet will therefore not be neces-
sary. To eliminate discrepancies, it will be sufficient to establish a cutoff at
a wavenumber qcut given by

qcut ∼
1

λT
↔ ~ωcut ≈

~2qcut

2m
∼ kBT, (III.48)
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Figure III.5. The healing length is the characteristic distance required for the
density to return to its mean value, when the wave function is forced to cancel at
a given point (here, the two ends of the segment).

at least in the "usual" regime where kBT is greater than the interaction en-
ergy per particle Eint/N .

Precise knowledge of fluid behavior on length scales shorter than λT
would require a treatment beyond our classical approach, but will not be
necessary to study the macroscopic phases (superfluid or not) likely to ap-
pear. Note that a "semi-classical method" not requiring the introduction of
a UV cutoff has been proposed and applied to the case of two-dimensional
Bose gas by Giorgetti, Carusotto, et al. (2007). Alternatively, to obtain a
more complete theory at least in the regime where the interactions are not
strong, we can connect classical field theory for q < qcut to quantum perfect
gas theory for q > qcut [see for example Prokof’ev & Svistunov (2002)].

The length λT therefore does not appear as such in classic field process-
ing, other than in the form of a short distance cut-off put by hand. This is
to be expected, since λT ∝ ~/

√
m is not a function of our ~/m parameter

alone. The other characteristic distance of a quantum gas is the healing
length, which can be accessed in this classical field approach. Recall that
the healing length is the length scale associated with the interaction energy
per particle:

~2

2mξ2
=

~2

m
g̃ρ → ξ =

1√
2g̃ρ

. (III.49)

It gives the length scale over which the fluid density returns to its normal
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value, if we force it to cancel at a point (figure III.5). This point may be the
location of a potential bump or the center of a vortex. It is interesting to
evaluate the number of missing atoms around this point:

δN ≈ πξ2ρ =
π

2g̃
(III.50)

The larger the interaction parameter g̃, the smaller the missing number.
For strong enough interactions (g̃ & 1), this number becomes less than one
atom. This defect can then no longer be detected by in situ imaging of the
gas; it is simply a point where a mathematical singularity occurs.

As we wrote in the previous paragraph, the usual regime for experi-
ments with atomic gases corresponds to an interaction energy per particle
that is lower than the thermal energy kBT , which leads to5:

Eint/N < kBT → ξ > λT , (III.52)

which confirms that ξ can be calculated from classical field simulation,
while λT corresponds to the cutoff distance, associated with the cutoff en-
ergy ∼ kBT .

2-4 The "non-linear optics" version

The classical field formalism developed above to describe a macroscopic
matter wave applies almost unchanged to the propagation of an intense
light field in a nonlinear medium. This basic problem in optics has been the
subject of recent experimental research in connection with condensation or
quasi-condensation [let us cite in particular Sun, Jia, et al. (2012), as well as
a private communication by Robin Kaiser from April 2017].

It should be noted at the outset that this is a different problem from that
of photon condensation studied at Bonn, and which we discussed in the
previous chapter (Klaers, Schmitt, et al. 2010). In the Bonn experiments, a
Fabry-Perot cavity was used to freeze the degree of freedom along z. In
what we describe here, the beam propagates freely along the z axis, this

5More precisely:
ξ2

λ2T
=

1

8π

kBT

Eint/N
. (III.51)
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Figure III.6. Principle of the condensation of classical light waves: a laser beam
with a certain disorder in amplitude and phase is sent into a photo-refractive crys-
tal. For a sufficiently long interaction length, the non-linear evolution of the light
field leads to a quasi-thermal distribution of the light beam’s transverse modes.
This distribution is characterized by a decay of the mode population as 1/k2

⊥. Fig-
ure taken from Sun, Jia, et al. (2012).

propagation playing the role of time in an effective Schrödinger equation,
describing the dynamics of the field in the xy plane perpendicular to the
propagation axis.

Let us start with the wave equation for a component u(r, t) of the
electric or magnetic field vector in a medium of index n0. Starting from
Maxwell’s equations, this equation can be written as:

∇2u− n2
0

c2
∂2u

∂t2
= 0. (III.53)

A well-known category of solutions is formed by plane waves, such as
those propagating along the z axis, u(r, t) = u0ei(kz−ωt), with the disper-
sion relation ω = ck/n0. Let us look at solutions deduced from these plane
waves, written in the form

u(r, t) = ψ(r) ei(kz−ωt) (III.54)
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where ψ(r) is assumed to be "slowly variable" in space, i.e.
∣∣∣∣
∂2ψ

∂z2

∣∣∣∣� k

∣∣∣∣
∂ψ

∂z

∣∣∣∣ . (III.55)

By injecting this form for u(r, t) into the wave equation (III.53) and neglect-
ing the terms involving ∂2ψ/∂z2, we arrive at

i
∂ψ

∂z
= − 1

2k
∇2
⊥ψ (III.56)

where the transverse Laplacian ∇2
⊥ corresponds to the operator ∂2

x + ∂2
y .

This equation is formally identical to the Schrödinger equation for a two-
dimensional free particle, with time replaced by the z coordinate along the
axis of propagation. In fact, we can switch to a true time coordinate by
introducing τ = n0z/c, which parameters the propagation time for a given
distance z. The equation (III.56) then becomes

i
∂ψ

∂τ
= − ~

2mphot
∇2
⊥ψ (III.57)

where, as in the previous chapter, the effective photon mass mphot =
n2

0 ~ω/c2 has been introduced.

For the evolution of ψ to be similar to that of the matter field studied
above, we use an optically non-linear medium so that the index n0 must be
replaced by n0 +n2|ψ|2/k2. Note that ψ has the dimension of the inverse of
a length so that

∫
|ψ|2 d2r is dimensionless, so that n2 is also dimensionless.

Injecting this expression into (III.53) and restricting ourselves to the first
non-zero term in n2, we arrive at:

i
∂ψ

∂z
= − 1

2k
∇2
⊥ψ −

n2

n0k
|ψ|2ψ (III.58)

which has exactly the structure of the Gross–Pitaevskii equation (III.40) in
the absence of a trap.

In the experiment by Sun, Jia, et al. (2012), a controlled disorder is im-
parted to the light beam at the entrance to the nonlinear medium. During
propagation, two independent conserved quantities can be defined, the
equivalent of the particle number N given by the integral of |ψ|2, and the
energyE given by the Gross–Pitaevskii functional. If the interaction length

along the z axis is sufficient, the equivalent of a microcanonical ensemble is
realized, the output field configuration being a sampling of this ensemble
for the chosen pair (N,E). The greater the initial disorder, the greater the
energy, and therefore the temperature.

We saw at the beginning of this chapter that for a weakly interacting
classical field, thermodynamic equilibrium corresponds to a population of
the wave-vector modes k⊥ varying as T/[E(k⊥) − µ], with E(k⊥) ∝ k2

⊥ in
the paraxial approximation (Connaughton, Josserand, et al. 2005; Picozzi,
Garnier, et al. 2014). Remember that this distribution is only valid over
a finite interval of k⊥ values, due to the ultraviolet divergence inherent in
the classical field theory. In practice, this k−2

⊥ distribution is experimentally
verified over more than a decade [figure III.6 from Sun, Jia, et al. (2012)].
Furthermore, finite-size effects in this experiment lead to a macroscopic
population in the central mode k⊥ = 0 (hence the terminology "light-wave
condensation").

3 Phase fluctuations and quasi-order

At strictly zero temperature, a relatively weakly interacting 2D Bose gas
has the energy of the functional (III.34) and is therefore condensed: it is
described by the spatially uniform wave function ψ =

√
ρ eiθ, where the

density ρ = N/L2 and the phase θ are also uniform, with θ arbitrarily
chosen between 0 and 2π (gauge invariance). Its kinetic energy is zero and
its interaction energy is:

Ekin = 0 Eint =
~2

2m
g̃ L2 ρ2. (III.59)

At non-zero temperature, ρ(r) and θ(r) will be functions varying in space
under the effect of thermal fluctuations. Characterizing these fluctuations
in terms of correlation functions between two points r and r′ will allow us
to specify the type of order present in the fluid.
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3-1 Suppression of density fluctuations

An important point in what follows, at least for the low-temperature re-
gion, is the reduction in density fluctuations compared to the ideal gas
case, due to repulsive interactions between particles. The link between en-
ergy considerations and the reduction of these fluctuations is immediate if
we note that the interaction energy (III.41) can be written as

Eint =
~2

2m
g̃ L2 〈ρ2(r)〉 (III.60)

so that the extra cost in interaction energy compared the zero temperature
case is directly proportional to the density fluctuations characterized by
(Cohen-Tannoudji & Robilliard 2001)

(∆ρ)
2

= 〈ρ2(r)〉 − ρ2 = [g2(0)− 1] ρ2, (III.61)

where g2(r) = 〈ρ(r)ρ(0)〉/ρ2 is the density-density correlation function.
For a gas described by a classical field ψ(r), the quantity (∆ρ)

2 is always
positive, i.e. g2(0) ≥ 1, due to the Cauchy-Schwarz inequality:

L2

∫
ρ2(r) d2r ≥

(∫
ρ(r) d2r

)2

(III.62)

so that the interaction energy is always greater in the presence of thermal
fluctuations than at zero temperature.

For an ideal Bose gas in the absence of a condensate, which is the case
at 2D if T 6= 0, we always have g2(0) = 2. This result is obtained by
expressing the operator ρ̂(r) in terms of the field operator, developed on
the basis of 2D plane waves:

ρ̂(r) = Ψ̂†(r)Ψ̂(r) with Ψ̂(r) =
1

L

∑

p

eip·r/~âp. (III.63)

For example, choosing the point r = 0, we obtain:

〈ρ̂2(0)〉 =
1

L4

∑

p1,p2,p3,p4

〈â†p1
â†p2

âp3
âp4
〉. (III.64)

If there is no macroscopically populated state, we can neglect in this sum
the contribution of terms where p1 = p2, p3 = p4. For the other terms,

using the fact that the density operator at thermal equilibrium is diagonal
in the p basis, we note that a term of the type 〈â†p1

â†p2
âp3

âp4
〉 is non-zero if

and only if

{p1 = p3 and p2 = p4} or {p1 = p4 and p2 = p3} , (III.65)

each of the two options having the same contribution. We thus have:

〈ρ̂2(0)〉 ≈ 2
∑

p1,p2

〈â†p1
âp1
〉〈â†p2

âp2
〉 = 2 (〈ρ̂(0)〉)2

. (III.66)

For an interacting gas, on the other hand, the energy Eint always ends
up dominating if we go to a sufficiently low temperature. The interaction
energy per particle, which is of the order of ~2

2m g̃ ρ, in fact always becomes
greater than kBT if T is sufficiently low. More precisely:

~2

2m g̃ ρ

kBT
=

g̃

4π
D (III.67)

where we have introduced the phase-space density

D = ρλ2
T with λT =

~
√

2π√
mkBT

. (III.68)

Therefore, for a phase-space density such that

D � 4π

g̃
, (III.69)

any significant change in density from its mean value, leading to a value of
g2(0) significantly greater than 1, will be prohibitively expensive compared
to kBT .

3-2 Effective Hamiltonian at low energy

In the limit where density fluctuations can be neglected, the gradient of the
wave function ψ(r) involved in the kinetic energy term is

∇ψ = ∇
(√

ρ(r) eiθ(r)
)
≈ √ρ (i∇θ) eiθ(r) (III.70)
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so that the kinetic energy term becomes

Ekin ≈
~2

2m
ρ

∫
(∇θ)

2
d2r. (III.71)

This expression for energy reflects the phase rigidity of the system: the
relevant excitations are the phase fluctuations, and their energy is related
to the price to be paid for "twisting" this phase between two zones of the
sample.

We showed in the 2015-16 course that this notion of phase rigidity can
be used to rigorously define the superfluid density in a homogeneous gas.
From this point of view, the expression (III.71) shows that implicitly, a 2D
system described by the Gross–Pitaevskii energy functional is superfluid
if its density fluctuations are totally neglected. Moreover, its superfluid
density ρs – i.e. the coefficient in front of (∇θ)2 – is equal to the total
density ρ.

This point of view using (III.71) and leading to ρs = ρ is certainly valid
at very low temperatures, but does not account for the observed decrease
in superfluid density with increasing temperature. To account for this de-
crease rigorously, we need to

• perform a coupled treatment of phase and density fluctuations, which
we will do using Bogoliubov method later on;

• take into account vortices which, as we will see in the next chapter, can
exist in the superfluid part in the form of pairs of vortices of opposite
signs.

We can also proceed phenomenologically, by introducing "by hand" a
superfluid density ρs, which depends on temperature, and which leads to
the energy

Ekin ≈
~2

2m
ρs(T )

∫
(∇θ)

2
d2r. (III.72)

This renormalization of ρ to ρs is a simple way of absorbing all non-
essential thermal fluctuations, including density fluctuations over short
distances, in order to concentrate on long-distance physics and the long-
range quasi-order likely to emerge.

It should be clear that the energy Ekin given in (III.72) cannot be consid-
ered as a microscopic Hamiltonian, if only because it depends on temper-
ature via ρs. This quantity describes in fact the increase of the free energy
of the gas if we impose the superfluid current (~/m) ∇θ [see, for example,
the discussion in the appendix to the article by Bloch, Dalibard, et al. 2008].

3-3 Fourier analysis of phase fluctuations

Based on the phenomenological expression (III.72) for the energy associ-
ated with a phase fluctuation θ(r), we want to evaluate the function G1(r)
describing the correlations between two points in the system:

G1(r) = 〈ψ(r) ψ∗(0)〉 = ρ 〈ei[θ(r)−θ(0)]〉. (III.73)

We first need to determine the fluctuations of θ(r)−θ(0), which we will do
by expanding the function θ(r) in Fourier series and applying the energy
equipartition theorem.

Let us start by writing the phase θ(r) in the form

θ(r) =
∑

q

cq e
iq·r (III.74)

where the reality of θ results in

c∗q = c−q. (III.75)

Note that such an expansion, however natural it may seem given the pe-
riodic boundary conditions, is not trivial: it does not account for the pe-
riodicity of the function eiθ when θ → θ + 2π. This is not a problem if
we restrict ourselves to situations where θ varies smoothly and regularly
over the sample, but it neglects vortices from the outset, which are points
around which the phase varies from 0 to 2π over arbitrarily short distances.

We inject the expansion (III.74) into the energy (III.72) and obtain:

Ekin = ρsL
2
∑

q

~2q2

2m
|cq|2. (III.76)
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To take account of the fact that the modes q and −q are linked by (III.75),
we can restrict the sum on q to qx > 0 and write:

Ekin =
∑

q,qx>0

εq |cq|2 with εq = ρsL
2 ~2q2

m
. (III.77)

The probability of occurrence of a configuration corresponding to a given
{cq} given is given by Boltzmann’s law:

P[{cq}] ∝
∏

q

e−εq|cq|
2/kBT . (III.78)

The cq with qx > 0 are therefore complex independent Gaussian variables.
By decomposing them into real and imaginary parts,

cq = c′q + ic′′q with c′q = c′−q and c′′q = −c′′−q (III.79)

we find at thermal equilibrium :

〈(c′q)2〉 = 〈(c′′q)2〉 =
kBT

2εq
. (III.80)

Note that we find here that the average population 〈|cq|2〉 of a given mode
q is equal to kBT/εq , as we announced in (III.20) when laying the founda-
tions of classical field theory.

3-4 Phase correlations at thermal equilibrium

We consider now the phase difference θ(r) − θ(0) that appears in (III.73).
We have :

θ(r)− θ(0) =
∑

q

(
c′q + ic′′q

) (
eiq·r − 1

)

= −2
∑

q,qx>0

{
c′q [1− cos(q · r)] + c′′q sin(q · r)

}
(III.81)

which, when averaged over the square of this expression at thermal equi-
librium, gives

〈[θ(r)− θ(0)]
2〉 = 4

∑

q,qx>0

〈(c′q)2〉 [1− cos(qcdotr)]
2

+ 〈(c′′q)2〉 sin2(q · r)

= 4
∑

q,qx>0

kBT

εq
[1− cos(q · r)]

= 2
∑

q

kBT

εq
[1− cos(q · r)] (III.82)

where we relaxed the qx > 0 constraint in the last line by dividing by a
factor 2. By transforming this discrete sum into an integral, we arrive at

〈[θ(r)− θ(0)]
2〉 = 2

L2

4π2

∫
kBT

ε(q)
[1− cos(q · r)] d2q

=
1

π

1

ρsλ2
T

∫
1− cos(q · r)

q2
d2q. (III.83)

The function

f(r) =
1

(2π)2

∫
1− cos(q · r)

q2
d2q (III.84)

can be estimated by noting that its Laplacian has a simple expression:

∇2f(r) =
1

(2π)2

∫
cos(q · r) d2q =

1

(2π)2

∫
eiq·r d2q = δ(r) (III.85)

which can be integrated in two dimensions6 in

f(r) =
1

2π
ln(r) + constant. (III.87)

However, it is not immediate to fix the relevant value of the constant, since
this function admits no finite limit at either short or long distance.

6This is the two-dimensional equivalent of

3D : ∇2f(r) = δ(r) ⇒ f(r) =
1

4πr
+ constant. (III.86)
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For what follows, it is instructive to evaluate this integral "by hand", by
cutting – for a given value of r – the space of wave vectors into two parts,
as we did in the first chapter when studying a crystal:

(2π)2 f(r) =

∫

|q|<π/r

1− cos(q · r)

q2
d2q +

∫

|q|>π/r

1− cos(q · r)

q2
d2q

(III.88)

≈
∫

|q|<π/r

(q · r)2/2

q2
d2q +

∫

|q|>π/r

1

q2
d2q (III.89)

The first part, in which we have replaced the cosine by its approximation
in the vicinity of 0, gives a constant contribution after integration, equal to
π/4. The second part, in which we have taken a zero mean for the cosine,
diverges on the side of large values of q. As explained above, we put a
cutoff at the wave vector π/λT and arrive at

f(r) ≈ π

16
+

1

2π
ln(r/λT ). (III.90)

or, neglecting the constant term in front of the logarithm, which is a priori
large in front of 1 if we are interested in large values of r:

f(r) ≈ 1

2π
ln(r/λT ). (III.91)

We now have all the ingredients we need to evaluate the phase correla-
tion function. First, we find:

〈[θ(r)− θ(0)]
2〉 ≈ 2

ρsλ2
T

ln(r/λT ) (III.92)

then by injecting this result into theG1 function and using the result 〈eiu〉 =

e−〈u
2〉/2 for a Gaussian variable u:

G1(r) = 〈ψ(r) ψ∗(0)〉
≈ ρ 〈ei[θ(r)−θ(0)]〉
≈ ρ e−〈[θ(r)−θ(0)]2〉/2

≈ ρ

(
λT
r

)α
with α =

1

ρsλ2
T

. (III.93)
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Figure III.7. Black solid line: variation of G1 for a phase-space density D = 10
for the algebraic case (in the presence of interactions), G1(r) ∼ (λT /r)

1/D. Red
dotted line: non-interacting case, G1(r) ∼ e−r/` with ` = (λT /

√
4π) eD/2 ≈

40λT .

We therefore find an algebraic decay for the function G1(r) when r →
∞. This conclusion is compatible with the Mermin-Wagner-Hohenberg
theorem, which is reassuring. But we note that this decay is much slower
than that found for the ideal gas in the previous chapter, which was ex-
ponential in e−r/` with ` = (λT /

√
4π) eρλ

2
T /2. Moreover, we will see in

the next chapter that the superfluid phase, when it exists, always verifies
ρsλ

2
T > 4, which means that the decay (III.93) is always slower than r−1/4.

Practical Example. At this point, it is useful to look at a realistic example
to see how the case of the interacting gas differs from that of the ideal
gas. To simplify, let us take ρ = ρs and consider a phase-space density
D = ρλ2

T = 10, corresponding to a fairly strongly degenerate gas (figure
III.7).

• For the ideal gas, we find a characteristic decay distance ` ≈ 40λT .
For a sample of size L = 300λT , the function G1(r) decreases by a
factor > 1000 from one edge of the sample to the other: there is no
appreciable phase coherence at this distance.

• Let us move on to an interacting gas, for which the algebraic decay
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(III.93) tells us that the function G1(r) decreases between r = λT and
r = L by the factor (300)1/10 < 2: there remains a strong phase co-
herence between the two edges of the sample, comparable to what we
would expect for a true condensate.

This example shows how the change in decay type, from exponential to
algebraic, radically alters the phase coherence of this system. This coher-
ence is induced by repulsive interactions, which are responsible for freez-
ing density fluctuations. In systems of reasonable finite size, it is also re-
sponsible for a significant condensed fraction. The condensed fraction in
a system of size L can indeed be defined as the value of G1(L) [cf. lecture
series 2015-16] and the example above shows us that for the parameters
considered, the condensed fraction is greater than 50 %, once the repulsive
interactions have played their role as "density smoother".

More generally, these considerations show just how tricky the notion
of a thermodynamic limit can be for a system reduced-dimension. If, in
accordance with the Mermin-Wagner theorem, we define this limit as a
gas whose condensed fraction G1(L) does not exceed 1 % (arbitrary, but
meaningful value), we see that the size L to be taken is

(
λT
L

)α
= 0.01 → L =

λT
(0.01)1/α

= 1020 λT . (III.94)

Here we return to the famous argument of Bramwell & Holdsworth (1994)
who, in the context of the magnetization of 2D systems, showed that sam-
ples the size of the "state of Texas" would be needed to reach the thermo-
dynamic limit.

We are therefore in a subtle situation where Mermin–Wagner’s theo-
rem precludes long–range order and the appearance of a condensate at the
thermodynamic limit, but where interactions between atoms make it pos-
sible to establish a quasi-order which, in many realistic cases of finite size,
"simulates" the existence of a true condensate.

3-5 The xy model and its implementation with atoms

The effective Hamiltonian we have studied in this section, Ĥ ∝
∫

(∇θ)
2,

has a discrete version which is a model widely used in statistical physics,

j1

j2

j3

j4

q = +1

I

C
v(r) · dr = +

2⇡~
m

I

C
v(r) · dr = 0

z

�0(z) x

y

Figure III.8. The two-dimensional xy model, which can be considered as the dis-
cretized version of the Bose gas whose density fluctuations have been frozen.

the xy model [see for example Kardar (2007)]. We consider a regular lattice
with a unit vector Sj at each site j of the lattice. This vector evolves in a
fictitious two-dimensional space (hence the name xy model). This vector
can be parameterized by the angle θj it makes with a reference direction (θj
is defined modulo 2π). In the 2D problem we are interested in, the regular
lattice is itself of dimension 2; it can be a square lattice, as shown in figure
III.8, or a triangular lattice.

In the simplest version of the xy model, we restrict ourselves to an in-
teraction between neighboring sites, written as follows

Ĥ = −J
∑

〈i,j〉
Si · Sj = −J

∑

〈i,j〉
cos (θj − θj) . (III.95)

The choice J > 0 leads to a ground state where all θj are equal. Low-energy
excitations correspond to slow variations of the θj ’s, so that an expansion
of the cosine yields the Hamiltonian

∫
(∇θ)

2 after passing to the continu-
ous limit. The xy model thus leads to a behavior similar to the continuous
model we studied: at low temperatures, algebraic decay of the one-body
correlation function as seen above; above a critical temperature, BKT tran-
sition to a completely disordered state similar to what we will see in the
next course. The advantage of this lattice-based model is that it naturally
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Figure III.9. A triangular array of micro-condensates trapped at the nodes of an
optical lattice, with tunnel coupling between close neighbors. Each site contains
around 7,000 atoms, ensuring that the phase of a micro-condensate is well defined.
This experiment is a practical implementation of the xy model. Figure taken from
Schweikhard, Tung, et al. (2007).

provides a high-energy cutoff that avoids ultraviolet divergences, and al-
lows the use of resolution methods specific to periodic models, such as
transfer matrices.

This xy model was realized experimentally with a gas of cold atoms by
Schweikhard, Tung, et al. (2007). Starting with a 3D condensate of approx-
imately spherical shape, the Boulder researchers used an optical lattice to
cut out around 200 vertical tubes forming a triangular lattice in a horizon-
tal plane (figure III.9). Each tube contains around 7,000 atoms; this number
is sufficiently large for each tube to constitute a micro-condensate of well-
defined phase, which plays the role of the θj variable in the xy model.
Each tube is tunnel-coupled to its six neighbors, creating the equivalent
of Josephson junctions. The tunnel matrix element plays the role of the
coupling J of the xy Hamiltonian. We will not go any further for the mo-
ment in describing this experiment; let us just note that, like those carried
out on continuous gases, it enabled one to observe the BKT mechanism by
detecting, above a critical value of the J/T parameter, the proliferation of
vortices when all the micro-condensates are fused together.

4 The Bogoliubov approach

We now go beyond the "frozen density" approach developed in the previ-
ous paragraph, to gain a more complete view of the dynamics of the fluid
in the low-temperature regime. To this end, we are going to use the Bo-
goliubov formalism, in a version adapted to the case of quasi-condensates
by Mora & Castin (2003) and Castin (2004)7. The idea is not to write, as
in 3D, ψ(r) = ψ0 + δψ(r) with ψ0 =

√
ρ0 eiθ0 , where δψ would be at any

point smaller than ψ0; indeed, there is no homogeneous phase θ0 in our
2D fluid. Our approach will be to expand the density fluctuations and al-
low the phase to vary significantly over the sample area (while remaining
expandable in a Fourier series, which excludes vortices as before).

4-1 Equations of motion for the amplitude and the phase

Starting from the expression ψ(r, t) =
√
ρ(r, t) eiθ(r,t), we assume that the

phase θ varies slowly in space and can be developed as a Fourier series, as
in the previous paragraph:

θ(r, t) =
∑

q

cq(t) eiq·r . (III.96)

We also assume that relative density fluctuations are small. As indicated
above [cf. (III.69)], this assumption is valid provided the phase-space den-
sity is sufficiently large. The density can then be written as

ρ(r, t) = ρ0 (1 + 2η(r, t)) with ρ0 =
N

L2
et η � 1. (III.97)

The function η can also be expanded into a Fourier series:

η(r, t) =
∑

q

dq(t) eiq·r. (III.98)

7The program of Mora & Castin (2003) is in fact more ambitious than ours, since it involves
giving meaning to the density and phase operators within the framework of quantum field
theory. This is possible in an approximate way by discretizing space and ensuring that each
lattice site contains on average a sufficiently large number of particles.
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The functions θ and η are real, which implies c∗q = c−q and d∗q = d−q . The
conservation of the norm leads to

∫
η d3r = 0 → d0 = 0. (III.99)

The energy functional (III.34)

E[ψ] =
~2

2m

∫ (
|∇ψ|2 + g̃|ψ|4

)
d2r

=
~2

2m

∫ (
ρ(∇θ)2 +

(∇ρ)2

4ρ
+ g̃ρ2

)
d2r (III.100)

is written with this setting:

E[ψ] =
~2

2m
g̃ρ0N +

~2

2m
ρ0

∫ [
(∇θ)

2
+ (∇η)

2
+ 4 g̃ρ0 η

2(r)
]

d2r,

=
~2

2m
g̃ρ0N +

~2

2m
N
∑

q

[
q2 |cq|2 +

(
q2 + 4g̃ρ0

)
|dq|2

]
.(III.101)

The time-dependent Gross–Pitaevskii equation (III.40) then leads to the
two coupled equations8

(
2m

~

)
∂θ

∂t
= ∇2η − 4 g̃ρ0 η , (III.102)

(
2m

~

)
∂η

∂t
= − ∇2θ. (III.103)

The evolution of the coefficients cq and dq deduced from (III.102–
III.103) is:

(
2m

~

)
ċq = −

(
q2 + 4 g̃ρ0

)
dq ,

(III.104)(
2m

~

)
ḋq = q2 cq . (III.105)

8With the variables adopted here, the dynamic Lagrangian can be taken Ldyn[ψ(r)] =

−2~ρ0 θ̇ η.
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Figure III.10. Bogoliubov dispersion relation (III.107). The dotted line corre-
sponds to the linear approximation (III.109) at small values of q determining the
phonon regime. The dashed parabolic curve corresponds to large values of q, where
we recover the free particle regime (III.111).

For q = 0, we obtain ċ0 = 0, which reflects the fact that the global phase of
the gas does not evolve since the energy of the ground state of (III.101) is 0.

By eliminating one of the two variables (cq or dq) in favor of the other,
we obtain the evolution

c̈q + ω2
qcq = 0, d̈q + ω2

qdq = 0, (III.106)

with the frequency ωq given by

ωq =
~

2m

[
q2
(
q2 + 4 g̃ρ0

)]1/2
, (III.107)

which is the well-known Bogoliubov spectrum, a few properties of which
are described below.

4-2 Bogoliubov spectrum and sound waves

Bogoliubov formula provides the dispersion relation between the wave
vector q of a plane-wave perturbation and its frequency ωq . Given the
form (III.107), it is natural to separate two regimes (figure III.10):
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• The small wave-vector sector:

q2 � 4 g̃ρ0 (III.108)

for which we find a spectrum of sound waves (phonons):

ωq = c0q with c0 =
~
m

√
g̃ρ0. (III.109)

• The large wave-vector sector:

q2 � 4g̃ρ0 (III.110)

for which we recover the free particle spectrum, shifted by the inter-
action energy εint.

~ωq =
~2q2

2m
+ εint with εint =

~2

m
g̃ρ0. (III.111)

The shape of the Bogoliubov excitation spectrum, starting linearly at
low wavevectors, is often presented as a sufficient condition for superflu-
idity. Indeed, using Landau’s criterion, we deduce that an impurity mov-
ing sufficiently slowly cannot excite the fluid and is therefore not slowed
down. However, a more complete definition of a superfluid state involves
the notion of current metastability and phase rigidity [see, for example, Ma
(1985) as well as the 2015-16 lecture series]. We have already mentioned
that the Bose gas described by the energy functional (III.72) exhibits this
rigidity and is therefore indeed superfluid. We will come back to this point
and generalize it in the next course.

Observation of sound waves at 2D. The propagation of sound waves in
degenerate atomic gases has been the subject of numerous studies. These
are often carried out in harmonic traps, so that the density varies along the
direction of propagation. This inhomogeneity can of course be taken into
account in the theoretical description, but nevertheless complicates com-
parison with experimental results. Recently the team of LKB-Collège de
France9 has measured the propagation of sound waves in a uniform 2D

9This experiment was carried out by Monika Aidelsburger, Jérôme Beugnon, Sylvain
Nascimbene, Raphaël Saint-Jalm and Jean-Loup Ville.

Figure III.11. Demonstration of sound waves in a 2D gas of rubidium atoms. The
gas is confined in a rectangular box and the sound wave is generated by briefly
modulating the atomic density on one side of the box.

gas. This gas is trapped in a rectangular "box" whose walls are formed
by light. The atomic density on one side of the rectangle is temporally
modulated using an additional light beam, generating a wave packet that
propagates through the gas over a fairly long period (several tens of mil-
liseconds), bouncing off the walls of the box. This makes it possible to
accurately measure the speed of sound in the gas. The experiment shown
in figure III.11 gives c0 = 2.0 mm/s, in good agreement with the prediction
made above (g̃ = 0.15, ρ0 = 50µm−2).

The study we have just made is valid at low temperatures, where we are
interested in the motion of the fluid as a whole. At higher temperatures,
the situation is more complex, as one has to consider the independent mo-
tions of the superfluid and normal components. The general formalism is
presented for the two-dimensional case by Ozawa & Stringari (2014).

4-3 Phase fluctuations and density fluctuations

We consider a Bogoliubov mode characterized by the amplitudes c̄q and d̄q
of the phase and density modulations. From the system (III.105) we get:

d̄q
c̄q

=
q√

q2 + 4 g̃ρ0

. (III.112)
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For q small, more precisely when q2 � 4g̃ρ0 i.e. q � 1
ξ , we find d̄q � c̄q ,

which means that the modes consist essentially of phase oscillation, with
density almost unaffected. This validates the approach followed in § 3,
where we focused on phase fluctuations to find the behavior of the fluid
on large spatial scales, i.e. at small wave vectors.

We have already characterized the main effect of phase fluctuations,
namely the emergence of a quasi-long-range order. Let us now turn our
attention to density fluctuations at thermal equilibrium, in order to check
that the assumption of linearization of these fluctuations, via the function
η(r), is consistent with the final result. We start from:

∆ρ2

ρ2
0

=
〈ρ2(0)〉
ρ2

0

− 1 = 4
∑

q

〈|dq|2〉. (III.113)

To evaluate this quantity, we use the equipartition theorem for the classical
field η(r). As explained above, we avoid UV divergences by assigning
an average energy kBT/2 to all modes of energy ~ωq less than kBT , and
assuming that higher-energy modes are unpopulated. This leads to :

~2

m
N
(
q2 + 4g̃ρ0

)
〈|dq|2〉 =

{
kBT if ~ωq < kBT ,
0 if ~ωq > kBT .

(III.114)

Density fluctuations can then be calculated explicitly from (III.113):

∆ρ2

ρ2
0

=
2

πρ0λ2
T

∫
1

q2 + 4g̃ρ0
d2q ≈ 2

ρ0λ2
T

log

(
kBT

Eint/N
.

)
(III.115)

As mentioned above, the thermal energy kBT is generally greater than the
interaction energy per particle Eint/N . In practice, the ratio between these
two quantities can reach a value of the order of a few tens, so that the log-
arithm itself is between 1 and 3. The denominator of the above expression
is equal to the phase-space density, which must be at least a few tens for
the superfluid transition to be reached (cf. chapter 4); in practice, it can be
as high as a hundred for cold and dense samples. We deduce that ∆ρ� ρ0

for these cold samples, which justifies the approximation of small density
fluctuations used in this section.
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Chapter IV

The critical point of the BKT transition

In the previous chapter, we described the role played by phonons in
a 2D Bose gas at thermodynamic equilibrium. We showed that, in ac-
cordance with the Mermin–Wagner–Hohenberg theorem, these phonons
cause the long-range order to disappear for T 6= 0, replacing it by a
quasi-order: the one-body correlation function decreases algebraically,
G1(r) ∝ r−α, where α = 1/Ds is related to the superfluid phase-space den-
sity Ds = ρsλ

2
T . We also found via Landau’s criterion that this quasi-order

was indeed sufficient to maintain a superfluid state.

The aim of this chapter is to go beyond the purely phononic model and
take vortices into account. The influence of vortices can be understood in-
tuitively (figure IV.1): suppose we have – after taking phonons into account
– a certain phase coherence between two points A and B, characterized by
the probability law for the phase difference φ; if a vortex with its phase
winding of 2π can be randomly inserted on the segment AB, the phase
difference will switch between φ and φ + π. This random phase shift will
cause A and B to lose all coherence, and the quasi-phase order that may
have existed between these two points will be destroyed.

In what follows, we will look successively at the role of an isolated vor-
tex, then at a pair of vortices with opposite circulations, before turning to
the thermodynamics of a vortex assembly. Finally, we will look at the role
of vortices via a renormalization group approach. This will enable us to
establish a clear criterion for superfluidity; in particular, we will see that
Ds is either zero or greater than 4.

1 Threshold of appearance of an isolated vortex

1-1 Vortex appearance and disappearance

In the context of our gas of atoms described by a classical wave function
ψ(r), a vortex is a zero of this function. Around this zero, the phase wind-
ing1 is ±2π. This is referred to as a Q = ±1 vortex.

A simple mathematical way of representing vortex emergence in this
context is to consider the two functions Re[ψ(r)] and Im[ψ(r)]. Each of
these two functions fluctuates in space under the effect of thermal excita-
tions; Re[ψ(r)], for example, takes on positive values in some regions of the
plane and negative values in others. The boundaries between these regions
are lines along which Re[ψ(r)] cancels out. The same applies to Im[ψ(r)].
There may therefore be discrete points rj in the plane where these lines
intersect, i.e.

Re[ψ(rj)] = 0 and Im[ψ(rj)] = 0. (IV.1)

It is easy to check that a simple zero of ψ corresponds to a vortex with
topological charge Qj = ±1 (figure IV.2).

1Other situations can be considered, but they all boil down to superpositions of the two
±2π cases. For example, if the winding is zero, this density zero can be seen as the superpo-
sition of vortices with opposite topological charges. If the winding is 2nπ, this corresponds
to the superposition of n vortices of unit charge.
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Figure IV.1. Isolated vortices and phase coherence: if an isolated vortex is inserted
between two points, the relative phase between these two points changes from φ to
φ+π. Consequently, in a fluid where isolated vortices can be randomly distributed,
phase coherence cannot exceed a length of the order of the average distance between
vortices.

The phase winding of a vortex constitutes a topological "protection".
A vortex of charge Q 6= 0 cannot be spontaneously generated within a
sample, nor can it be eliminated. There are two possible ways for vortices
to appear or disappear:

• The vortex is created or annihilated individually at the edge of the
sample, where the wave function ψ(r) cancels out;

• A pair of oppositely-charged vortices appears or disappears by pass-
ing through the intermediate state of a double zero of ψ(r), corre-
sponding to zero phase winding (figure IV.3). This intermediate state
can be seen as the superposition of two oppositely-charged vortices.

Re( ) = 0

Re( ) = 0

Im( ) = 0

Figure IV.2. Lines on which Re[ψ(r)] = 0 (in red) and Im[ψ(r)] = 0 in green.
The points of intersection rj are (generally) simple zeros of ψ(r) and correspond
to a phase winding of ±2π, i.e. a vortex of topological charge Q = ±1. A repre-
sentation of the phase of ψ on the trigonometric circle is shown in each area of the
plane, enabling the phase winding of the vortex to be determined.

1-2 The energy of a vortex

Energy and entropy arguments will play a central role in what follows to
determine whether a vortex has a significantly non-zero probability of be-
ing present in a quantum fluid. We will start by assessing the energy of
an isolated vortex by considering the simplest possible situation, that of a
circular sample with a vortex located at its center.

The velocity field created by the vortex is orthoradial and such that cir-
culation along a circle centered on the origin is always equal to h/m, which
gives (figure IV.4)

v(r) =
~
mr
uϕ with uϕ = uz ×

r

r
. (IV.2)

The density cancels at the point r = 0 and returns to its asymptotic value
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Re( ) = 0

Re( ) = 0

Im( ) = 0

Figure IV.3. Emergence of a vortex pair due to thermal fluctuations in the gas.
Under the effect of a fluctuation, the line corresponding to Re[ψ(r)] = 0 (in red),
initially disjoint from the line Im[ψ(r)] = 0 (in green) [drawing on the left],
crosses it to form a double zero [central drawing], then into two single zeros of
opposite windings [drawing on the right]. The result is a pair of vortices with
charges Q1 = +1 and Q2 = −1. The reverse process is also possible, leading to
the annihilation of the vortex pair.

over a distance of the order of the healing length defined in the previous
chapter:

ξ =
1√
2g̃ρ

. (IV.3)

For the sake of simplicity, we will model the density profile as a staircase
function:

ρ(r) = 0 if r < ξ,

ρ(r) = ρ if r > ξ. (IV.4)

The kinetic energy of the fluid is therefore:

Ekin =
1

2
m

∫
ρ(r)v2(r) d2r ≈ 1

2
mρ

~2

m2

∫ R

ξ

1

r2
2πr dr

=
π~2ρ

m
ln(R/ξ). (IV.5)
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Figure IV.4. Left: velocity field created by a vortex, decreasing as 1/r. Right:
density profile in the vicinity of the vortex core. The size of the core is of the order
of the healing length ξ = 1/

√
2g̃ρ. Dotted line shows the staircase function given

in (IV.4).

The essential point of this result is that the energy of a single vortex, i.e.
a "microscopic" object, tends towards infinity when the size of the system
itself tends towards infinity. Of course, the divergence is only logarithmic,
but this is enough to make the thermodynamic limit singular with respect
to isolated vortices. Note that in this expression, the prefactor π~2ρ/m in
front of the logarithm is "robust": it does not depend on the model chosen
for the density profile. The precise form of this model only plays a role
in the argument of the logarithm, and therefore contributes via a constant
that is added to the dominant term in ln(R).

There is also an increase in the interaction energy of the fluid, as we
go from a uniform density N/(πR2) to the density ρ = N/[π(R2 − ξ2)].
Starting from the general expression for the interaction energy seen in the
previous chapter,

Eint =
~2

2m
g̃

∫
ρ2(r) d2r, (IV.6)
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this increase is written:

ε0 =
~2

2m
g̃

{[
N

π(R2 − ξ2)

]2

π(R2 − ξ2)−
[
N

πR2

]2

πR2

}

≈ π

2

~2ρ

m
. (IV.7)

This energy remains constant as the disk size tends towards infinity, and
is therefore much smaller than the kinetic energy, which diverges as ln(R).
For an isolated vortex, this energy ε0 can therefore be neglected, but this
will no longer be the case when we are interested in a vortex-antivortex
pair, as the kinetic energy will then be greatly reduced. The value π/2 of
the prefactor is only indicative, since it depends on the model chosen to
describe the cancellation of density at the vortex center.

Total and superfluid densities. In the foregoing, the density ρ represents
the total density of the sample, which is assumed to be at zero temperature.
In this case, the total density ρ and the superfluid density ρs coincide. If
the temperature is not zero, the superfluid density is reduced, due to short-
scale density fluctuations. To evaluate the kinetic energy of the vortex,
which involves the phase gradient of ψ(r) over a large length scale, it is
then necessary to involve only the superfluid density, which leads to

Ekin ≈
π~2ρs
m

ln(R/ξ) ε0 ∼
~2ρs
m

. (IV.8)

Let us emphasize that this superfluid density ρs is a quantity dependent on
the temperature and the spatial scale a at which the system is considered.
Density-phase fluctuations with wavelengths shorter than a (and, as we
will see later, vortex pairs separated by less than a) are absorbed into the
definition of ρs. This remark plays a central role in the treatment of the
transition by the renormalization group approach.

Off-centered vortex. The above analysis assumes that the vortex is cen-
tered on the sample, which means that the calculations can be carried out
analytically. In the case of an off-centered vortex, an exact treatment is
more delicate, but the result is only slightly altered since the energy de-
pends on the radius only via a logarithm.

1-3 Is the observation of an isolated vortex likely?

As mentioned above, a vortex can appear in the sample by being nucleated
on the walls, then drifting towards the central region. The state of a gas
with a vortex is determined by knowledge of the vortex position. Since the
core of the vortex has an extent πξ2, we can consider that we have

W ≈ πR2

πξ2
(IV.9)

independent states for an individual vortex in the disk of radius R.

The probability of a given state occurring is given by Boltzmann’s law

p ≈ e−Ekin/kBT , (IV.10)

where we have neglected the contribution of the interaction energy ε0 in
front of the kinetic energy. Introducing the thermal wavelength λT and the
phase-space density Ds associated with the superfluid fraction

λT =
~
√

2π√
mkBT

, Ds = ρsλ
2
T , (IV.11)

this probability is written using (IV.8)

p ≈ exp

[
−Ds

2
ln

(
R

ξ

)]
=

(
ξ

R

)Ds/2
. (IV.12)

For a "macroscopic" sample such asR� ξ, this probability is small in front
of 1 as soon as Ds is significantly non-zero.

Now let us look at the probability of a vortex being present in the sam-
ple, regardless of its position (figure IV.5). Since there areW possible states,
this probability is ≈Wp, at least as long as Wp� 1:

Wp =
R2

ξ2
p ≈

(
ξ

R

)−2+Ds/2
. (IV.13)

There are two possible scenarios, depending on the value of the expo-
nent −2 +Ds/2:
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Figure IV.5. A vortex of radius ≈ ξ in a disk of radius R.

• If this exponent is positive, i.e. if the superfluid density Ds verifies

Ds > 4, (IV.14)

the probability Wp tends towards 0 at the thermodynamic limit. For
large enough samples, an isolated vortex is extremely unlikely.

• On the contrary, if Ds < 4, the quantity Wp diverges at the thermo-
dynamic limit. This quantity can then no longer be interpreted as a
probability, but the message is clear: it is very likely that the gas will
contain a large number of vortices (of random charge). As we will
see later (§ 1-4), this proliferation of individual vortices is enough to
eliminate superfluidity. For the sake of consistency, let us take Ds = 0.

The conclusion of this preliminary study is that superfluidity can only
exist in this two-dimensional system if the superfluid density is greater
than 4, in which case no isolated vortex is present in the system at thermo-
dynamic equilibrium. Remarkably, this conclusion reached from elemen-
tary considerations and with a very crude modeling of the gas (a single
vortex!) is quantitatively accurate: as we will see in § 4, the critical point
of the BKT transition, corresponding to the normal-superfluid transition,
corresponds exactly to the point where the superfluid density is such that
Ds = 4.

Equally remarkable is the fact that this conclusion does not depend on

the strength of the interactions characterized by the parameter g̃. This pa-
rameter plays a part in the size of the vortex core, but not in the long-
distance velocity field that is the essential element of the previous reason-
ing. It is therefore a universal result.

"Free energy" approach. A very similar approach, leading to an identical
conclusion, is to evaluate the free energy of the one-vortex configuration
(Kosterlitz & Thouless 1973),

F = E − TS, (IV.15)

where E is the energy of a vortex, essentially the kinetic energy (IV.8), and
S the entropy associated with this configuration, i.e.

S = kB ln(W ) (IV.16)

where W is the number of possible independent states given in (IV.9). We
then find:

F =

(
π~2ρs
m

− 2kBT

)
ln(R/ξ) (IV.17)

or
F

kBT
=

1

2
(Ds − 4) ln(R/ξ). (IV.18)

This brings us back to the result of the previous discussion. If Ds > 4, the
free energy is positive and very large compared to kBT at the thermody-
namic limit: it is extremely unlikely that a free vortex will appear in the
sample. On the other hand, if Ds < 4, the free energy is large in absolute
value, but negative, indicating that this process – and the appearance of
other vortices – is very likely.

1-4 Isolated vortices and non-superfluidity

To understand why the possibility of having an isolated vortex within a
2D gas inhibits superfluidity, the simplest way is to consider a ring-shaped
geometry, such as that shown in figure IV.6. If large enough, this ring is a
two-dimensional gas with periodic boundary conditions in one direction
and Dirichlet boundary conditions in the other.
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2R

2⇠

Figure IV.6. Left: when a two-dimensional fluid ring is traversed by an isolated
vortex, the (quantized) current in the ring is modified. There can be no permanent
current - a necessary condition for superfluidity - as soon as isolated vortices have
a significant probability of being present in the fluid. Right: the crossing of a
linked pair of two vortices of opposite charge, on the other hand, has no effect on
the permanent current.

Superfluidity manifests itself as the possibility of a metastable perma-
nent current in this ring, i.e. a phase winding 2πN , where N is an integer.
Let us now assume that the temperature is high enough for an isolated vor-
tex, initially present on the inner or outer edge of the ring, to migrate into
the high-density zone. We saw above that this can happen if Ds < 4. It
may well happen that this vortex crosses the ring and exits at the opposite
edge. When this happens, the phase winding is modified:

Crossing an isolated vortex: N → N ± 1. (IV.19)

If isolated vortices have an appreciable probability of crossing the ring, the
current intensity will perform Brownian motion and its mean value will
relax towards 0: the current is therefore not metastable and the superfluid
density is zero.

Note that the above argument does not apply to pairs formed by two
vortices of opposite sign, with a (microscopic) distance between the mem-
bers of the pair small compared to the (macroscopic) size of the ring. In this
case, no change in phase winding accompanies the crossing of the pair:

traversée d’une paire de vortex: N → N, (IV.20)

and the presence of these pairs with non-zero density does not inhibit su-
perfluidity. It can, however, reduce phase rigidity, and hence the super-
fluid fraction, as we will see a little later.

2 A "vortex – antivortex" pair

The argument of the previous section immediately extends to any "unbal-
anced" vortex configuration, i.e. with more positive than negative charges,
or vice versa. The resulting velocity field will vary over long distances as

Qtot
~
mr

where Qtot =
∑

j

Qj , (IV.21)

which will lead to a logarithmic divergence of the kinetic energy with sam-
ple size, with a multiplicative factor Q2

tot.

On the other hand, balanced configurations with Qtot = 0 do not ex-
hibit this pathology. Each of these balanced configurations therefore has
a non-infinitesimal probability of appearing if the gas temperature is not
strictly zero. We will take a look here at the simple case of a pair of vor-
tices, one positively charged, the other negatively charged, which we will
call a "vortex – antivortex" pair; this name is justified insofar as the two
members of the pair can annihilate each other (figure IV.3), as would an
electron and a positron. The next section will focus on the general case,
where we take a statistical average over all configurations.

2-1 Velocity field and energy of a vortex pair

Let us consider a pair of vortices with opposite charges, separated by a
distance `, these two vortices being located, for example, at x = ±`/2, y = 0
(figure IV.7). We will assume that the global velocity field is the sum of the
velocity fields created by each of the two vortices, this point being justified
in the rest of this chapter [see equation (IV.46)] :

v± = ± ~
mr2
±

(
−y

x± `/2

)
with r± =

[
(x± `/2)2 + y2

]1/2
. (IV.22)
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−1 −0.5 0 0.5 1

0

Figure IV.7. The velocity field created by a pair of oppositely-charged vortices.
This velocity field decreases as 1/r2 at infinity and the associated kinetic energy is
therefore bounded as the sample size tends towards infinity, in contrast to the case
of an isolated vortex.

The calculation of the corresponding kinetic energy is presented by Noz-
ières & Pines (1990) and will be taken up in a general way a little further
on [cf. (IV.52)]. We therefore give the result without demonstration:

Ekin(`) ≈ 2π~2 ρs
m

ln

(
`

ξ

)
. (IV.23)

This result has a structure apparently similar to that obtained for an iso-
lated vortex, but it no longer diverges with the sample size R. This size
is replaced here by the distance ` between the two vortices, as the con-
tributions of the two velocity fields to the kinetic energy compensate for
distances to the origin that are larger than ` (this velocity field decreases as
1/r2 at infinity).

To this kinetic energy must be added the increase in interaction energy
linked to the creation of two ξ-sized holes in the fluid, i.e. 2ε0, where the
energy ε0 was evaluated in (IV.8). For a separation ` between the two vor-
tices of a few ξ, kinetic energy and interaction energy are comparable. The
Boltzmann weight associated with the appearance of a pair of vortices is
therefore:

P(`) = exp

{
−2ε0 + Ekin(`)

kBT

}
(IV.24)

or

P(`) ≈ y2
0 e−Ds ln(`/ξ) = y2

0

(
ξ

`

)Ds
, (IV.25)

where we introduce the factor coming from the interaction energy of each
vortex, called vortex fugacity:

y0 ≡ exp

(
− ε0
kBT

)
. (IV.26)

When modeling the density by a staircase function, the result (IV.7) leads
to y0 ≈ exp(−Ds/4).

The result (IV.25) is non-negligible in front of 1, at least for close pairs
(` . a few ξ) and for a weakly or moderately degenerate gas (superfluid
phase-space density Ds not very large in front of 1).

2-2 Average size of a vortex pair

Using the Boltzmann weight P(`) for the distance between the two vor-
tices in the pair, we can now evaluate several features of the pair statistical
distribution. In this paragraph, we focus on the mean size of the pair, i.e.
the mean 〈(ri − rj)2〉 of the square of the distance `.

Starting from

〈`2〉 =

∫ +∞
ξ

`2P(`) 2π` d`
∫ +∞
ξ
P(`) 2π` d`

(IV.27)

we find (Kosterlitz & Thouless 1973)

〈`2〉 = ξ2 Ds − 2

Ds − 4
. (IV.28)

This quantity plotted on figure IV.8 is only defined for Ds > 4: we saw
in the previous section that this is the condition that must be met if a free
vortex is not to appear at thermodynamic equilibrium. In other words, it is
on this condition that pairs do not dissociate and remain effectively bound,
with a finite value of their size.
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Figure IV.8. Variation of the average size of a vortex pair as a function of the
phase-space density associated with the superfluid fraction [cf. eq. (IV.28)].

For a phase-space density Ds significantly greater than 4, the mean size
is of order ξ, corresponding to a kinetic energy of the order of the interac-
tion energy 2ε0. As Ds decreases and approaches 4, the pairs are less and
less bound, the size increases and finally diverges at Ds = 4.

2-3 Density of pairs

We can also use the Boltzmann weight P(`) given in (IV.25) to evaluate
the average distance between two pairs in the two-dimensional gas. Let
us start with a sample of area πR2 and define the position of each vortex
to within πξ2, as we did for a single vortex in § 1. The probability of the
sample containing a vortex pair is

p(R) =

∫∫
P (|ra − rb|)

d2ra
πξ2

d2rb
πξ2

=
πR2

(πξ2)2

∫ R

ξ

P(`) 2π` d`

≈ 2

Ds − 2

R2

ξ2
y2

0 . (IV.29)

To estimate the average distance d between pairs, we take d = R, where
R is the radius for which the probability of presence p(R) calculated above

becomes of order 1. This gives

2

Ds − 2

d2

ξ2
y2

0 ∼ 1 −→ d ≈ ξ eε0/kBT
√
Ds. (IV.30)

For Ds � 1, the pairs – which we have seen have an elongation ∼ ξ –
are distant from each other by the amount d � ξ; they therefore form a
very dilute gaz. On the other hand, as Ds approaches the value 4 at which
the pairs dissociate, the distance d becomes of the order of the average
size of a pair. This means that the pairs overlap, rendering our treatment
incomplete. The aim of the next section is to present the main tools for
studying the neighborhood of the critical point in greater detail.

3 Energy of a vortex assembly

3-1 Longitudinal and transverse velocity fields

In the previous chapter, we started with a wave function ψ(r) =√
ρ(r) eiθ(r) to which we associated the superfluid velocity field ~

m∇θ. We
also assumed that the phase could be developed as a Fourier series,

θ(r) =
∑

q

cq eiq·r → v‖s(r) = i
~
m

∑

q

q cq eiq·r. (IV.31)

These relations can also be written as

θ(r) =
1

2π

∫
θ̂(q) eiq·r d2q, v‖s (r) = i

~
m

∫
q θ̂(q) eiq·r d2q (IV.32)

if we treat q as a continuous variable.

The word ‖ added to vs comes from the fact that the velocity field de-
fined in this way is longitudinal, i.e. parallel to q at any point in Fourier
space:

v̂‖s(q) = i
~
m
q θ̂(q). (IV.33)

It is clear that vortices, with their ±2π phase winding around a point,
escape the previous description: a function θ(r) developable in Fourier
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series as (IV.31) verifies
∮
∇θ dr = 0 for any closed contour and therefore

cannot exhibit a non-zero phase winding.

To describe both smooth phase fluctuations and vortices, we need to
remember that an arbitrary velocity field vs(r) is not necessarily longitu-
dinal. In the general case, it can be written as the sum of a longitudinal and
a transverse field:

vs(r) = v‖s(r) + v⊥s (r) v̂s(q) = v̂‖s(q) + v̂⊥s (q), (IV.34)

with
q × v̂‖s(q) = 0 q · v̂⊥s (q) = 0, (IV.35)

or by returning to the position space:

∇× v‖s(r) = 0 ∇ · v⊥s (r) = 0. (IV.36)

The phonons we studied in the previous chapter are fully described by
the longitudinal part of the velocity field. Vortices, on the other hand, are
taken into account via the transverse component of the velocity field. For
example, for an isolated vortex centered at 0, the velocity field (IV.2) is
written in Fourier space

v̂‖s(q) = 0 v̂⊥s (q) = i
~
mq2

q × uz. (IV.37)

To simplify the analysis in the general case, we will approximate a com-
plete decoupling of the two velocity fields. This means, for example, ne-
glecting the influence of density holes created by vortices on phonon prop-
agation. In the following paragraph, starting from a set of given positions
{rj} and charges {Qj} of the vortices, we will determine the associated
velocity field v⊥s (r) assuming no phonon excitation of the system.

3-2 Velocity field of a vortex assembly

Let us start from a situation where we are given the positions {rj} and
charges {Qj} of the vortices and look for the velocity field that minimizes
the kinetic energy functional

Ekin =
~2ρs
2m

∫
[∇θ(r)]

2
d2r. (IV.38)

A standard functional derivation method indicates that the minimizing
functions θ(r) must satisfy Laplace’s equation

∇2θ = 0 (IV.39)

at any point where the phase is well defined, i.e. outside the rj . The asso-
ciated velocity field vs = ~

m∇θ verifies

∇ · vs =
~
m
∇2θ = 0 → q · v̂s(q) = 0. (IV.40)

This is a purely transverse velocity field, as previously announced. From
now on, we will denote it v⊥s .

To solve the Laplace equation, note that in two dimensions, the result
(IV.40) indicates that there exists a scalar function Φ̂(q) such that

v̂⊥s (q) = i q ×
[
uz Φ̂(q)

]
(IV.41)

which is written in real space:

v⊥s (r) = ∇× [uz Φ(r)] = [∇Φ(r)]× uz

=

(
+∂yΦ
−∂xΦ

)
. (IV.42)

We now need to take into account the constraints specific to a super-
fluid velocity field, for which the velocity circulation on a closed circuit is
quantified in multiples of 2π~/m, with a value that depends on the vor-
tex charge inside the contour. Let us use Stokes’ formula to express this
constraint in terms of Φ:

∮
v⊥s (r) · dr =

∮
∇× [uz Φ(r)] · dr

=

∫∫
uz ·∇× {× [uz Φ(r)]} d2r

= −
∫∫
∇2Φ d2r. (IV.43)

It is then immediate to obtain the desired quantization by taking

∇2Φ(r) =
2π~
m

∑

j

Qj δ(r − rj). (IV.44)
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In the previous chapter, we encountered the equation ∇2Φ ∝ δ(r) and
indicated that its solution is written:

Φ(r) = − ~
m

∑

j

Qj ln |r − rj | , (IV.45)

up to the addition of a function of zero Laplacian. The velocity field is then
obtained by taking the gradient of the Φ function [cf. (IV.42)]:

v⊥s (r) =
~
m

∑

j

Qj
|r − rj |2



−y + yj

x− xj


 . (IV.46)

We simply find the sum of the individual velocity fields of each of the vor-
tices, which justifies the calculation made in § 2 for a pair of vortices.

In the following, it will be useful to have an expression for Φ and v⊥s in
terms of the vortex density

ρv(r) =
∑

j

Qj δ(r − rj). (IV.47)

The expressions (IV.42) and (IV.45) can be rewritten as follows

Φ(r) = − ~
m

∫
ln |r − r′| ρv(r′) d2r′ (IV.48)

and

v⊥s (r) =
~
m
uz ×∇

[∫
ln |r − r′| ρv(r′)d2r′

]
. (IV.49)

3-3 Energy of the vortices

Before turning to the thermodynamics of the gas, we need to evaluate the
kinetic energy associated with the vortex velocity field. Expressing the
velocity in terms of the function Φ [cf. (IV.42)], we obtain:

Ekin =
1

2
mρs

∫
(v⊥s )2(r) d2r

=
1

2
mρs

∫ [
(∂xΦ)2 + (∂yΦ)2

]
d2r

= −1

2
mρs

∫
Φ(r) ∇2Φ(r) d2r (IV.50)

Magnetostatic Vortex

current Ij topological charges Qj

magnetic fieldB(r) velocity field vs(r)

vector potentialA(r) function Φ(r)uz

B = ∇×A vs = ∇× [Φuz]

magnetostatic energy
1

2µ0

∫
B2(r) d2r kinetic energy

~2ρs
2m

∫
v2
s(r) d2r

Table IV.1. Analogy between the magnetic field created by a lattice of wires paral-
lel to the z axis and the velocity field created by an assembly of vortices.

where the integration by part of the last line is only possible if Φ tends to
0 at infinity, which imposes that the total topological charge of the vortices
cancels out:

Qtot =
∑

j

Qj = 0. (IV.51)

We had already noted in § 1 that this cancellation was a necessary condition
for having a superfluid, so this restriction is not a problem.

Using now that ∇2Φ is a sum of Dirac distributions [cf. (IV.44)], the
previous result simplifies to

E ≈ Nvε0 −
2π ~2 ρs
m

∑

i<j

QiQj ln

( |ri − rj |
ξ

)
. (IV.52)

The divergence in ln(R) that was present in the energy (IV.8) of an isolated
vortex has disappeared due to the assumption (IV.51) of zero total topolog-
ical charge. The velocity field decreases at least as fast as 1/r2 at infinity,
so there is no problem of convergence of the integral defining the kinetic
energy.
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Magnetostatic analogy. The above results are formally identical to the
well-known results for the magnetic field created by wires carrying con-
stant currents Ij . More precisely, the situation envisaged here can be iden-
tified with the case of straight wires, all parallel to the z axis and crossing
the xy plane at points rj . The table IV.1 details the various elements of this
identification.

4 Superfluid density in a 2D fluid

Superfluidity is a phenomenon characterized by (at least) two distinct
properties:

• A superfluid state has a certain phase rigidity. For example, if the su-
perfluid is contained in a bucket that is set in rotation at angular speed
Ω, the superfluid will remain at rest in the laboratory reference frame
– assumed to be Galilean – at least for low rotation speeds. A normal
fluid, on the other hand, rotates for any choice of Ω and acquires the
velocity field Ω× r corresponding to rigid rotation.

• A current in a superfluid can be metastable. If the superfluid is set
in motion inside a bucket that is immobile in the laboratory refer-
ence frame, this motion may last for a very long time. The criterion
for metastability is that the relative motion of the superfluid and the
roughnesses present on the container walls must have a velocity be-
low a certain critical speed.

In what follows, we will focus on the first criterion, and attempt to cal-
culate the phase rigidity of the two-dimensional superfluid when the con-
tribution of vortices is taken into account.

4-1 Phase rigidity and twisted boundary conditions

The superfluid fraction of a quantum gas can be defined from the cost in
free-energy of a slight distortion of the boundary conditions. Let us re-
call the physical origin of this definition: as mentioned above, the super-
fluid component corresponds to the fraction of the gas that refuses to move

when the container containing the fluid is rotated at speed Ω. Seen from the
rotating frame of reference, the normal fluid is at rest, while the superfluid
rotates at speed −Ω. In this frame of reference, the superfluid therefore
possesses additional kinetic energy compared with the Ω = 0 case.

The transition to the non-galilean rotating frame of reference can be
made by replacing the usual periodic boundary conditions with twisted
ones. In the change x→ x+L, the phase of the admissible wave functions
is increased by a quantity Θ, where Θ depends linearly on Ω. The quantity
F (Θ)−F (0) thus corresponds to the kinetic energy of the superfluid in the
rotating frame of reference, given that this superfluid has in fact remained
at rest in the laboratory frame of reference. For a completely normal fluid,
the entire gas is at rest in the rotating frame of reference, so there is no cost
associated with twisting the boundary conditions: ρs = 0.

More precisely, we start with a fluid described by the classical field
ψ(r), for which we assume that the free energy F (0) is known for periodic
boundary conditions:

ψ(x+ L, y) = ψ(x, y + L) = ψ(x, y). (IV.53)

We now require the accessible states of the fluid to satisfy

ψ(x+ L, y) = eiΘ ψ(x, y), ψ(x, y + L) = ψ(x, y), Θ� 1, (IV.54)

which corresponds to a distortion of the boundary conditions along the x
axis. By symmetry, the free energy is an even function of Θ and we assume
that it can be developed as a series in powers of Θ in the vicinity of Θ = 0.
The superfluid density ρs is defined by

F (Θ) = F (0) +
~2Θ2

2m
ρs +O(Θ4), i.e., ρs =

m

~2

∂2F

∂Θ2

∣∣∣∣
Θ=0

. (IV.55)

For our 2D gas described by ψ(r) =
√
ρ
s

eiθ(r) in the presence of twisted
boundary conditions, the velocity field can be decomposed into three parts:

v = v‖s + v⊥s + vΘ. (IV.56)

The longitudinal and transverse components have already been explained.
The component vΘ reflects the fact that the phase of the wave function is
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"twisted" by Θ over a distance L; we will assume here a linear variation:

θtwisted(x) = Θ
x

L
→ vΘ =

~Θ

mL
ux. (IV.57)

We will now evaluate the kinetic energy associated with this velocity field
at the lowest non-zero order in Θ, to deduce the desired value of ρs. Our
approach is similar to that described by Minnhagen & Warren (1981) [see
also Chaikin & Lubensky (2000) ].

4-2 Superfluid density and velocity correlations

Let us start with a gas of superfluid density ρ(0)
s ; at zero temperature, ρ(0)

s

is equal to the total density ρ; at non-zero temperature, on the other hand,
ρ

(0)
s < ρ. More precisely, the definition of superfluid density requires a

minimum distance scale a. All density and phase fluctuations - including
vortex pairs - whose length scale is less than a are assumed to be implicitly
taken into account by the reduction ρ → ρ

(0)
s . The principle of the renor-

malization group analysis discussed in the next paragraph is to study the
behavior of ρ(0)

s as we increase the distance scale a to absorb more and
more fluctuations.

In the presence of long-wavelength phonons and vortices, and with
twisted boundary conditions, the kinetic energy is written:

Ekin[Θ,vs] =
mρ

(0)
s

2

∫
(vΘ + vs)

2
d2r (IV.58)

=
mL2ρ

(0)
s

2
v2

Θ +
mρ

(0)
s

2

∫
v2
s d2r +mρ(0)

s vΘ ·
∫
vs d2r.

The Boltzmann weight e−Ekin/kBT entering the partition function and
thermodynamic averages at equilibrium can then be written

exp

(
−Ekin[Θ,vs]

kBT

)
= exp

(
−mL

2ρ
(0)
s

2kBT
v2

Θ

)
× exp

(
−Ec[0,vs]

kBT

)

× exp

(
−mρ

(0)
s

kBT
vΘ ·

∫
vs d2r

)
(IV.59)

We will now inject this result into the partition function

Z(Θ) =
∑

{vs}
exp

(
−E[Θ,vs]

kBT

)
. (IV.60)

This sum is to be understood as a functional integral. The energy in this
expression is a priori the total energy, but the essential contribution comes
from the kinetic energy to which we will add in due course the core energy
ε0 of each vortex, which will contribute via the fugacity of a vortex y0 =
e−ε0/kBT .

Once the partition function is known, we can deduce the free energy
F (Θ) = −kBT ln[Z(Θ)] and the superfluid density via:

ρs =
m

~2

∂2F

∂Θ2

∣∣∣∣
Θ=0

=
1

mL2

∂2F

∂v2
Θ

∣∣∣∣
vΘ=0

. (IV.61)

Note that in the sum (IV.60) defining the partition function, the first term
of the right-hand member of (IV.59) can be put as a global factor since it
does not depend on the velocity field vs.

To evaluate Z(Θ), let us use the fact that we are interested in arbitrarily
small values of Θ. We can then use the expansion:

exp

(
−mρ

(0)
s

kBT
vΘ ·

∫
vs d2r

)
≈ 1− mρ

(0)
s

kBT
vΘ

∫
vs,x d2r (IV.62)

+
1

2

(
mρ

(0)
s

kBT

)2

v2
Θ

∫∫
vs,x(r) vs,x(r′) d2r d2r′

where we have taken the vector vΘ parallel to the x direction, as explained
in (IV.57).

From this result, when we multiply by the weight
exp(−Ekin[0,vs]/kBT ) given in (IV.59) and integrate over vs, we see
that the contribution of the linear term in vΘ has by symmetry a zero mean
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and we are left with

Z(Θ) ≈ exp

(
−mL

2ρ
(0)
s

2kBT
v2

Θ

)
×Z(0) (IV.63)

×


1 +

1

2

(
mρ

(0)
s

kBT

)2

v2
Θ

∫∫
〈vs,x(r) vs,x(r′)〉 d2r d2r′


 .(IV.64)

This gives us the free energy F (Θ) = −kBT ln[Z(Θ)].

F (Θ) ≈ 1

2
mL2ρ(0)

s v2
Θ + F (0)

− 1

2

(mρ
(0)
s )2

kBT
v2

Θ

∫∫
〈vs,x(r) vs,x(r′)〉 d2r d2r′. (IV.65)

We have therefore linked the free energy F (Θ) at second-order included in
Θ to the correlation function of the velocity field, calculated in the absence
of phase twist. We saw earlier that this velocity field has two components,
one longitudinal linked to the phase gradient θ(r) and phonons, the other
transverse linked to vortices. The longitudinal component does not con-
tribute to the above integral, since

∫
v‖(r) d2r = 0 if we impose periodic

boundary conditions (without material flow) on the walls of the box. In
this case, we can make the substitution

〈vs,x(r) vs,x(r′)〉 −→ 〈v⊥s,x(r) v⊥s,x(r′)〉. (IV.66)

All that remains is to take the second derivative with respect to vΘ to
obtain the "renormalized" superfluid density ρs:

ρs = ρ(0)
s −

m(ρ
(0)
s )2

kBT

1

L2

∫∫
〈v⊥s,x(r) v⊥s,x(r′)〉 d2r d2r′. (IV.67)

This important result shows that the velocity field due to vortices is capa-
ble of reducing or even completely eliminating superfluid density. On the
other hand, the presence of long-wavelength phonons, responsible for the
field v‖, does not change the initial superfluid density; this is the result we
stated in the previous chapter and which finds its justification here.

4-3 Superfluid density and vortex positions

To go one step further and set up the appropriate equations for the renor-
malization procedure, it is useful to express the superfluid density ρs in
terms of the vortex positions rather than the velocity field they create. To
do this, let us introduce a convergence factor eiqy(y′−y) into the integral
appearing in (IV.67), considering the limit qy → 0:
∫∫
〈v⊥s,x(r) v⊥s,x(r′)〉d2r d2r′ = lim

qy→0

∫∫
〈v⊥s,x(r) v⊥s,x(r′)〉 eiqy(y′−y)d2r d2r′

= (2π)2 lim
qy→0
〈v̂⊥s,x(q) v̂⊥s,x(−q)〉 (IV.68)

where we set q = (0, qy) and introduce the Fourier transform of the trans-
verse superfluid velocity field

v̂⊥s (q) =
1

2π

∫
v⊥s (r) e−iq·r d2r. (IV.69)

We gave in (IV.37) the Fourier transform v̂⊥s (q) of the velocity field cre-
ated by a vortex of charge Qj = 1 localized at rj = 0. From this we deduce
the velocity field created by the vortex assembly:

v̂⊥s (q) = i
~
mq2

q × uz
∑

j

Qj e−iq·rj , (IV.70)

or for the component v̂⊥s,x which is of interest for evaluating (IV.68) and the
choice q = (0, qy):

v̂⊥s,x(q) = i
~
mqy

∑

j

Qje
−iqy yj . (IV.71)

We therefore arrive at

lim
qy→0
〈v̂⊥s,x(−q) v̂⊥s,x(−q)〉 =

~2

m2
lim
qy→0


 1

q2
y

∑

i,j

QiQje
iqy (yi−yj)


 . (IV.72)

To evaluate the limit qy → 0 of the bracketed expression, let us expand the
exponential eiqy(yi−yj) to order two in qy :

eiqy(yi−yj) ≈ 1 + iqy(yi − yj) −
1

2
q2
y(yi − yj)2 + . . . (IV.73)
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The contribution of the first two terms is zero as we restrict ourselves to
vortex assemblies of zero total topological charge,

∑
iQi = 0. The qy → 0

limit of the third term gives

lim
qy→0
〈v̂⊥s,x(−q) v̂⊥s,x(−q)〉 = − ~2

2m2

∑

i,j

QiQj (yi − yj)2

= − ~2

4m2

∑

i,j

QiQj (ri − rj)2. (IV.74)

This result can be expressed in terms of the vortex density ρv(r) =∑
j Qj δ(r − rj).

∑

i,j

QiQj (ri − rj)2 =

∫∫
(r − r′)2 〈ρv(r) ρv(r

′)〉 d2r d2r′

= L2

∫
r2 〈ρv(r) ρv(0)〉 d2r (IV.75)

so that from (IV.67)

ρs = ρ(0)
s +

π2~2

mkBT
(ρ(0)
s )2

∫
r2 〈ρv(r) ρv(0)〉 d2r. (IV.76)

Finally, this expression can be written in a compact way using the phase-
space density associated with the superfluid fraction Ds = ρsλ

2
T :

Ds = D(0)
s +

π

2
(D(0)

s )2

∫
r2 〈ρv(r) ρv(0)〉 d2r. (IV.77)

To evaluate the density-density correlation function for vortices, let us
restrict ourselves to the first non-zero term, which corresponds to a vortex-
antivortex pair, with either the + vortex in 0 and the − vortex in r, or vice
versa. This amounts to evaluating the first term in a expansion in powers
of the vortex fugacity y0. Using the Boltzmann weight found in (IV.25) for
such a pair, and restricting ourselves to pairs with separation greater than
a, we have

∫
r2 〈ρv(r) ρv(0)〉 d2r ≈ −2 y2

0

a4

∫ +∞

a

r2
(a
r

)D(0)
s

2πr dr, (IV.78)

which leads to, passing2 of the function Ds to 1/Ds:

1

Ds
=

1

D(0)
s

+ 2π2y2
0

∫ +∞

a

(a
r

)D(0)
s −3 dr

a
. (IV.81)

Note that in this expression, the fugacity y0 of a vortex is itself a function of
the cutoff length a, since the vortex core energy contributing to y0 depends
on the boundary imposed on this core region.

4-4 The principle of renormalization

Renormalization for the BKT problem involves gradually increasing the
distance scale a to absorb more and more aspects of short-distance physics,
in particular bound vortex-antivortex pairs, into the superfluid density
ρ

(0)
s . The question is whether, at the end of this process, ρ(0)

s will have
converged to a zero or non-zero value. The action of the renormalization
group can be seen as a succession of two steps [Kardar (2007), Chapters 4
and 8]:

• Starting from the coarse-grained average performed on the distance
scale a, we slightly increase this scale a → ã = a(1 + ε). The integral
(IV.81) is rewritten:

∫ +∞

a

. . . =

∫ a(1+ε)

a

. . . +

∫ +∞

a(1+ε)

. . . (IV.82)

and the component between a and a(1 + ε) is incorporated into 1/D(0)
s

2The relation Ds = D(0)
s + α(D(0)

s )2 with αD(0)
s � 1 can indeed be written:

1

Ds
=

1

D(0)
s + α(D(0)

s )2
=

1

D(0)
s

1

1 + αD(0)
s

≈
1

D(0)
s

(
1− αD(0)

s

)
=

1

D(0)
s

− α. (IV.79)

Moreover, this relationship is written in several textbooks in terms of the quantity K =
~2ρs/mkBT = Ds/2π, which gives:

1

K
=

1

K0
+ 4π3y20

∫ +∞

a

(a
r

)2πK0−3 dr

a
. (IV.80)
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which becomes 1/D̃(0)
s :

1

D̃(0)
s

=
1

D(0)
s

+ 2π2y2
0

∫ a(1+ε)

a

(a
r

)D(0)
s −3 dr

a
. (IV.83)

The equation (IV.81) is then written as

1

Ds
=

1

D̃(0)
s

+ 2π2y2
0

∫ +∞

a(1+ε)

(a
r

)D(0)
s −3 dr

a
. (IV.84)

• We then perform a scaling transformation on (IV.84) to bring a(1 + ε)
back to a, which in particular modifies y0: y0 → ỹ0:

1

Ds
=

1

D̃(0)
s

+ 2π2ỹ2
0

∫ +∞

a

(a
r

)D̃(0)
s −3 dr

a
(IV.85)

with
ỹ0 = y0 (1 + ε)(4−D(0)

s )/2. (IV.86)

Note that we replaced D(0)
s by D̃(0)

s in the exponent of the integrand of
(IV.85), thus ensuring the invariance of the equation after the action of the
renormalization group. This point can be justified by looking at the next-
order terms (order 4) in the power development of y0 (Chaikin & Lubensky
2000).

The limit ε → 0 in the two equations (IV.83) and (IV.86) then leads to
the differential system for the pair of functions

[
D(0)
s , y0

]

d[D(0)
s ]−1

dε
= 2π2y2

0 (IV.87)

dy0

dε
=

1

2

(
4−D(0)

s

)
y0 (IV.88)

We will not go into the details of how to solve this system which, since
the initial articles by Kosterlitz (1974), Nelson (1977) and Jose (1977), has
become a classic in the field of statistical field theory. Let us just mention
here the main results, illustrated in figure IV.9:

• If we start with a superfluid density D(0)
s < 4, then we always end up

with a zero superfluid density.

2R

2⇠

1/D(0)
s

1/4

Ds ! 0

D(0)
s in

Figure IV.9. Trajectories in the plane
[
D(0)
s , y0

]
obtained by the action of the

renormalization procedure. Figure adapted from Kardar (2007).

• If we start with a superfluid density D(0)
s > 4 and a fairly low fugacity

y0 (i.e., creating a vortex costs a significant energy), then we end the
renormalization procedure still with D(0)

s > 4 and zero fugacity: the
vortices have been erased and the gas is superfluid.

• If we start from a superfluid densityD(0)
s > 4, but with a high fugacity

for vortices (i.e., creating a vortex costs almost nothing in energy com-
pared to kBT ), we end up in a non-superfluid state. Note, however,
that the conclusion for this situation can be invalidated for systems of
finite size, as the limit of the renormalization procedure is not neces-
sarily reached.

The BKT transition that occurs when Ds decreases to reach the critical
value

Ds, crit. = 4 (IV.89)

is very different from ordinary first- or second-order phase transitions:

• First of all, all thermodynamic functions are continuous and derivable
at the transition point: we did not find the BKT transition by looking
for singularities of the free energy and its derivatives with respect to
the usual thermodynamic variables (chemical potential and temper-
ature). There are therefore no critical exponents associated with the
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transition. Superfluid density, on the other hand, is discontinuous,
jumping from value 4 to value 0 at this point. This jump is often re-
ferred to as universal because its amplitude ∆Ds = 4 is independent
of the strength g̃ of the interactions. We anticipated this result when
we analyzed the probability of a free vortex appearing in the sample.

• This jump in superfluid density is accompanied by a change in the be-
havior of the one-body function G1(r). For T < Tc, in the superfluid
zone, G1(r) decreases algebraically; this is the long-range quasi-order
we studied in the previous chapter. For T > Tc, in the normal zone,
G1 decreases exponentially with distance. This is because isolated vor-
tices proliferate in the gas, and there can be no significant phase coher-
ence between two points if the probability of having a vortex between
these two points is itself significant.

• We can show that this infinite-order transition is characterized by an
extremely strong divergence of the correlation length as we approach
the T > Tc side. The function G1(r) decays exponentially in this non-
superfluid zone,G1(r) ∝ e−r/`, but the decay length increases rapidly:

` ∼ λT exp

( √
ζ TBKT√
T − TBKT

)
(IV.90)

where ζ is a constant. The size of the critical region is thus increased
compared to a conventional transition, making finite-size effects play
a more important role.

4-5 First experimental studies: helium films

Five years after BKT’s theoretical papers, Bishop & Reppy (1978) provided
excellent experimental confirmation of the existence of a superfluid tran-
sition in liquid helium films. These experiments, described in detail in
Bishop, Krumhansl, et al. (1980), then Agnolet, McQueeney, et al. (1989),
are carried out by depositing a very thin layer of helium atoms (between
1 and 10 atomic layers) on a sheet of Mylar. This foil, with a thickness of
6µm, is rolled up on itself and has a total surface area of 0.4 m2 in the 1978
experiments [2 m2 for Agnolet, McQueeney, et al. (1989)].

Figure IV.10. Top: experimental diagram used by Bishop & Reppy (1978). A
sheet of Mylar with surface area ∼ 0.4 m2 is covered with a film of liquid helium.
The film is only a few atomic layers thick. The Mylar sheet is mounted on a
torsion pendulum to measure the moment of inertia of the Mylar+helium film
assembly. Bottom: Example of results for the period of the torsion pendulum as
a function of system temperature. The superfluid transition manifests itself as a
sudden reduction in the moment of inertia. Figures taken from Bishop & Reppy
(1978) and Bishop, Krumhansl, et al. (1980).
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The possible superfluidity of the helium film is tested by moving the
Mylar sheet and measuring whether the helium film adsorbed on this sur-
face also moves. If it does, the fluid is normal. If, on the other hand, a
fraction of the fluid remains at rest, we are dealing with a superfluid. For
precise measurement, the Mylar sheet is attached to a torsion pendulum
with a high quality factor, Q > 105 (Andronikashvili experiment). The fre-
quency of oscillation of the assembly is around 2.6 kHz and is measured
with excellent relative accuracy, of the order of 5 10−9. The oscillation pe-
riod, around 380µs, is thus obtained with an accuracy of 2 picoseconds!

An example of how this period varies with temperature, for a film of
given thickness, is shown in figure IV.10. It shows a constant period at
"high" temperature, T > 1.22 K, and then a jump in this period of around
6 ns, corresponding to a reduction in the moment of inertia of the system.
This can be interpreted as the fact that part of the helium film has become
superfluid, and the corresponding mass is therefore not oscillating. As the
film cools further, the reduction in period increases, indicating that a larger
and larger fraction of the film becomes superfluid.

Since the superfluid fraction is measured around the frequency of
2.6 kHz and not at zero frequency, in order to give a quantitative account
of this experiment it is necessary to extend the BKT theory to include the
dynamical aspect of vortex motion. This extension was made by Ambe-
gaokar, Halperin, et al. (1978) and the agreement with experimental mea-
surements is excellent (figure IV.11). In particular, it explains why we do
not observe in the strict sense a jump of the superfluid density correspond-
ing to ∆Ds = 4, but rather a rapid variation over a range of the order of
5 mK. Repetition of these measurements for different quantities of helium
deposited on the Mylar sheet is shown in figure IV.12. Each thickness corre-
sponds to a couple "critical temperature – ∆ρs jump", and Bishop & Reppy
(1978) were able to verify that the expected ∆ρs ∝ T law was indeed satis-
fied.

Helium crystals and roughening transition. Another example of a BKT
transition in cold helium is the roughening transition. This transition oc-
curs at the interface between the 4He superfluid and a helium crystal. Be-
low the critical temperature, a flat facet develops in the direction of growth;
above Tc, the surface is roughened. Experiments have confirmed many

Figure IV.11. Fitting experimental data with dynamical BKT theory by Ambe-
gaokar, Halperin, et al. (1978). The dashed curve represents the static BKT theory
studied in this chapter. The data in open symbols represents the excess dissipation
Q−1 due to the superfluid (not discussed in this lecture). Figure taken from Bishop
& Reppy (1978).

of the characteristics of the BKT transition, for example by measuring the
crystal growth rate as a function of temperature (Balibar & Castaing 1980;
Wolf, Balibar, et al. 1983; Wolf, Gallet, et al. 1985; Gallet, Balibar, et al. 1987).

Hydrogen films. Finally, let us mention the study of a two-dimensional
hydrogen gas adsorbed on the surface of a bath of liquid helium (Safonov,
Vasilyev, et al. 1998). Hydrogen atoms float above the bath at a distance of
around 8 micrometers. They do not form a stable gas: in a three-body colli-
sion, two atoms can recombine to form a H2 molecule, with the third body
carrying away the energy released. The rate of three-body processes varies
as 〈ρ3〉; in an ordinary gas, density fluctuations lead to 〈ρ3〉 ≈ 3! (〈ρ〉)3. For
a gas where density fluctuations are frozen (quasi-condensate), we expect
〈ρ3〉 ≈ (〈ρ〉)3, a reduction of 3! = 6. Safonov, Vasilyev, et al. (1998) actu-
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Figure IV.12. Measurement of the BKT transition for different amounts of helium
adsorbed on Mylar, showing the shift in transition temperature Tc and the jump in
superfluid density ρs. The law ∆ρs ∝ T predicted by BKT theory corresponds to
the solid straight lines. The phenomenological parameter χ called geometric hin-
drance represents the fraction of superfluid that is not free to move relative to the
Mylar due to imperfections in the foil winding; its experimental value, measured
independently, is 0.145. Figure taken from Agnolet, McQueeney, et al. (1989).

ally measured a reduction in the loss rate of about an order of magnitude
by cooling the gas to a temperature comparable to that predicted by BKT
theory.

86



Bibliography

Adhikari, Sadhan K. (1986), “Quantum scattering in two dimensions”, in
American Journal of Physics 54, pp. 362–367.

Agnolet, Glenn, DF McQueeney & JD Reppy (1989), “Kosterlitz-Thouless
transition in helium films”, in Physical Review B 39, p. 8934.

Ambegaokar, Vinay, B. I. Halperin, David R. Nelson & Eric D. Siggia (1978),
“Dissipation in Two-Dimensional Superfluids”, in Phys. Rev. Lett. 40 (12),
pp. 783–786.

Ashcroft, N. W. & N. D. Mermin (1976), Solid State Physics, New York: Holt,
Rinehardt and Winston.

Bagnato, V., D. E. Pritchard & D. Kleppner (1987), “Bose–Einstein conden-
sation in an external potential”, in Phys. Rev. A 35, p. 4354.

Bagnato, V. S. & D. Kleppner (1991), “Bose–Einstein condensation in low-
dimensional traps”, in Phys. Rev. A 44, pp. 7439–7441.

Balibar, S & B Castaing (1980), “Possible observation of the roughening
transition in helium”, in Journal de Physique Lettres 41, pp. 329–332.

Berezinskii, V. L. (1971), “Destruction of long-range order in one-
dimensional and two-dimensional system possessing a continous sym-
metry group - II. quantum systems”, in Soviet Physics JETP 34, p. 610.

Bishop, A.R., J.A. Krumhansl & S.E. Trullinger (1980), “Solitons in con-
densed matter: a paradigm”, in Physica D: Nonlinear Phenomena 1, pp. 1–
44.

Bishop, D. J. & J. D. Reppy (1978), “Study of the Superfluid Transition in
Two-Dimensional 4He Films”, in Phys. Rev. Lett. 40, pp. 1727–1730.

Bloch, I., J. Dalibard & W. Zwerger (2008), “Many-body physics with ultra-
cold gases”, in Rev. Mod. Phys 80, p. 885.

Bogoliubov, NN (1962), in Physik. Abhandl. Sowjetunion 6, pp. 1–113–229.

Bramwell, S. T. & P. C. W. Holdsworth (1994), “Magnetization: A charac-
teristic of the Kosterlitz–Thouless–Berezinskii transition”, in Phys. Rev. B
49, pp. 8811–8814.

Castin, Y (2001), “Bose-Einstein condensates in atomic gases: simple the-
oretical results”, in Coherent atomic matter waves (Les Houches Summer
School 1999), ed. by Kaiser R., Westbrook C. & David F., EDP Sciences
and Springer-Verlag.

Castin, Y. (2004), “Simple theoretical tools for low dimension Bose gases”,
in Journal de Physique IV, France 116, p. 87.

Castro Neto, A. H., F. Guinea, N. M. R. Peres, K. S. Novoselov & A. K. Geim
(2009), “The electronic properties of graphene”, in Rev. Mod. Phys. 81 (1),
pp. 109–162.

Chaikin, Paul M & Tom C Lubensky (2000), Principles of condensed matter
physics, Cambridge university press.

Chiocchetta, Alessio, Andrea Gambassi & Iacopo Carusotto (2015), “Laser
operation and Bose-Einstein condensation: analogies and differences”,
in arXiv:1503.02816.

Cohen-Tannoudji, Claude & Cécile Robilliard (2001), “Wave functions, rel-
ative phase and interference for atomic Bose–Einstein condensates”, in
Comptes Rendus de l’Académie des Sciences-Series IV-Physics 2, pp. 445–477.

Connaughton, Colm, Christophe Josserand, Antonio Picozzi, Yves Pomeau
& Sergio Rica (2005), “Condensation of Classical Nonlinear Waves”, in
Phys. Rev. Lett. 95 (26), p. 263901.

Damm, Tobias, Julian Schmitt, Qi Liang, David Dung, Frank Vewinger,
Martin Weitz & Jan Klaers (2016), “Calorimetry of a Bose-Einstein-
condensed photon gas”, in Nature communications 7.

87



CHAPITRE IV. BIBLIOGRAPHY § 4. BIBLIOGRAPHY

De Groot, SR, GJ0039 Hooyman & CA Ten Seldam (1950), “On the Bose-
Einstein condensation”, in Proceedings of the Royal Society of London. Series
A. Mathematical and Physical Sciences 203, pp. 266–286.

Deutschländer, Sven, Patrick Dillmann, Georg Maret & Peter Keim (2015),
“Kibble–Zurek mechanism in colloidal monolayers”, in Proceedings of the
National Academy of Sciences 112, pp. 6925–6930.

Deutschländer, Sven, Antonio M Puertas, Georg Maret & Peter Keim
(2014), “Specific heat in two-dimensional melting”, in Physical review let-
ters 113, p. 127801.

Fasolino, Annalisa, JH Los & Mikhail I Katsnelson (2007), “Intrinsic ripples
in graphene”, in Nature materials 6, pp. 858–861.

Gallet, F, S Balibar & E Rolley (1987), “The roughening transition of crystal
surfaces. II. experiments on static and dynamic properties near the first
roughening transition of hcp 4He”, in Journal de Physique 48, pp. 369–377.

Gardiner, Crispin & Peter Zoller (2004), Quantum noise, Springer Science &
Business Media.

Giorgetti, L., I. Carusotto & Y. Castin (2007), “Semiclassical field method
for the equilibrium Bose gas and application to thermal vortices in two
dimensions”, in Phys. Rev. A 76, p. 013613.

Halperin, B. I. & David R. Nelson (1978a), “Theory of Two-Dimensional
Melting”, in Phys. Rev. Lett. 41, pp. 121–124.

– (1978b), “Theory of Two-Dimensional Melting.”, in Phys. Rev. Lett. 41 (7),
pp. 519–519.

Herbut, Igor (2007), A modern approach to critical phenomena, Cambridge
University Press.

Hohenberg, P. C. (1967), “Existence of Long-Range Order in One and Two
Dimensions”, in Phys. Rev. 158, p. 383.

Illing, Bernd, Sebastian Fritschi, Herbert Kaiser, Christian L Klix, Georg
Maret & Peter Keim (2017), “Mermin–Wagner fluctuations in 2D amor-
phous solids”, in Proceedings of the National Academy of Sciences 114,
pp. 1856–1861.

José, Jorge V (2013), 40 years of Berezinskii-Kosterlitz-Thouless theory, World
Scientific.

Kagan, Y., B. V. Svistunov & G. V. Shlyapnikov (1987), “Influence on in-
elastic processes of the phase transition in a weakly collisional two-
dimensional Bose gas”, in Sov. Phys. JETP 66, p. 314.

Kardar, Mehran (2007), Statistical physics of fields, Cambridge University
Press.

Keim, Peter, Georg Maret & Hans-Hennig von Grünberg (2007), “Frank’s
constant in the hexatic phase”, in Physical Review E 75, p. 031402.

Ketterle, W. & N. J. vanDruten (1996), “Bose–Einstein condensation of a
finite number of particles trapped in one or three dimensions”, in Phys.
Rev. A 54, pp. 656–660.

Klaers, Jan, Julian Schmitt, T Damm, F Vewinger & M Weitz (2011), “Bose–
Einstein condensation of paraxial light”, in Applied Physics B: Lasers and
Optics 105, pp. 17–33.

Klaers, Jan, Julian Schmitt, Frank Vewinger & Martin Weitz (2010), “Bose-
Einstein condensation of photons in an optical microcavity”, in Nature
468, pp. 545–548.

Kosterlitz, J. M. & D. J. Thouless (1973), “Ordering, metastability and phase
transitions in two dimensional systems”, in J. Phys. C: Solid State Physics
6, p. 1181.

Leggett, A. J. (2006), Quantum Liquids, Oxford University Press.
Ma, Shang-Keng (1985), Statistical Mechanics, World Scientific.
Marelic, Jakov & RA Nyman (2015), “Experimental evidence for inho-

mogeneous pumping and energy-dependent effects in photon Bose-
Einstein condensation”, in Physical Review A 91, p. 033813.

Marelic, Jakov, Lydia F Zajiczek, Henry J Hesten, Kon H Leung, Edward
Y X Ong, Florian Mintert & Robert A Nyman (2016), “Spatiotemporal
coherence of non-equilibrium multimode photon condensates”, in New
Journal of Physics 18, p. 103012.

Mermin, N. D. (1968), “Crystalline Order in Two Dimensions”, in Phys. Rev.
176 (1), pp. 250–254.

– (1979), “Erratum: Crystalline order in two dimensions”, in Phys. Rev. B
20 (11), pp. 4762–4762.

– (2006), “Erratum: Erratum: Crystalline order in two dimensions [Phys.
Rev. 176, 250 (1968)] [Phys. Rev. B 20, 4762 (1979)]”, in Phys. Rev. B 74
(14), p. 149902.

Mermin, N. D. & H. Wagner (1966), “Absence of Ferromagnetism or Anti-
ferromagnetism in One- or Two-Dimensional Isotropic Heisenberg Mod-
els”, in Phys. Rev. Lett. 17, p. 1133.

Minnhagen, Petter & G. G. Warren (1981), “Superfluid density of a two-
dimensional fluid”, in Phys. Rev. B 24, pp. 2526–2532.

Mora, C. & Y. Castin (2003), “Extension of Bogoliubov theory to quasicon-
densates”, in Phys. Rev. A 67, p. 053615.

88



CHAPITRE IV. BIBLIOGRAPHY § 4. BIBLIOGRAPHY

Mora, Christophe & Yvan Castin (2009), “Ground State Energy of the Two-
Dimensional Weakly Interacting Bose Gas: First Correction Beyond Bo-
goliubov Theory”, in Phys. Rev. Lett. 102, p. 180404.

Mudry, Christopher (2014), Lecture notes on field theory in condensed matter
physics, World Scientific Publishing Co Inc.

Nelson, David R (2002), Defects and geometry in condensed matter physics,
Cambridge University Press.

Nelson, David R. & B. I. Halperin (1979), “Dislocation-mediated melting in
two dimensions”, in Phys. Rev. B 19, pp. 2457–2484.

Nozières, P. & D. Pines (1990), The Theory of Quantum Liquids, Superfluid
Bose Liquids, Addison-Wesley.

Onsager, Lars (1944), “Crystal statistics. I. A two-dimensional model with
an order-disorder transition”, in Physical Review 65, p. 117.

Ozawa, Tomoki & Sandro Stringari (2014), “Discontinuities in the First and
Second Sound Velocities at the Berezinskii-Kosterlitz-Thouless Transi-
tion”, in Phys. Rev. Lett. 112 (2), p. 025302.

Peierls, R. E. (1934), in Helv. Phys. Acta 7, p. 81.
Peierls, R. E. (1935), “Quelques propriétés typiques des corps solides”, in

Ann. Inst. Henri Poincaré 5, p. 177.
Petrov, D. S., D. M. Gangardt & G. V. Shlyapnikov (2004), “Low-

dimensional trapped gases”, in J. Phys. IV 116, pp. 5–44.
Petrov, D. S. & G. V. Shlyapnikov (2001), “Interatomic collisions in a tightly

confined Bose gas”, in Phys. Rev. A 64, p. 012706.
Picozzi, Antonio, Josselin Garnier, Tobias Hansson, Pierre Suret, Stephane

Randoux, Guy Millot & Demetrios N Christodoulides (2014), “Optical
wave turbulence: Towards a unified nonequilibrium thermodynamic
formulation of statistical nonlinear optics”, in Physics Reports 542, pp. 1–
132.

Pilati, S., J. Boronat, J. Casuelleras & S. Giorgini (2005), “Quantum Monte
Carlo simulation of a two-dimensional Bose gas”, in Phys. Rev. A 71,
p. 023605.

Pitaevskii, L. & S. Stringari (2016), Bose–Einstein Condensation and Superflu-
idity, 2nd edition, Oxford: Oxford University Press.

Popov, V. N. (1972), “On the theory of the superfluidity of two- and one-
dimensional bose systems”, in Theoretical and Mathematical Physics 11,
pp. 565–573.

– (1987), Functional Integrals and Collective Modes, Cambridge: Cambridge
University Press.

Pricoupenko, Ludovic & Maxim Olshanii (2007), “Stability of two-
dimensional Bose gases in the resonant regime”, in Journal of Physics B:
Atomic, Molecular and Optical Physics 40, p. 2065.

Prokof’ev, N. V. & B. V. Svistunov (2002), “Two-dimensional weakly inter-
acting Bose gas in the fluctuation region”, in Phys. Rev. A 66, p. 043608.

Safonov, A. I., S. A. Vasilyev, I. S. Yasnikov, I. I. Lukashevich & S. Jaakkola
(1998), “Observation of Quasicondensate in Two-Dimensional Atomic
Hydrogen”, in Phys. Rev. Lett. 81, p. 4545.

Schick, M. (1971), “Two-Dimensional System of Hard-Core Bosons”, in
Phys. Rev. A 3, p. 1067.

Schmitt, Julian, Tobias Damm, David Dung, Frank Vewinger, Jan Klaers
& Martin Weitz (2014), “Observation of grand-canonical number statis-
tics in a photon Bose-Einstein condensate”, in Physical review letters 112,
p. 030401.

Schmitt, Julian, Tobias Damm, David Dung, Christian Wahl, Frank
Vewinger, Jan Klaers & Martin Weitz (2016), “Spontaneous symmetry
breaking and phase coherence of a photon Bose-Einstein condensate
coupled to a reservoir”, in Physical review letters 116, p. 033604.

Schoelz, JK, P Xu, V Meunier, P Kumar, M Neek-Amal, PM Thibado & FM
Peeters (2015), “Graphene ripples as a realization of a two-dimensional
Ising model: A scanning tunneling microscope study”, in Physical Review
B 91, p. 045413.

Schweikhard, V., S. Tung & E. A. Cornell (2007), “Vortex Proliferation in the
Berezinskii–Kosterlitz–Thouless Regime on a Two-Dimensional Lattice
of Bose–Einstein Condensates”, in Phys. Rev. Lett. 99, p. 030401.

Sondhi, S. L., S. M. Girvin, J. P. Carini & D. Shahar (1997), “Continuous
quantum phase transitions”, in Rev. Mod. Phys. 69 (1), pp. 315–333.

Strandburg, Katherine J. (1988), “Two-dimensional melting”, in Rev. Mod.
Phys. 60, pp. 161–207.

Strandburg, Katherine J, ed. (1992), Bond-orientational order in condensed
matter systems, Springer Science & Business Media.

Sun, Can, Shu Jia, Christopher Barsi, Sergio Rica, Antonio Picozzi & Jason
W Fleischer (2012), “Observation of the kinetic condensation of classical
waves”, in Nature Physics 8, pp. 470–474.

Svistunov, Boris V, Egor S Babaev & Nikolay V Prokof’ev (2015), Superfluid
states of matter, Crc Press.

Thompson-Flagg, Rebecca C, Maria JB Moura & M Marder (2009), “Rip-
pling of graphene”, in EPL (Europhysics Letters) 85, p. 46002.

89



CHAPITRE IV. BIBLIOGRAPHY § 4. BIBLIOGRAPHY

Thouless, D. J., M. Kohmoto, M. P. Nightingale & M. den Nijs (1982),
“Quantized Hall Conductance in a Two-Dimensional Periodic Poten-
tial”, in Phys. Rev. Lett. 49, pp. 405–408.

Wierschem, Keola & Efstratios Manousakis (2011), “Simulation of melt-
ing of two-dimensional Lennard-Jones solids”, in Phys. Rev. B 83 (21),
p. 214108.

Wigner, E. (1932), “On the Quantum Correction For Thermodynamic Equi-
librium”, in Phys. Rev. 40 (5), pp. 749–759.

Wolf, PE, S Balibar & F Gallet (1983), “Experimental Observation of a Third
Roughening Transition on hcp He 4 Crystals”, in Physical review letters 51,
p. 1366.

Wolf, PE, F Gallet, S Balibar, E Rolley & Ph Nozieres (1985), “Crystal
growth and crystal curvature near roughening transitions in hcp 4He”,
in Journal de Physique 46, pp. 1987–2007.

Young, A. P. (1979), “Melting and the vector Coulomb gas in two dimen-
sions”, in Phys. Rev. B 19 (4), pp. 1855–1866.

Ziman, John M (1960), Electrons and phonons: the theory of transport phenom-
ena in solids, Oxford university press.

90


	Introduction
	Crystalline order in low dimension
	Peierls argument in 1D
	A simple argument: piling up defects
	Classical harmonic crystal
	Correlation of the deviations uj
	The quantum case

	2D and 3D crystals
	Deviations at thermal equilibrium in the 2D case
	A possible order parameter: the Bragg peaks
	The 3D crystal
	The Mermin–Wagner–Hohenberg theorem

	2D crystals in the laboratory
	Scenario for the fusion of a 2D crystal
	Studies on colloidal systems
	What about graphene?


	The 2D quantum gas: from the ideal case to binary interactions
	The 2D uniform Bose gas
	The (non-)saturation of excited states
	Momentum distribution
	One-body correlation function
	Finite size effects

	Bose gas in a 2D harmonic trap
	The influence of the spatial dimension
	The condensation point
	Semi-classical approximation
	The local density approximation (LDA)

	An almost ideal 2D gas: photons in cavities
	Mass and harmonic potential for photons
	Temperature and chemical potential 
	Experimental results

	Two-dimensional binary collisions
	Separation of variables and scattering amplitude 
	Scattering length in 3D
	Scattering length in 2D
	Collisions in quasi-2D geometry


	The quasi-long-range order
	The classical field approach
	Optical analogy
	Simplification of the many-body quantum problem
	Back to statistical distributions
	What is quantum in this problem?

	The Gross-Pitaevskii Functional
	From quantum to classical fields
	Factorization of the frozen degree-of-freedom
	Ultraviolet cutoff and healing length
	The "non-linear optics" version

	Phase fluctuations and quasi-order
	Suppression of density fluctuations
	Effective Hamiltonian at low energy
	Fourier analysis of phase fluctuations
	Phase correlations at thermal equilibrium
	The xy model

	The Bogoliubov approach
	Equations of motion for the amplitude and the phase
	Bogoliubov spectrum and sound waves
	Phase fluctuations and density fluctuations


	The critical point of the BKT transition
	Threshold of appearance of an isolated vortex
	Vortex appearance and disappearance
	The energy of a vortex
	Is the observation of an isolated vortex likely?
	Isolated vortices and non-superfluidity

	A "vortex – antivortex" pair
	Velocity field and energy of a vortex pair
	Average size of a vortex pair
	Density of pairs

	Energy of a vortex assembly
	Longitudinal and transverse velocity fields
	Velocity field of a vortex assembly
	Energy of the vortices

	Superfluid density in a 2D fluid
	Twisted boundary conditions
	Superfluid density and velocity correlations
	Superfluid density and vortex positions
	The principle of renormalization
	First experimental studies: helium films


	Références

