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for  

spectrum is continuous !

 obeys 

• S-inv in quantum mechanics and statistical physics

Hydrogen atom in 4D
<latexit sha1_base64="EnBkvV2iamGTd4J9LQI+ADu4YMo=">AAACFnicbVA9SwNBEN3z2/gVtbRZDIKFCXdB1EYQbSwjmBjIxTC32UuW7O0du3NCOO5X2PhXbCwUsRU7/42bmEKjDwYe780wMy9IpDDoup/OzOzc/MLi0nJhZXVtfaO4udUwcaoZr7NYxroZgOFSKF5HgZI3E80hCiS/CQYXI//mjmsjYnWNw4S3I+gpEQoGaKVOsez3AbPL/LTsKwgk3FZp2Q81sKyaZz4K2eUZ5B3XP9C31bxTLLkVdwz6l3gTUiIT1DrFD78bszTiCpkEY1qem2A7A42CSZ4X/NTwBNgAerxlqYKIm3Y2fiune1bp0jDWthTSsfpzIoPImGEU2M4IsG+mvZH4n9dKMTxpZ0IlKXLFvheFqaQY01FGtCs0ZyiHlgDTwt5KWR9sKGiTLNgQvOmX/5JGteIdVQ6vDktn55M4lsgO2SX7xCPH5IxckhqpE0buySN5Ji/Og/PkvDpv360zzmRmm/yC8/4FZ/ie6g==</latexit>

Ĥ = �r2 � 2

ã0 r
2

<latexit sha1_base64="k6Y9pqtoLhlZ4A/bl2idajsMzck=">AAACDnicbVDLSsNAFJ34rPUVdekmWAp1U5NSVBCh6KbLCvYBTSyT6aQdOnkwcyOW0C9w46+4caGIW9fu/BsnbRbaeuDC4Zx7ufceN+JMgml+a0vLK6tr67mN/ObW9s6uvrffkmEsCG2SkIei42JJOQtoExhw2okExb7LadsdXad++54KycLgFsYRdXw8CJjHCAYl9fSiPcSQ1Ccl1/YxDF0veZgcX2biiXtXsS9sCHt6wSybUxiLxMpIAWVo9PQvux+S2KcBEI6l7FpmBE6CBTDC6SRvx5JGmIzwgHYVDbBPpZNM35kYRaX0DS8UqgIwpurviQT7Uo59V3WmN8t5LxX/87oxeOdOwoIoBhqQ2SIv5gaERpqN0WeCEuBjRTARTN1qkCEWmIBKMK9CsOZfXiStStk6LVdvqoXaVRZHDh2iI1RCFjpDNVRHDdREBD2iZ/SK3rQn7UV71z5mrUtaNnOA/kD7/AHct5v9</latexit>

Ĥ(bx) = Ĥ/b
2 !

<latexit sha1_base64="nKvdM9WOnnHg9Pu9QsG2ToM8muA=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUVwVZNQ1IVC0Y3LCvYBTRomk9t26OTBzEQooXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89fsKokKb5rRVWVtfWN4qbpa3tnd09ff+gJeKUE2iSmMW842MBjEbQlFQy6CQccOgzaPujm6nffgAuaBzdy3ECbogHEe1TgqWSPL3sSMoCyPDEM69sJ6E92xn6mPfs0xC8Ws++tD29YlbNGYxlYuWkgnI0PP3LCWKShhBJwrAQXctMpJthLilhMCk5qYAEkxEeQFfRCIcg3Gz2y8Q4Vkpg9GOuKpLGTP09keFQiHHoq84Qy6FY9Kbif143lf0LN6NRkkqIyHxRP2WGjI1pMEZAORDJxopgwqm61SBDzDGRKr6SCsFafHmZtOyqdVat3dUq9es8jiI6QmV0gix0juroFjVQExH0iJ7RK3rTnrQX7V37mLcWtHzmEP2B9vkD6FGZrQ==</latexit>

ã0 = 2⇡2~2/me24 < 2 one needs a finite proton radius   

 an electron binds to a polar molecule only if  
<latexit sha1_base64="bTd1WaI+O95hAQas0K8Inndq/to=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiSlqMuiG5cV7AOaECaTSTt0ZhJmJkII9VfcuFDErR/izr9x2mahrQcGDuecy71zwpRRpR3n26psbG5t71R3a3v7B4dH9vFJXyWZxKSHE5bIYYgUYVSQnqaakWEqCeIhI4Nwejv3B49EKpqIB52nxOdoLGhMMdJGCux6FBSe5JCwmTfWJsdhK7AbTtNZAK4TtyQNUKIb2F9elOCME6ExQ0qNXCfVfoGkppiRWc3LFEkRnqIxGRkqECfKLxbHz+C5USIYJ9I8oeFC/T1RIK5UzkOT5EhP1Ko3F//zRpmOr/2CijTTRODlojhjUCdw3gSMqCRYs9wQhCU1t0I8QRJhbfqqmRLc1S+vk36r6V422/ftRuemrKMKTsEZuAAuuAIdcAe6oAcwyMEzeAVv1pP1Yr1bH8toxSpn6uAPrM8fZfiUnQ==</latexit>

del & 2 Debye 

correlation of an order parameter right at a critical point
<latexit sha1_base64="VwhYYmjOdQlKX9tN56stS5Qpc8Y="></latexit>

C(x� y) = h�(x)�(y)i ! const

|x� y|d�2+⌘  i.e. 
<latexit sha1_base64="Eh6/o8oth5F4czry54Ur5MqSAQM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0CLWpBR1IxS7cVnBPqCNZTKZtkMnkzAzkZaQjb/ixoUibv0Md/6N0zYLrR64cDjnXu69xw0ZlcqyvozM0vLK6lp2PbexubW9Y+7uNWUQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTljmpTv/VAhKQBv1OTkDg+GnDapxgpLfXMg1rBHRevaoVx8cy9j73T8kmXKJT0zLxVsmaAf4mdkjxIUe+Zn10vwJFPuMIMSdmxrVA5MRKKYkaSXDeSJER4hAakoylHPpFOPHsggcda8WA/ELq4gjP150SMfCknvqs7faSGctGbiv95nUj1L52Y8jBShOP5on7EoArgNA3oUUGwYhNNEBZU3wrxEAmElc4sp0OwF1/+S5rlkn1eqtxW8tXrNI4sOARHoABscAGq4AbUQQNgkIAn8AJejUfj2Xgz3uetGSOd2Qe/YHx8A/IZlLw=</latexit>

C(bx) = C(x)/bd�2+⌘

 e.g. superfluids in 2D below 
<latexit sha1_base64="DLLXME85CX+Cn0J6H3M9euOhCs0="></latexit>

TBKT h ̂†(x) ̂(y)i ! n2

✓
⇠h

|x� y|

◆⌘(T )
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conformal invar.   

Weyl transformations of the metric

• extending scale to conformal invariance

holds even with spatially dependent b(x)   

Figure 1: We see a graphical distinction between scale invariance and conformal invariance in d =

2. Our perception is approximately invariant under scale transformation but not invariant under

conformal transformation. Do you think conformal transformation keeps the “same shape”?

To look for a non-perturbative evidence, we will study the holographic argument. This is the

second aim of our lectures. Holographic principle is by far the most profound but conjectural principle

that connects non-gravitational quantum physics and the corresponding (quantum) gravity. It has a

beautiful concrete realization known as AdS/CFT correspondence, and we have culminating evidence

that it is true. Our idea is to explore the hidden side of the quantum field theories from the analysis

in gravitational backgrounds. According to the AdS/CFT correspondence, the classical gravity will

describe a certain strongly coupled limit of the dual quantum field theories, and it is expected that it

provides non-perturbative understanding of them.

As I mentioned in the black hole example, gravitational systems show their own symmetry en-

hancement mechanism. We conjecture that the consistency of the quantum gravity is encoded in the

consistency of the renormalization group flow through the holographic equivalence, and vice versa.

The c-function associated with the renormalization group flow can be viewed as “entropy” of the

gravitational system, which should be monotonically decreasing along the evolution. Along the same
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<latexit sha1_base64="gPO8jcFMJQpscochkYtMDrY/btk=">AAACDnicbVDLSsNAFJ34rPUVdekmWErbTUlKUTdC0Y3LCvYBTQyTyaQdOpmEmYm0hH6BG3/FjQtF3Lp25984bYNo64ELh3Pu5d57vJgSIU3zS1tZXVvf2Mxt5bd3dvf29YPDtogSjnALRTTiXQ8KTAnDLUkkxd2YYxh6FHe84dXU79xjLkjEbuU4xk4I+4wEBEGpJFcv9ktuaoeJzZJJeVSqXHh3tfKoYvuYSvjjuHrBrJozGMvEykgBZGi6+qftRygJMZOIQiF6lhlLJ4VcEkTxJG8nAscQDWEf9xRlMMTCSWfvTIyiUnwjiLgqJo2Z+nsihaEQ49BTnSGUA7HoTcX/vF4ig3MnJSxOJGZovihIqCEjY5qN4ROOkaRjRSDiRN1qoAHkEEmVYF6FYC2+vEzatap1Wq3f1AuNyyyOHDgGJ6AMLHAGGuAaNEELIPAAnsALeNUetWftTXuft65o2cwR+APt4xtKoJuq</latexit>

g0µ⌫(x
0) = b2(x)�µ⌫

<latexit sha1_base64="ltFzDNdaIVwn4A9Qb0S0d+ITSyU="></latexit>

hÔ(x0)Ô(y0)i =
hÔ(x)Ô(y)i

[b(x) b(y)]�

electrodynamics in 3+1 dimension

Poincaré group is extended by five additional generators   

<latexit sha1_base64="98efTkCcK9xL9HSxkgKqZo9J8Qk="></latexit>

hFµ⌫(x)F��(y)i =
Iµ�(x) I⌫�(y)� I⌫�(x) Iµ�(y)

(x� y)4

for primary operators   
<latexit sha1_base64="TrfEVoLRSdo84287sVMchXP7BX8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAJpSb6aQdOnkwMxFrCP6KGxeKuPU/3Pk3TtoutPXAwOGce7lnjhdzJpVlfRuFpeWV1bXiemljc2t7x9zda8koEYQ2ScQj0fFAUs5C2lRMcdqJBYXA47Ttja5yv31PhWRReKfGMXUDGITMZwSUlnrmgTMElToBqCEBnt5kWeXhpGeWrao1AV4k9oyU0QyNnvnl9COSBDRUhIOUXduKlZuCUIxwmpWcRNIYyAgGtKtpCAGVbjpJn+FjrfSxHwn9QoUn6u+NFAIpx4GnJ/OYct7Lxf+8bqL8CzdlYZwoGpLpIT/hWEU4rwL3maBE8bEmQATTWTEZggCidGElXYI9/+VF0jqt2mfV2m2tXL+c1VFEh+gIVZCNzlEdXaMGaiKCHtEzekVvxpPxYrwbH9PRgjHb2Ud/YHz+AJnglVM=</latexit>

Ô(x)
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• Scale and conformal invariance in non-relativistic 
many-body physics

 scale invariance necessarily implies conformal 
invar. which has only one additional generator

• Equation of state and dynamics in scale invariant 
gases

• Viscosity and (nearly) perfect quantum fluids

• Outline
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generator of dilatations

• scale invariance and conservation laws

implies

local conservation law

<latexit sha1_base64="/fNPNUkJR+nO/XWrEGecp4P3Ef0=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIFaTOlKJuhKKbrqSCvUBnLJk0bUMzF5IzYhn6Im58FTcuFHHhRnwb03YEbT0Q+Pj/czg5vxsKrsA0v4zUwuLS8kp6NbO2vrG5ld3eqasgkpTVaCAC2XSJYoL7rAYcBGuGkhHPFazhDi7HfuOOScUD/waGIXM80vN5l1MCWmpnS3afQFwZ5d37tnVki04ACmu+Ojz/cbSR6GP52L0ttrM5s2BOCs+DlUAOJVVtZz/sTkAjj/lABVGqZZkhODGRwKlgo4wdKRYSOiA91tLoE48pJ55cN8IHWungbiD18wFP1N8TMfGUGnqu7vQI9NWsNxb/81oRdM+cmPthBMyn00XdSGAI8Dgq3OGSURBDDYRKrv+KaZ9IQkEHmtEhWLMnz0O9WLBOCqXrUq58kcSRRntoH+WRhU5RGVVQFdUQRQ/oCb2gV+PReDbejPdpa8pIZnbRnzI+vwGccaD8</latexit>

Ĥ(bx1, . . . bxN ) = Ĥ(x1 . . . xN )/b2
<latexit sha1_base64="/tgMg+qdPbeVcv6rxcXXo2CAgN4=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAILqQkpagboaiLLivYC6ShTKaTdujkwsxEKKErN76KGxeKuPUZ3Pk2TtMstPWHgY//nMOZ83sxZ1JZ1rextLyyurZe2Chubm3v7Jp7+y0ZJYLQJol4JDoelpSzkDYVU5x2YkFx4HHa9kY303r7gQrJovBejWPqBngQMp8RrLTVM4+Y0x1ildYnZyiD24mLriq51zNLVtnKhBbBzqEEuRo986vbj0gS0FARjqV0bCtWboqFYoTTSbGbSBpjMsID6mgMcUClm2ZnTNCJdvrIj4R+oUKZ+3sixYGU48DTnQFWQzlfm5r/1ZxE+ZduysI4UTQks0V+wpGK0DQT1GeCEsXHGjARTP8VkSEWmCidXFGHYM+fvAitStk+L1fvqqXadR5HAQ7hGE7BhguoQR0a0AQCj/AMr/BmPBkvxrvxMWtdMvKZA/gj4/MHO/uYWQ==</latexit>

i[Ĥ, D̂] = 2Ĥ

<latexit sha1_base64="ZEQkZTh2eIlLt7V2RLgi0QYA2Bo="></latexit>

D̂ =

Z
x · ĝ(x)/~ !

Z
n̂(x)x ·r'̂(x)

<latexit sha1_base64="Ocr3/fjx9B5wXoLtZlGpTckIO4E=">AAACH3icbVDLSsNAFJ3UV62vqks3wSIISkmkVDdCURcuK9gHNCVMppNm7OTBzE2hhPyJG3/FjQtFxF3/xkmbhbYeuHA4517uvceJOJNgGFOtsLK6tr5R3Cxtbe/s7pX3D9oyjAWhLRLyUHQdLClnAW0BA067kaDYdzjtOKPbzO+MqZAsDB5hEtG+j4cBcxnBoCS7XLciLIBhboPlYUgs4YWpfXemiK8P2Di1zue6j8Fz3OQpVe61YZcrRtWYQV8mZk4qKEfTLn9bg5DEPg2AcCxlzzQi6CfZbsJpWrJiSSNMRnhIe4oG2Keyn8z+S/UTpQx0NxSqAtBn6u+JBPtSTnxHdWZnykUvE//zejG4V/2EBVEMNCDzRW7MdQj1LCwVgKAE+EQRTARTt+rEwwITUJGWVAjm4svLpH1RNevV2kOt0rjJ4yiiI3SMTpGJLlED3aMmaiGCntErekcf2ov2pn1qX/PWgpbPHKI/0KY/g1mj3w==</latexit>

@t⇢̂D + div ĵD = 0 obeyed if
<latexit sha1_base64="P1h3hJRnuceu3cnUb/LZYwcRDPQ=">AAACJHicbVDLSsNAFJ3UV62vqEs3wSJUkJKUooIIRTcuq9gHNCFMppN26GQSZiaFEvIxbvwVNy584MKN3+KkzcK2HrhwOOde7r3HiygR0jS/tcLK6tr6RnGztLW9s7un7x+0RRhzhFsopCHvelBgShhuSSIp7kYcw8CjuOONbjO/M8ZckJA9ykmEnQAOGPEJglJJrn5Vs8/sIZSJPYYcR4LQkKUVO4By6PnJQ3p6PXObJHUTQuYsVy+bVXMKY5lYOSmDHE1X/7D7IYoDzCSiUIieZUbSSSCXBFGcluxY4AiiERzgnqIMBlg4yfTJ1DhRSt/wQ66KSWOq/p1IYCDEJPBUZ3aiWPQy8T+vF0v/0kkIi2KJGZot8mNqyNDIEjP6hGMk6UQRiDhRtxpoCDlEUuVaUiFYiy8vk3atap1X6/f1cuMmj6MIjsAxqAALXIAGuANN0AIIPIEX8AbetWftVfvUvmatBS2fOQRz0H5+ATQFpco=</latexit>

2 "̂(R) = ⇧̂ii(R) (in relativistic theories
<latexit sha1_base64="QPx7Idwx5wyrBZnFqc9SRQQDRWA=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQgpREirosunFZoS9oYphMJ+3QySTOTIolFDf+ihsXirj1K9z5N07bLLT1wL0czrmXmXv8mFGpLOvbWFpeWV1bz23kN7e2d3bNvf2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzB9cRvDYmQNOJ1NYqJG6IepwHFSGnJMw/rd06YpJ5u4+JDySH3CR1CyzkteWbBKltTwEViZ6QAMtQ888vpRjgJCVeYISk7thUrN0VCUczIOO8kksQID1CPdDTlKCTSTacnjOGJVrowiIQuruBU/b2RolDKUejryRCpvpz3JuJ/XidRwaWbUh4ninA8eyhIGFQRnOQBu1QQrNhIE4QF1X+FuI8Ewkqnltch2PMnL5LmWdk+L1duK4XqVRZHDhyBY1AENrgAVXADaqABMHgEz+AVvBlPxovxbnzMRpeMbOcA/IHx+QP6S5aD</latexit>

Tµ
µ(x) ⌘ 0 )

Martin/Schwinger 1959trace of stress tensor in many-body phys.

requires
<latexit sha1_base64="+ZiWqNJwa+ja3jeVbp8UNqM7p5Y=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhAq1JqWoG6HoxmUFe4EmlMlk2g6dTMLMRCihbnwVNy4UcetbuPNtnLRZaOsPAx//OYcz5/ciRqWyrG8jt7S8srqWXy9sbG5t75i7ey0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe6ObtN5+IELSkN+rcUTcAA047VOMlLZ65oFwytBvlcTJmS+uTqspOWVHhT2zaFWsqeAi2BkUQaZGz/xy/BDHAeEKMyRl17Yi5SZIKIoZmRScWJII4REakK5GjgIi3WR6wQQea8eH/VDoxxWcur8nEhRIOQ483RkgNZTztdT8r9aNVf/STSiPYkU4ni3qxwyqEKZxQJ8KghUba0BYUP1XiIdIIKx0aAUdgj1/8iK0qhX7vFK7qxXr11kceXAIjkAJ2OAC1MEtaIAmwOARPINX8GY8GS/Gu/Exa80Z2cw++CPj8wcPNZS8</latexit>

r dV (r)/dr = �2V (r) !
<latexit sha1_base64="bE2QJlW8Vn3Ux+Ym1uciXeaIKck=">AAACCXicbVBNS8NAEN3Ur1q/oh69LBahvZSkFPUiFL14rGBboQlhs920SzebsLsRS8jVi3/FiwdFvPoPvPlv3LQ5aOuDgcd7M8zM82NGpbKsb6O0srq2vlHerGxt7+zumfsHPRklApMujlgk7nwkCaOcdBVVjNzFgqDQZ6TvT65yv39PhKQRv1XTmLghGnEaUIyUljwT9mqifuH4SKSjzGs6Q8IUqjkhUmM/SB+yumdWrYY1A1wmdkGqoEDHM7+cYYSTkHCFGZJyYFuxclMkFMWMZBUnkSRGeIJGZKApRyGRbjr7JIMnWhnCIBK6uIIz9fdEikIpp6GvO/MT5aKXi/95g0QF525KeZwowvF8UZAwqCKYxwKHVBCs2FQThAXVt0I8RgJhpcOr6BDsxZeXSa/ZsE8brZtWtX1ZxFEGR+AY1IANzkAbXIMO6AIMHsEzeAVvxpPxYrwbH/PWklHMHII/MD5/ALojmcA=</latexit>

V (r) = ḡ2�(x)or

<latexit sha1_base64="7T9mN6NMprQ/T4YK826I5i0qGVI=">AAAB83icbVBNS8NAEJ3Ur1o/WvXoZbEI9VKTUtSLUPTisYL9gDaWzWbTLt1swu5GKKF/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzPNizpS27W8rt7a+sbmV3y7s7O7tF0sHh20VJZLQFol4JLseVpQzQVuaaU67saQ49DjteOPbmd95olKxSDzoSUzdEA8FCxjB2kj9dkWeXZOBfy4fa4NS2a7ac6BV4mSkDBmag9JX349IElKhCcdK9Rw71m6KpWaE02mhnygaYzLGQ9ozVOCQKjed3zxFp0bxURBJU0Kjufp7IsWhUpPQM50h1iO17M3E/7xeooMrN2UiTjQVZLEoSDjSEZoFgHwmKdF8YggmkplbERlhiYk2MRVMCM7yy6ukXas6F9X6fb3cuMniyMMxnEAFHLiEBtxBE1pAIIZneIU3K7FerHfrY9Gas7KZI/gD6/MHb+GQqA==</latexit>

V (r) = cd/r
2

Pitaevskii/Rosch 1998

<latexit sha1_base64="fwUlcyPqcxkzaK25Ksc9CzNDk1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgWcLsZDYZMzu7zPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrNctdavC8Vyy5FXcOskq8jJQgQ71X/Or2Y5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/Nrp+TMKn0SxtqWQjJXf09MaGTMOApsZ0RxaJa9mfif10kxvPYnQiUpcsUWi8JUEozJ7HXSF5ozlGNLKNPC3krYkGrK0AZUsCF4yy+vkuZFxbusVO+rpdpNFkceTuAUyuDBFdTgDurQAAaP8Ayv8ObEzovz7nwsWnNONnMMf+B8/gDoBY60</latexit>

(⇤)

<latexit sha1_base64="fwUlcyPqcxkzaK25Ksc9CzNDk1c=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwgWcLsZDYZMzu7zPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrNctdavC8Vyy5FXcOskq8jJQgQ71X/Or2Y5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/Nrp+TMKn0SxtqWQjJXf09MaGTMOApsZ0RxaJa9mfif10kxvPYnQiUpcsUWi8JUEozJ7HXSF5ozlGNLKNPC3krYkGrK0AZUsCF4yy+vkuZFxbusVO+rpdpNFkceTuAUyuDBFdTgDurQAAaP8Ayv8ObEzovz7nwsWnNONnMMf+B8/gDoBY60</latexit>

(⇤)
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symmetries of the free Schroedinger equation

• conformal invariance in non-relativistic physics

include expansion = Galilei transformation with 

Niederer 1972

generated by 

<latexit sha1_base64="w6IQ86GcAvosPPxB2DnypGUlOyY="></latexit>

(t,x) �!
⌃

�
�1/t,x/t

�
���!
Trans

�
�1/t� d0,x/t

�
���!
⌃�1

⇣ t

1 + d0t
,

x

1 + d0t

⌘
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Ĥ

they form a closed  sub-algebra with symmetry SO(2,1)

Hagen 1972 for spinless particles scale invariance implies  

conformal invariance, i.e. there is no new conservation law 
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a list of scale invariant gases in 1D and 3D

a scale invariant many-body problem in 1D or 3D is obtained 
by 

• unitary gases in one and three dimensions

Son/Wingate 06Werner/Castin 06
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Ĥunitary = Ĥ0 and 
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 (x1 . . . xN ) 2 D(Ĥunitary) if 
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 (x1 . . . xN ) ! const |xi � xj |2�d + const0 |xi � xj |4�d for |xi � xj |!0

51

unitary quantum gases Bose repulsive Fermi attractive Fermi

one dimension Tonks-Girardeau gas, µ = "e↵
F ⇥⇤ - Fermionization, µ = 4 "F TG gas of dimers, µe↵ = "F/4

three dimensions stable only for n�3
T . 1 unstable repulsive branch of FBR unitary Fermi gas, µ ' 0.37 "F

 b(x1 . . .xN) =  (x1/b . . . xN/b)/bdN/2 is again inD(H) for all b > 0. The preceeding argument is applicable both for bosons
and fermions where, in the latter case, two coordinates can of course be close only for di↵erent spin components. In particular,
for two-component Fermi gases in one dimension, the many-body version (128) of the Bethe-Peierls boundary condition gives
rise to two physically di↵erent limits depending on whether infinite interaction strength is approached from either the repulsive
or the attractive side. This di↵ers fundamentally from the situation in 3D, where the two-body bound state energy vanishes at
infinite scattering length and – at least in equilibrium – the limits a ! ±1 lead to the same ground state. To understand the
di↵erent behavior in one dimension, we consider atoms which are tightly confined to individual ’quantum wires’ by a strong
optical lattice. A strictly 1D description is then applicable provided that only the lowest eigenstate of the quantized motion in
the transverse direction is occupied. For a harmonic confinement with radial frequency !?/2⇡ and associated oscillator length
`? =

p
~/m!?, this requires "F ⌧ ~!? or - equivalently - n1`? ⌧ 1, where n1 ⌘ N/L is the density at total particle number

N = N⇥ + N⇤. The low energy scattering properties in such a geometry have been discussed by Olshanii [226]. They can be
described by an e↵ective delta function interaction g1�(x) whose strength and scattering amplitude f (k) are given by

g1(a) = �
2~2

m a1(a)
=

2~!?a
1 � Aa/`?

$ f (k) =
�1

1 + ika1(a)
with a1(a) = �

`?2

a
+ A `? . (129)

Here, A = �⇣(1/2)/
p

2 ' 1.0326 is a numerical constant. As expected, an attractive 3D scattering length a < 0 gives rise to a
negative interaction strength g1 < 0 which is associated with a positive value of the e↵ective 1D scattering length a1. For positive
scattering lengths a > 0, in turn, there is a confinement induced resonance (CIR) at `?/a = A ' 1.0326 where a1 approaches zero
while g1 jumps from �1 to +1, similar to a standard Feshbach resonance in 3D. For g1 > 0, the short-range potential g1�(x)
no longer has a bound state. It is still present, however, with finite radial trapping. Indeed, as shown by Bergeman et al. [227],
the exact solution of the two-body scattering problem in a tightly confined geometry always exhibits precisely one bound state,
whatever the 3D scattering length a. Remarkably, both the binding energy "̃b = 0.606 ~!? and g1 remain finite at a Feshbach
resonance a = ±1, a prediction that has been verified experimentally by Moritz et al. [228]. Near the CIR at g1 = ±1, the
exact bound-state energy ✏̃b = 2~!? is much larger than the Fermi energy and the dimers in this regime are thus essentially
unbreakable bosons. As shown by Fuchs et al. [229] and by Tokatly [230], the attractive Fermi gas in the limit a1 ! 0+ defines a
scale invariant Tonks-Girardeau gas of dimers which form the strong coupling limit of the so-called Luther-Emery liquid in one
dimension. Its e↵ective chemical potential µe↵ = "F/4 is a factor four smaller than that of the non-interacting two-component
Fermi gas at the same density because the formation of tightly bound pairs e↵ectively reduces the Fermi momentum by a factor
two. The opposite behavior is found in the repulsive limit a1 ! 0� of the integrable Gaudin - Yang model [231, 232] 26, where
even fermions with opposite spin cannot be at the same point in space. The ground state thus behaves like a non-interacting
single-component gas with an e↵ectively doubled Fermi wave vector kF = ⇡n1 and chemical potential µ = 4"F . In fact, this
state turns out to be degenerate with a fully ferromagnetic one, as discussed in some detail in Ref. [172]. In three dimensions,
the two-body bound state at infinite scattering length lies at zero energy rather than being separated by 2~!? from the states in
the continuum in the case of the confinement induced resonance. Both limits a! ±1 of attraction or repulsion thus give rise to
the stable unitary Fermi gas, which is a superfluid of repulsively interacting pairs [233]. In analogy to the limit g1 ! 1 in one
dimension, one may however also consider following the repulsive branch of the Feshbach resonance and formally eliminate
the two-body bound state at negative energy �~2/ma2 of two fermions with opposite spin, which exists for a > 0. This limit
defines a scale invariant repulsive Fermi gas in 3D. The associated many-body problem has been studied intensively following
experiments by Jo et al. [234] which indicated ferromagnetic order of the Stoner type above a critical value kFa |c ' 1.9. While
the observations turned out to be consistent with formation of pairs rather than a ferromagnetic instability [235], the theoretical
problem of determining the ratio µ/"F of the repulsive Fermi gas in the limit kFa � 1 with two-body bound states projected out
is still open. In particular, saturated ferromagnetism on the repulsive branch of the Feshbach resonance is ruled out even in the
absence of a decay to the lower branch if µ/"F < 22/3 = 1.5874 [172]. For bosons in d = 3, the zero range interaction model with
infinite scattering length gives rise to a Hamiltonian which is unbounded below. Indeed, as discussed in Lecture I, the unitary
Bose gas exhibits N-body bound states for arbitrary N � 3 and it can in practice be realized in a gaseous e↵ective equilibrium
configuration only in the non-degenerate regime n�3

T . 1. For a well defined ground state, however, one needs a finite range
repulsion as exemplified by superfluid 4He, which is a nearly unitary Bose liquid whose equilibrium density n̄�3 = 0.364 at
vanishing pressure is set by the length scale � of the repulsion at short distances.

26 The exact solution of this model has been found independently by É. Brézin and J. Zinn-Justin but has been written up only as an internal report at Saclay.
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• universal thermodynamics of scale invariant gases

implies
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2 "̂ = ⇧̂ii
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2U = d · pV in thermal equilibrium
<latexit sha1_base64="0r52C/X9fSSOVvsKn1E2Y0sn6eI="></latexit>
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Planck 1897 determine absolute temperature from EOS 

density profiles in cold gases give
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n(Vext) ! p(µ) and (µ)

rubidium gas. Our experimental preparation follows along
the lines detailed in [14,17]. We start with a 3D gas of 87Rb
atoms, confined in their F ¼ mF ¼ 2 state in a magnetic
trap. To create a 2D system, we shine an off-resonant blue-
detuned laser beam on the atoms, with an intensity node in
the plane z ¼ 0. The resulting potential provides a strong
confinement perpendicular to this plane, with oscillation
frequency ωz=2π ¼ 1.9ð2Þ kHz, which decreases at most
by 5% over typical distribution radii. This corresponds to
the interaction strength ~g ¼

ffiffiffiffiffiffi
8π

p
a=lz ≈ 0.1, where a is the

3D scattering length and lz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=mωz

p
[18]. The energy

ℏωz is comparable to the thermal energy kBT, which
ensures that most of the atoms occupy the ground state
of the potential along z (see [14] and [19]). The magnetic
trap provides a harmonic confinement in the xy plane, with
mean oscillation frequency ωr=2π ¼ 20.6ð1Þ Hz. In situ
density distributions of our clouds are measured via
absorption imaging with a probe beam perpendicular to
the atomic plane. For the analysis presented below, we used
a data set of 80 samples, with temperatures ranging from
30 nK to 150 nK and atom numbers from 25 000 to
120 000.
In Fig. 2 we show typical density distributions of 2D

atomic clouds, together with the corresponding function
n½VðrÞ%. The cloud (a) exhibits a significant thermal
fraction, contrarily to cloud (b), which is essentially in
the Thomas-Fermi regime. The latter illustrates the power
of this fit-free method since it can be incorporated as such

in our determination of the EoS. On the other hand, it
would be discarded in a conventional approach, owing to
the impossibility of assigning it a temperature.
Though both choices of variables (X−1, X1) and (X1, X2)

are, in principle, possible, the latter requires the exper-
imental evaluation of a second-order derivative, which
often suffers from a poor signal-to-noise ratio. By contrast,
the choice (X−1, X1), also adopted in [4] when writing the
EoS in terms of pressure and compressibility, appears
particularly robust [23]. For each image, we perform an
azimuthal average and compute a set of ≈70 data points
(X−1, X1), where the low (high) values of X−1 correspond to
the high (low) density regions of the image.
In a first step, we combine all sets obtained from images

acquired at various temperatures and various atom numbers
to test the scale invariance. As explained above, each
individual measurement should sit on the same universal
curve in the (X−1, X1) plane, provided the interaction
strength ~g is constant. We show in the inset of Fig. 1 the
repartition of data points in the (X−1, X1) plane, which fall
as expected around a single curve. In the main panel we
plot the corresponding average curve, which provides the
EoS of our gas [24]. In order to reexpress this EoS in terms
of the more traditional variables α and D, we now need to
apply the transformations of Eqs. (4) and (5). However,
these transformations must be adapted to account for
possible imperfections in the calibration of the detectivity
of our imaging setup. Indeed, as in most cold atom
experiments, we only measure the density up to a global

FIG. 1 (color online). Determination of the EoS with variables
X−1 and X1, along with known limits. The simple cases of the
ideal Bose gas (Boltzmann gas) are shown as a blue dashed
(dotted) line. The known limits of the EoS of the weakly
interacting 2D Bose gas are indicated by a black point for the
Thomas-Fermi limit and by a black solid line for the Hartree-
Fock mean-field theory. The red line results from the averaging
over all the separate intensity profiles, with the error bars
corresponding to the standard error introduced by the averaging
procedure. The data shown here contain ∼100 different values of
X−1. Inset: Distribution of measured values of X−1 and X1. The
gray level indicates the number of individual data points falling in
each pixel.

(a) (b)

(c)

FIG. 2 (color online). (a) and (b): Density distributions of 2D
atomic samples of 87Rb corresponding to a partially degenerate
(a) and a strongly degenerate cloud (b). (c): Corresponding
function n½VðrÞ% resulting from azimuthal averaging. The dis-
tributions are obtained with high intensity imaging.

PRL 113, 020404 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending
11 JULY 2014

020404-3
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• dynamical consequences of scale invariance

operators

define

Pitaevskii/Rosch 1998

form a closed algebra 

Hamiltonian in an isotropic harmonic trap

<latexit sha1_base64="LXa7hFe02mnsszl6lCEmQSBDMKM=">AAACEXicbVBNS8MwGE7n15xfVY9egkPYQUYrQ4VdhvOw4wT3AWsZaZptYWlaklQYpX/Bi3/FiwdFvHrz5r8x63rQzQdCnjzP+/LmfbyIUaks69sorK1vbG4Vt0s7u3v7B+bhUVeGscCkg0MWir6HJGGUk46iipF+JAgKPEZ63rQ593sPREga8ns1i4gboDGnI4qR0tLQrDgTpJJWep7dzdSpO/XEEQFE3M8eMDNu06FZtqpWBrhK7JyUQY720Pxy/BDHAeEKMyTlwLYi5SZIKIoZSUtOLEmE8BSNyUBTjgIi3STbKIVnWvHhKBT6cAUz9XdHggIpZ4GnKwOkJnLZm4v/eYNYja7dhPIoVoTjxaBRzKAK4Twe6FNBsGIzTRAWVP8V4gkSCCsdYkmHYC+vvEq6F1X7slq7q5UbN3kcRXACTkEF2OAKNEALtEEHYPAInsEreDOejBfj3fhYlBaMvOcY/IHx+QO5QJz0</latexit>

Ĥ, Ĉ and D̂
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Ĥ! = Ĥ + !
2
Ĉ

plane [27], creating a box potential on the atoms. The cloud
fills uniformly this box potential, and it is evaporatively
cooled by adjusting the height of thewalls of the box. For all
data presented here, we keep the temperature low enough to
operate deep in the superfluid regime with T=Tc < 0.3,
where Tc is the critical temperature for the Berezinskii-
Kosterlitz-Thouless transition. At this stage, the atoms are
prepared in the F ¼ 1, mF ¼ 0 hyperfine (ground) state,
which is insensitive to magnetic field.
Once the gas reaches equilibrium in the 2D box, we

suddenly switch off the confinement in the xy plane and
simultaneously transfer the atoms to the field-sensitive state
F ¼ 1, mF ¼ −1 using two consecutive microwave tran-
sitions. Most of the experiments are performed in the
presence of a magnetic field that provides the internal state
F ¼ 1, mF ¼ −1 with an isotropic harmonic confinement
in the xy plane, with ω=2π around 19.5 Hz. We estimate the
anisotropy of the potential to be ≲2%. We let the cloud
evolve in the harmonic potential for an adjustable time
before making an in situmeasurement of the spatial density
nðrÞ ¼ NjψðrÞj2 by absorption imaging.
The measurement of nðrÞ gives access to both the

interaction energy (2) and the potential energy in the
harmonic trap

Epot ¼
N
2
mω2

Z
r2jψðrÞj2d2r: ð3Þ

Since the gas is an isolated system, we expect the total
energy Etot ¼ Ekin þ Eint þ Epot to be conserved during the
evolution, where the kinetic energy Ekin reads

Ekin ¼
Nℏ2

2m

Z
j∇ψ j2d2r: ð4Þ

The SO(2,1) symmetry for a 2D harmonically trapped
gas brings a remarkable result: Ekin þ Eint and Epot should
oscillate sinusoidally at frequency 2ω [15]. More precisely,
using the 2D Gross-Pitaevskii equation, one obtains the
relations

dEpot

dt
¼ −

dðEkin þ EintÞ
dt

¼ ωW; ð5Þ

dW
dt

¼ 2ωðEkin þ Eint − EpotÞ; ð6Þ

where we define W ¼ ωm
R
r · vnd2r and the velocity field

vðrÞ ¼ ðℏ=mÞIm½ψ&ðrÞ∇ψðrÞ'=jψðrÞj2. Initially, the gas is
prepared in a steady state in the box potential so that v ¼ 0;
hence, Wð0Þ is also null. Therefore, the potential energy
evolves as

EpotðtÞ ¼
1

2
Etot þ ΔE cosð2ωtÞ; ð7Þ

where ΔE ¼ 1
2 ½Epotð0Þ − Ekinð0Þ − Eintð0Þ' can be positive

or negative. A similar result holds for the sum Ekin þ Eint
(with ΔE replaced by −ΔE) but not for the individual
energies Ekin or Eint.
We show in Fig. 1(a) the evolution of the potential

energy per particle for an initially uniformly filled
square. Although the density distribution is not periodic
[see Fig. 1(b)], the potential energy Epot evolves periodi-
cally and is well fitted by a cosine function with a period
that matches the 2ω prediction and the expected zero initial
phase. For a better adjustment of the data, we add a (small)
negative linear function to the fitting cosine. Its role is
likely to account for the residual evaporation rate of atoms
from the trap (approximately 0.1 s−1).
This simple dynamics can be viewed as a generalization

of the existence of the undamped breathing mode at
frequency 2ω that we mention in the Introduction
[14,15]. We emphasize that this result is a consequence
of the SO(2,1) symmetry and does not hold for the Gross-
Pitaevskii equation in 1D or 3D.
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FIG. 1. Time evolution of the potential energy per particle of a 2D
gas of 87Rb atoms in an isotropic harmonic potential of frequencyω
for a square of side length 27.6ð5Þ μm with 4.1ð2Þ × 104 atoms.
(a) Evolution of the potential energy per particle. Each point is an
average of seven to ten realizations, and the error bars indicate the
standard deviation of these different realizations. The frequency of
the trap is measured with the oscillation of the center of mass:
ω=2π ¼ 19.3ð1Þ Hz.The oscillations ofEpot are fittedwith a cosine
function and an additional linear slope (continuous line). This slope
is −0.25ð4Þ Hz=ms and accounts for the loss of particles from the
trap. The fitted frequency is 38.5(1) Hz, which is compatible with
ω=π, as predicted by the SO(2,1) symmetry of the gas. (b) Density
distribution of an initially uniform gas after the evolution in a
harmonic potential at timesωt ¼ 0, π, 2π, 3π, 4π, corresponding to
the first periods of the potential energy indicated by the labels from1
to 5. The horizontal black lines represent 10 μm.
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periodic with period T=2≡ π=ω for an arbitrary initial state
ψðr; 0Þ [see Eq. (7)]. Of course, the existence of this
periodicity does not put a strong constraint on the evolution
of ψðr; tÞ itself. Because of the nonlinear character of the
Gross-Pitaevskii equation, the evolution of ψ is not
expected to be periodic, as illustrated in Fig. 1(b) for a
square initial shape. When looking experimentally or
numerically at various initial shapes like uniformly filled
squares, pentagons, or hexagons, we indeed observe that
even though EpotðjT=2Þ ¼ Epotð0Þ for integer values of j,
the shapes nðrÞ ¼ NjψðrÞj2 at those times are notably
different from the initial ones. We find two exceptions to
this statement, which are the cases of an initial equilateral
triangle and a disk. This section is devoted to the study of
these very particular states that we call “breathers”.
In the present context of a fluid described by the Gross-

Pitaevskii equation, we define a breather as a wave function
ψðr; tÞ that undergoes a periodic evolution in an isotropic
harmonic trap of frequency ω (for a generalization to
different settings, see, e.g., Refs. [22,33]). According to
this definition, the simplest example of a breather is a
steady-state ψSðrÞ of the Gross-Pitaevskii equation, e.g.,
the ground state. Other breathers are obtained by super-
posing ψS with one eigenmode of the Bogoliubov–de
Gennes equations resulting from the linearization of the
Gross-Pitaeveskii equation around ψS. In principle (with
the exception of the breathing mode [15]), the population of
this mode should be vanishingly small to avoid damping
via nonlinear mixing. Extending this scheme to the super-
position of several modes in order to generate more
complex types of breathers seems difficult. Indeed, the

eigenmode frequencies are, in general, noncommensurable
with each other; therefore, the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [34]. Note that for a negative interaction coefficient
g̃ in 1D, a bright soliton forms a stable steady state of the
Gross-Pitaevskii equation (even for ω → 0) and thus also
matches our definition. In that particular 1D case, a richer
configuration exhibiting explicitly the required time perio-
dicity is the Kuznetsov-Ma breather, which is obtained by
superposing a bright soliton and a constant background
(see, e.g., Ref. [37] and references therein).
Here, we are interested in 2D breathers that go well

beyond a single-mode excitation, and we start our study
with the uniform triangular shape. In this case, for experi-
ments performed with a gas in the Thomas-Fermi regime,
we find that the evolution of the shape is periodic with
period T=2 within the precision of the measurement. As an
illustration, we show in Fig. 5(a) four images taken
between t ¼ 0 and T=2. The scalar product ðnð0ÞjnðtÞÞ
between the initial distribution and the one measured at
times T=2, T, 3T=2, and 2T shown in Fig. 5(b) is indeed
very close to 1. We can reproduce the same result for
various initial atom numbers.
We did not find an analytical proof of this remarkable

result, but we can confirm it numerically by simulating the
evolution of a wave function ψðr; tÞ with the Gross-
Pitaevskii equation [38]. We show in Fig. 6(a) a few
snapshots of the calculated density distribution and in
Fig. 6(b) the evolution of the modulus of the (usual) scalar
product jhψð0ÞjψðtÞij between the wave functions at times
0 and t. The calculation is performed on a square grid of

(a) (c)

(d)(b)

)
(

)
(

FIG. 5. (a) Density distributions of an initially triangular-shaped cloud at t=T ¼ 0, t=T ¼ 0.08, t=T ≈ 1=4, and t=T ≈ 1=2. The first
and last distributions are close to each other. (b) Scalar product between the initial density distribution of a triangular-shaped cloud (red
square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed lines indicate
where t=T is a multiple of 1=2. The shape seems to be periodic of period T=2. (c) Density distributions of an initially disk-shaped cloud
at t=T ¼ 0, t=T ≈ 2=7, t=T ≈ 1, and t=T ≈ 2. The first two and the last distributions are close to each other. (d) Scalar product between
the initial density distribution of a disk-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap.
The first point is fixed at 1. The dashed lines indicate where t=T is a multiple of 2=7. The shape seems to be periodic of period 2=7. In (a)
and (c), the horizontal black lines represent 10 μm. In (b) and (d), the black arrows indicate the point corresponding to density
distributions shown in (a) and (c), respectively. The error bars represent the statistical error of the measurement.
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L̂1 = L̂3 � ! Ĉ/~
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L̂2 = D̂/2and

oscillates at frequency
<latexit sha1_base64="jtT71HjECERB5Du2jbfUUv3NVDg="></latexit>

! !2hĈ(t)i = ~!hL̂3 � L̂1(t)i
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2!
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L̂3 = Ĥ!/(2~!) ,

2D breathers
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• from ideal to real fluids: effects of viscosity

Newton 1695

shear and bulk viscosity  

<latexit sha1_base64="iczHTOEy0nCSXklTxXM/WSEtec0="></latexit>

⇢
dv

dt
= �grad p+ ⌘r2v + (⌘ + ⇣/3)grad divv

<latexit sha1_base64="UzDF+aWN+dmCtP//CQ4h7f+1ctA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgQkoiRV0W3bisYB/QhDKZ3rRDJ5M4MxFr6K+4caGIW3/EnX/jtM1CWw9c7uGce5k7J0g4U9pxvq3Cyura+kZxs7S1vbO7Z++XWypOJYUmjXksOwFRwJmApmaaQyeRQKKAQzsYXU/99gNIxWJxp8cJ+BEZCBYySrSRenbZA01OsfdkmjeAe+zgnl1xqs4MeJm4OamgHI2e/eX1Y5pGIDTlRKmu6yTaz4jUjHKYlLxUQULoiAyga6ggESg/m90+wcdG6eMwlqaExjP190ZGIqXGUWAmI6KHatGbiv953VSHl37GRJJqEHT+UJhyrGM8DQL3mQSq+dgQQiUzt2I6JJJQbeIqmRDcxS8vk9ZZ1T2v1m5rlfpVHkcRHaIjdIJcdIHq6AY1UBNR9Iie0St6sybWi/VufcxHC1a+c4D+wPr8AWb9k2M=</latexit>

⌘, ⇣ � 0 due to   
<latexit sha1_base64="NZGW3VNaldw8DmXHK+gli2s2ci8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUY9FLx4r2g/YLiWbTdvQbLIms0JZ+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MBHcgOt+O4WV1bX1jeJmaWt7Z3evvH/QMirVlDWpEkp3QmKY4JI1gYNgnUQzEoeCtcPRzdRvPzFtuJIPME5YEJOB5H1OCVjJj+7PIugO2CN2e+WKW3VnwMvEy0kF5Wj0yl/dSNE0ZhKoIMb4nptAkBENnAo2KXVTwxJCR2TAfEsliZkJstnJE3xilQj3lbYlAc/U3xMZiY0Zx6HtjAkMzaI3Ff/z/BT6V0HGZZICk3S+qJ8KDApP/8cR14yCGFtCqOb2VkyHRBMKNqWSDcFbfHmZtM6r3kW1dler1K/zOIroCB2jU+ShS1RHt6iBmogihZ7RK3pzwHlx3p2PeWvByWcO0R84nz9BZpCY</latexit>

dS/dt � 0

shear force per area  
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⇧xy = ⌘ · @yvx

friction force on a moving sphere  
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F = �6⇡R ⌘ · v Stokes 1851

Navier-Stokes
1822 …
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• a local view on drag forces and back flow

Stokes 

Landauer 1957

stationary back flow current around a slowly moving obstacle   

and   

behavior at long distances  

<latexit sha1_base64="Uzv/1UO5VYHmpvsE18UxuFMG4wE="></latexit>

�j(q) = h(q) [(q̂ · v)q̂ � v] + . . .

Zw. 1997
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hStokes
0 = �(3/4)Nexcluded

dipolar back flow gives no drag force 

superfluid flow    

collisionless Fermi fluid     
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h(q) =
h�2

q2
+

h�1

q
+ h0 + . . .
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h�2 = 6⇡nR
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FStokes = �(h�2/n) ⌘ v
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h�1 = 3⇡n�tr/4

has   
<latexit sha1_base64="7dRrUXW4uENMw/yg0tFAwN1VtXw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIbixJKepGKLpxWcE+oA1hMp22QycPZyaFEgL+ihsXirj1O9z5N07aLLT1wOUezrmXuXO8iDOpLOvbKKysrq1vFDdLW9s7u3vm/kFLhrEgtElCHoqOhyXlLKBNxRSnnUhQ7Huctr3xbea3J1RIFgYPahpRx8fDgA0YwUpLrnk0cpPzanqdNTvt0ceYTZDlmmWrYs2AlomdkzLkaLjmV68fktingSIcS9m1rUg5CRaKEU7TUi+WNMJkjIe0q2mAfSqdZHZ+ik610keDUOgKFJqpvzcS7Es59T096WM1koteJv7ndWM1uHISFkSxogGZPzSIOVIhyrJAfSYoUXyqCSaC6VsRGWGBidKJlXQI9uKXl0mrWrEvKrX7Wrl+k8dRhGM4gTOw4RLqcAcNaAKBBJ7hFd6MJ+PFeDc+5qMFI985hD8wPn8A7D+U1A==</latexit>

h�2 = h�1 ⌘ 0 and   
<latexit sha1_base64="6JEDP3jURGdUT1LgQSZGpmV+nHo=">AAACEnicbVDLSgNBEJyNrxhfUY9eBoOgoGE3BPUkQUE8RjQPyMYwO+kkQ2Z215lZISz7DV78FS8eFPHqyZt/4+QBarSgoajqprvLCzlT2rY/rdTM7Nz8Qnoxs7S8srqWXd+oqiCSFCo04IGse0QBZz5UNNMc6qEEIjwONa9/NvRrdyAVC/xrPQihKUjXZx1GiTZSK7vXa9k3sSsFvjpPXMUE3OKDgrv/LeugDyo5sVvZnJ23R8B/iTMhOTRBuZX9cNsBjQT4mnKiVMOxQ92MidSMckgybqQgJLRPutAw1CcCVDMevZTgHaO0cSeQpnyNR+rPiZgIpQbCM52C6J6a9obif14j0p3jZsz8MNLg0/GiTsSxDvAwH9xmEqjmA0MIlczcimmPSEK1STFjQnCmX/5LqoW8c5gvXhZzpdNJHGm0hbbRLnLQESqhC1RGFUTRPXpEz+jFerCerFfrbdyasiYzm+gXrPcvTGCcoA==</latexit>

hSF
0 ' �2hStokes

0 > 0
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• a finite lower bound on viscosity ?

Landau/Khalatnikov 1949 

superfluids have  

 the normal component contributes  

kinetic theory of gases  

Maxwell 1868

<latexit sha1_base64="zbibyCDOEx5NzRHVSLyz7Q+Cr3k=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQxCvIRdCeoxKIjHiOYB2TXMTjrJkNmHM7OBsCxe/BUvHhTx6ld482+cJHvQxIKGoqqb7i4v4kwqy/o2FhaXlldWc2v59Y3NrW1zZ7cuw1hQqNGQh6LpEQmcBVBTTHFoRgKI73FoeIPLsd8YgpAsDO7UKALXJ72AdRklSkttc98BRe6TYuIIH99epcepAw8xG2KrbRaskjUBnid2RgooQ7VtfjmdkMY+BIpyImXLtiLlJkQoRjmkeSeWEBE6ID1oaRoQH6SbTF5I8ZFWOrgbCl2BwhP190RCfClHvqc7faL6ctYbi/95rVh1z92EBVGsIKDTRd2YYxXicR64wwRQxUeaECqYvhXTPhGEKp1aXodgz748T+onJfu0VL4pFyoXWRw5dIAOURHZ6AxV0DWqohqi6BE9o1f0ZjwZL8a78TFtXTCymT30B8bnDzavlq0=</latexit>

⌘(SF) ⌘ 0

<latexit sha1_base64="2Yuq6Jrtpn7tXUnp7UGywddqAu4=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3dQZqY9l0Y3LCn1BZxwyadqGJpkhyQh1KP6KGxeKuPU/3Pk3pu0stPXAhcM593LvPWHMqNKO823llpZXVtfy64WNza3tHXt3r6miRGLSwBGLZDtEijAqSENTzUg7lgTxkJFWOLyZ+K0HIhWNRF2PYuJz1Be0RzHSRgrsA49oFAhYqp94inLontbvzwO76JSdKeAicTNSBBlqgf3ldSOccCI0ZkipjuvE2k+R1BQzMi54iSIxwkPUJx1DBeJE+en0+jE8NkoX9iJpSmg4VX9PpIgrNeKh6eRID9S8NxH/8zqJ7l35KRVxoonAs0W9hEEdwUkUsEslwZqNDEFYUnMrxAMkEdYmsIIJwZ1/eZE0z8ruRblyVylWr7M48uAQHIEScMElqIJbUAMNgMEjeAav4M16sl6sd+tj1pqzspl98AfW5w8QoZOw</latexit>

⌘n(T ) ⇠ 1/T 5

I. Experiment (Liquid Helium)
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 η
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Kapitza (1938)

viscosity vanishes below Tc

capillary flow viscometer

Hollis-Hallett (1955)

roton minimum, phonon rise

rotation viscometer

η/s ! 0.8 !/kB

Can mass flow without friction?

• flow without friction?                                   shear viscosity η:

Measures of Perfection

Viscosity determines shear stress (“friction”) in fluid flow

F = A η
∂vx

∂y

Dimensionless measure of shear stress: Reynolds number

Re =
n

η
× mvr

fluid flow
property property

• [η/n] = !

• Relativistic systems Re =
s

η
× τT

Measures of Perfection

Viscosity determines shear stress (“friction”) in fluid flow

F = A η
∂vx

∂y

Dimensionless measure of shear stress: Reynolds number

Re =
n

η
× mvr

fluid flow
property property

• [η/n] = !

• Relativistic systems Re =
s

η
× τT

F = A ⌘
@vx
@y

Heikkilä & Hollis-Hallett 1955

Helium-4

• kinetic theory suggests:

• holographic duality:

perfect fluidity 

conjectured as universal lower bound
Kovtun, Son, Starinets 2005

Schäfer, Teaney 2009

⌘

s
=

~
4⇡kB

⌘/s & O(1) ~/kB

<latexit sha1_base64="+9gzRwAHyl4adNH4sZCuz/OXrAs="></latexit>

⌘ = mnhvi `/3 '
p
mkBT/�(T )

grows as temperature increases and is independent of density !   

quantum limited viscosity  

mean free path  
<latexit sha1_base64="WzyB404oLAMnKovBwHTyKroxjjU=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCG+uMFnVZdOOygn1AZyyZNG1DM5khuSPUofgrblwo4tb/cOffmLaz0NYDgcM553JvThALrsFxvq3cwuLS8kp+tbC2vrG5ZW/v1HWUKMpqNBKRagZEM8ElqwEHwZqxYiQMBGsEg+ux33hgSvNI3sEwZn5IepJ3OSVgpLa95zEhvB6YRIjlfXrsnpyN2nbRKTkT4HniZqSIMlTb9pfXiWgSMglUEK1brhODnxIFnAo2KniJZjGhA9JjLUMlCZn208n1I3xolA7uRso8CXii/p5ISaj1MAxMMiTQ17PeWPzPayXQvfRTLuMEmKTTRd1EYIjwuArc4YpREENDCFXc3IppnyhCwRRWMCW4s1+eJ/XTknteKt+Wi5WrrI482kcH6Ai56AJV0A2qohqi6BE9o1f0Zj1ZL9a79TGN5qxsZhf9gfX5A5dYlKs=</latexit>

` & n�1/3
<latexit sha1_base64="bVCDB7hO0646ed+sNs8XnBeq0A4=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKO2MFnVZdOOygn1AZyyZNJ2GJpkhyRTK0J9w46+4caGIW8Gdf2PazkJbDwQO55zLzT1+xKjStv1tZVZW19Y3spu5re2d3b38/kFThbHEpIFDFsq2jxRhVJCGppqRdiQJ4j4jLX94M/VbIyIVDcW9HkfE4ygQtE8x0kbq5ksuQyJgBI5cOSduoE2cw6I78JGs8FO3BMVD4lTOJ918wS7bM8Bl4qSkAFLUu/kvtxfimBOhMUNKdRw70l6CpKaYkUnOjRWJEB6igHQMFYgT5SWzqybwxCg92A+leULDmfp7IkFcqTH3TZIjPVCL3lT8z+vEun/lJVREsSYCzxf1YwZ1CKcVwR6VBGs2NgRhSc1fIR4gibA2ReZMCc7iycukeVZ2LsrVu2qhdp3WkQVH4BgUgQMuQQ3cgjpoAAwewTN4BW/Wk/VivVsf82jGSmcOwR9Ynz97+p29</latexit>

hvi & (~/m)n1/3average velocity  

gives   <latexit sha1_base64="pgIwM2rZi/MEB4EDBpEhFm/3GiQ=">AAACDHicbVDLSgNBEJz1bXxFPXoZDIKnsCuiHkUvHiOYB2RD6J10kiGzD2d6hbDkA7z4K148KOLVD/Dm3zib5KCJBQNFVTU9XUGipCHX/XYWFpeWV1bX1gsbm1vbO8XdvZqJUy2wKmIV60YABpWMsEqSFDYSjRAGCuvB4Dr36w+ojYyjOxom2AqhF8muFEBWahdLPhL4PbznPqikD+0sF0a+6MTE/X4Amucpt+yOweeJNyUlNkWlXfzyO7FIQ4xIKDCm6bkJtTLQJIXCUcFPDSYgBtDDpqURhGha2fiYET+ySod3Y21fRHys/p7IIDRmGAY2GQL1zayXi/95zZS6F61MRklKGInJom6qOMU8b4Z3pEZBamgJCC3tX7nogwZBtr+CLcGbPXme1E7K3ln59Pa0dHk1rWONHbBDdsw8ds4u2Q2rsCoT7JE9s1f25jw5L8678zGJLjjTmX32B87nD6Q/m10=</latexit>⌘ � ↵⌘ · ~n
<latexit sha1_base64="jfi/V0MQPoHsqp2C4X/WRKuLRVI=">AAACBXicbVDLSsNAFJ3UV62vqEtdBItQNyWRom6Eoht3VrAPaEK4mU7aoZMHMxOhhGzc+CtuXCji1n9w5984abPQ1gMXDufcy733eDGjQprmt1ZaWl5ZXSuvVzY2t7Z39N29jogSjkkbRyziPQ8EYTQkbUklI72YEwg8Rrre+Dr3uw+ECxqF93ISEyeAYUh9ikEqydUPbWDxCNzUJhKySzsAOcLA0tusZp24etWsm1MYi8QqSBUVaLn6lz2IcBKQUGIGQvQtM5ZOClxSzEhWsRNBYsBjGJK+oiEERDjp9IvMOFbKwPAjriqUxlT9PZFCIMQk8FRnfqWY93LxP6+fSP/CSWkYJ5KEeLbIT5ghIyOPxBhQTrBkE0UAc6puNfAIOGCpgquoEKz5lxdJ57RundUbd41q86qIo4wO0BGqIQudoya6QS3URhg9omf0it60J+1Fe9c+Zq0lrZjZR3+gff4AJU+YVw==</latexit>

↵⌘ = O(1)with    Shuryak 2005

but  



13

• measuring viscosity in an ultracold gas

J. Thomas et al 2011 … 

 inversion of the aspect ratio upon expansion of unitary 
fermions  

elliptic flow of aspect ratio coexists with ballistic flow of   

Aspect Ratio versus Expansion Time
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<latexit sha1_base64="58MQFkjuDei3ZNzaV4ynjtHInOs=">AAACCHicbVA9SwNBEN2LXzF+RS0tXAxCbMJdCGoZtLGMYD4gd4a9zVyyZG/v2N0TwpHSxr9iY6GIrT/Bzn/jXpJCEx8MPN6bYWaeH3OmtG1/W7mV1bX1jfxmYWt7Z3evuH/QUlEiKTRpxCPZ8YkCzgQ0NdMcOrEEEvoc2v7oOvPbDyAVi8SdHsfghWQgWMAo0UbqFY9dTsSAA3ZDood+kMrJfdWVM62sz3rFkl2xp8DLxJmTEpqj0St+uf2IJiEITTlRquvYsfZSIjWjHCYFN1EQEzoiA+gaKkgIykunj0zwqVH6OIikKaHxVP09kZJQqXHom87sXLXoZeJ/XjfRwaWXMhEnGgSdLQoSjnWEs1Rwn0mgmo8NIVQycyumQyIJ1Sa7ggnBWXx5mbSqFee8UrutlepX8zjy6AidoDJy0AWqoxvUQE1E0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw6wmVs=</latexit>

hr2i(t)

gas), even though the individual cloud radii expand
hydrodynamically and exhibit elliptic flow, as shown in
Fig. 2 for the transverse aspect ratio.
Scale invariance of the expanding gas is now directly

tested by determining τ2ðtÞ≡m½hr2i − hr2i0$=hr ·∇Uopti0
from the measured cloud radii and the trap parameters [14].
By construction, τ2ðtÞ will be independent of the initial
cloud size and should obey τ2ðtÞ ¼ t2, according to Eq. (2),
if the system is scale invariant. Figure 3 shows the
experimental values of τ2ðtÞ versus t for the same data
as used in Fig. 2, including the noninteracting gas data. In
contrast to the aspect ratio versus time data of Fig. 2, which
varies substantially with energy due to the shear viscosity,
the combined τ2ðtÞ data fall on a t2 curve with χ2 ¼ 1.1
using no free parameters. This is consistent with Δp ¼ 0
and scale invariant expansion, which suggests that the
equation of state p ¼ ð2=3ÞE and, hence, local thermody-
namic equilibrium, are maintained in the hydrodynamic
expansion. Further, these results directly demonstrate that
scale invariance is not destroyed by shear viscosity, which
therefore may be amenable to study in Fermi gases by scale
invariant (conformal) field theory methods [8].
We investigate the breaking of scale invariance for the

expanding gas at finite scattering length by tuning the bias
magnetic field above and below the Feshbach resonance.
Figure 4 shows τ2ðtÞ data for ~E≃ 1.0EF. Compared to the
resonant case, we see qualitatively that the cloud expands
more rapidly when the scattering length is negative
1=ðkFIaSÞ ¼ −0.59 and more slowly when the scattering
length is positive, 1=ðkFIaSÞ ¼ þ0.61, where kFI ¼ffiffiffiffiffiffiffiffiffiffiffiffi
2mEF

p
=ℏ. This behavior is a signature of the ½Δp −

Δp0$ term in Eq. (1), where jΔpðtÞj ≤ jΔpð0Þj for any time
t after release and Δp has the same sign as the scattering
length.

To estimate Δp − Δp0 in Eq. (1), we employ for
simplicity a high-temperature, second virial coefficient
approximation [23]. We retain only the translational
degrees of freedom and ignore the contribution from
changes in the molecular population, which require
three-body collisions that occur with low probability during
the expansion time scale. In Δp, the translational temper-
ature is evaluated using an adiabatic approximation, so that
ΔpðtÞ is then a known function of time and is odd in 1=aS
[14]. We find that estimating Δp in this way yields
satisfactory agreement with the data of Fig. 4, even for
relatively low energies ~E=EF ≃ 1. The reasonable fits
suggests that two-body interactions are dominant for
1=ðkFIaSÞ≃'0.6. The expansion at finite 1=aS is energy
dependent, since Δp approaches zero as the energy is
increased [14].
We present a new precision measurement of the shear

viscosity at resonance, which serves as a reference for the
bulk viscosity measurement described below. This is
accomplished by measuring the transverse aspect ratio
as a function of time after release, Fig. 2. The shear
viscosity pressure tensor slows the flow in the rapidly
expanding, initially narrow, x direction and increases the
speed in the more slowly expanding y direction. As the
initial transverse aspect ratio is 1∶2.7 for our trap, elliptic
flow is observed for relatively short expansion times with
high signal to background ratio, enabling high sensitivity to
the shear viscosity, even at the lowest energies, which were
not accessible in our previous expansion measurements
[6,7]. We fit the data of Fig. 2 for a resonantly interacting
gas at 834 G, using a general, energy-conserving,
hydrodynamic model [6,7], valid in the scale-invariant
regime where Δp ¼ 0. At resonance, the shear viscosity
η takes the form η ¼ αSℏn, where n is the total density of
atoms and αS is a dimensionless function of the local
reduced temperature. The trap-averaged shear viscosity
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FIG. 4 (color online). Conformal symmetry breaking in the
expansion for a Fermi gas near a Feshbach resonance. The data
are the experimental values of τ2ðtÞ≡m½hr2i − hr2i0$=hr ·∇Ui0
for ~E=EF ≃ 1.0, versus time t after release. Solid curves are the
predictions using Eq. (1) with ζB ¼ 0, where the pressure change
Δp is approximated using the second virial coefficient without
any free parameters [14]. Top: 1=ðkFIaSÞ ¼ −0.59; Center:
1=ðkFIaSÞ ¼ 0; Bottom: 1=ðkFIaSÞ ¼ þ0.61.

0.6 0.8 1.0 1.2 1.4 1.6 1.8

0

1

2

3

4

E EF

V
is

co
si

ty
C

oe
ff

ic
ie

nt
s

FIG. 5 (color online). Measurement of bulk and shear viscosity
for a scale-invariant Fermi gas: Blue (top): Trap-averaged shear
viscosity coefficient

R
d3rη=ðNℏÞ≡ ᾱS versus energy ~E=EF.

Red (bottom): Trap-averaged bulk viscosity coefficientR
d3rζB=ðNℏÞ≡ ᾱB versus energy. Bars denote statistical error.

(Dashed curves added to guide the eye.)

PRL 112, 040405 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

31 JANUARY 2014

040405-3

extract  
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⌘ and ⇣
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• vanishing bulk viscosity and a conjecture 

Werner/Castin 2006, Son 2007 

scale invariant fluids have vanishing bulk viscosity 
<latexit sha1_base64="p2w1ccU4qQQ0S+Pd7Z+ZDQ4q5lo=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mkqMeiF48V+gVNKJvtpF262cTdTaGG/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7cJOcXdv/+DQPjpuqTiVFJo05rHsBEQBZwKammkOnUQCiQIO7WB0N/PbY5CKxaKhJwn4ERkIFjJKtJF6tu09gSblxoUHjykbY6dnl5yKMwdeJW5OSihHvWd/ef2YphEITTlRqus6ifYzIjWjHKZFL1WQEDoiA+gaKkgEys/ml0/xuVH6OIylKaHxXP09kZFIqUkUmM6I6KFa9mbif1431eGNnzGRpBoEXSwKU451jGcx4D6TQDWfGEKoZOZWTIdEEqpNWEUTgrv88ippXVbcq0r1oVqq3eZxFNApOkNl5KJrVEP3qI6aiKIxekav6M3KrBfr3fpYtK5Z+cwJ+gPr8wdoZJLf</latexit>

⇣(T ) ⌘ 0

the shear viscosity to entropy density ratio is bounded below 

Kovtun/Son/Starinets 2005 

all known fluids so far 

obey the bound ! 

<latexit sha1_base64="MDUwZUHeIhDSthvl6v+3TmF8dd0=">AAACC3icbVA9TwJBEN3zE/Hr1NJmAzHBBu4MUUuCjSUm8pFwhOwtA2zY2zt394zkQm/jX7Gx0Bhb/4Cd/8YFrlDwJZO8vDeTmXl+xJnSjvNtrayurW9sZray2zu7e/v2wWFDhbGkUKchD2XLJwo4E1DXTHNoRRJI4HNo+qOrqd+8B6lYKG71OIJOQAaC9Rkl2khdO+f54QP0Eg80KSlvAHfe0CeyVCh7EcOjbvV00rXzTtGZAS8TNyV5lKLWtb+8XkjjAISmnCjVdp1IdxIiNaMcJlkvVhAROiIDaBsqSACqk8x+meATo/RwP5SmhMYz9fdEQgKlxoFvOgOih2rRm4r/ee1Y9y87CRNRrEHQ+aJ+zLEO8TQY3GMSqOZjQwiVzNyK6ZBIQrWJL2tCcBdfXiaNs6J7XizflPOVahpHBh2jHCogF12gCrpGNVRHFD2iZ/SK3qwn68V6tz7mrStWOnOE/sD6/AHi05pN</latexit>

⌘/s � ~/(4⇡kB)
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• a microscopic calculation of the shear viscosity

Enss/Haussmann/Zw. 2011 

<latexit sha1_base64="Z+1eYoex4jK/EdRI1Kp/YFYbW6U="></latexit>
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η=n ¼ 2.773x3=2 þ 0.251 − 0.0013x−3=2; ð9Þ

where x ¼ T=T loc
F . The coefficients in Eq. (9) are given

by the central values of η0, η2, η3 normalized by the density
n. The local Fermi momentum kF is defined in terms
of the density of the gas, n ¼ k3F=ð3π2Þ. We show the
reconstruction for temperatures above the critical temper-
ature Tc ¼ 0.167ð13ÞT loc

F [28]. We find that the value of the
viscosity at Tc is η=njTc

¼ 0.41% 0.11. We have not
attempted to reconstruct the shear viscosity below Tc,
since a proper treatment of this regime requires superfluid
hydrodynamics.
For comparison the gray data points show the recon-

structed values of η=n obtained in the experimental work
of Joseph et al. [7]. These results are based on the same
expansion data, but involve a number of assumptions [34].
The main assumption is that there is a critical radius Rcrit

i so

that the atomic cloud inside this radius can be described as a
viscous fluid, and the particles outside the radius are a
noninteracting gas. The critical radius is assumed to be a
constant fraction of the cloud size. The overall constant is
adjusted to reproduce the expected behavior of the high-
temperature viscosity, η ∼ η0ðmTÞ3=2. This implies that the
agreement of the data points with kinetic theory for large
T=T loc

F is not a result, but an input. In contrast, the
agreement of our reconstruction with kinetic theory is a
nontrivial result. There is some discrepancy between the
two reconstructions in the regime T ¼ ð0.2–1.0ÞT loc

F .
In this regime our result for η=n is systematically lower.
This makes sense if one assumes that as the temperature is
lowered and the viscosity drops the effective fluid radius
increases. This implies that assuming a constant radius of
the fluid core leads to an overestimate of the viscosity. It is
interesting that directly at Tc the two reconstructions agree.
We also show the T-matrix calculation of Enss et al. [32],

which agrees quite well with our reconstructed viscosity
near Tc. It will be interesting to study the physical
consequences of this result, for example, possible impli-
cations for quasiparticle models. We also show the lattice
calculation of Wlazlowski et al. [33]. The calculation does
not match the shape of our reconstruction, and has a
substantially smaller η=njTc

.
Finally, Fig. 5 shows the ratio of shear viscosity to

entropy density, based on our reconstruction of η=n and the
measurement of s=n by the MIT group [28]. The result is
compared to high and low temperature predictions for η=s
in kinetic theory [24,35]. We find a shallow minimum
of η=sjmin ¼ 0.50% 0.10 slightly above Tc. The mini-
mum is related to the fact that the entropy per particle
drops significantly as Tc is approached from above,
whereas no structure is seen in η=n. We note that at present
we can only weakly exclude (at about 1σ) a minimum in
η=s at or below Tc. A minimum in η=s above Tc was
predicted in [36], but is in tension with the Monte Carlo
data in [33].
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FIG. 3. The reconstructed ratio η=n as a function of T=T loc
F for a

homogeneous gas. The local Fermi temperature is defined as
T loc
F ¼ k2F=ð2mÞ where kF is defined via the density of the gas,

n ¼ k3F=ð3π2Þ. The red line shows the density expansion together
with the error band described in the text. The curves terminate at
Tc. The gray dots show the reconstruction obtained in [7], and the
dashed line shows the T-matrix calculation of Enss et al. [32].
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FIG. 4. Same as Fig. 3, zooming in on the low-temperature
regime. Our analysis (red band) is compared to the results (gray
points) obtained in [7], the T-matrix calculation (dashed line)
of Enss et al. [32], and the lattice calculation (green band) of
Wlazlowski et al. [33].
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FIG. 5. Low-temperature behavior of the shear viscosity to
entropy density ratio η=s as a function of T=T loc

F . Our analysis
(red band) is compared to the high and low temperature
predictions from kinetic theory, see [24,35].
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η=n ¼ 2.773x3=2 þ 0.251 − 0.0013x−3=2; ð9Þ

where x ¼ T=T loc
F . The coefficients in Eq. (9) are given

by the central values of η0, η2, η3 normalized by the density
n. The local Fermi momentum kF is defined in terms
of the density of the gas, n ¼ k3F=ð3π2Þ. We show the
reconstruction for temperatures above the critical temper-
ature Tc ¼ 0.167ð13ÞT loc

F [28]. We find that the value of the
viscosity at Tc is η=njTc

¼ 0.41% 0.11. We have not
attempted to reconstruct the shear viscosity below Tc,
since a proper treatment of this regime requires superfluid
hydrodynamics.
For comparison the gray data points show the recon-

structed values of η=n obtained in the experimental work
of Joseph et al. [7]. These results are based on the same
expansion data, but involve a number of assumptions [34].
The main assumption is that there is a critical radius Rcrit

i so

that the atomic cloud inside this radius can be described as a
viscous fluid, and the particles outside the radius are a
noninteracting gas. The critical radius is assumed to be a
constant fraction of the cloud size. The overall constant is
adjusted to reproduce the expected behavior of the high-
temperature viscosity, η ∼ η0ðmTÞ3=2. This implies that the
agreement of the data points with kinetic theory for large
T=T loc

F is not a result, but an input. In contrast, the
agreement of our reconstruction with kinetic theory is a
nontrivial result. There is some discrepancy between the
two reconstructions in the regime T ¼ ð0.2–1.0ÞT loc

F .
In this regime our result for η=n is systematically lower.
This makes sense if one assumes that as the temperature is
lowered and the viscosity drops the effective fluid radius
increases. This implies that assuming a constant radius of
the fluid core leads to an overestimate of the viscosity. It is
interesting that directly at Tc the two reconstructions agree.
We also show the T-matrix calculation of Enss et al. [32],

which agrees quite well with our reconstructed viscosity
near Tc. It will be interesting to study the physical
consequences of this result, for example, possible impli-
cations for quasiparticle models. We also show the lattice
calculation of Wlazlowski et al. [33]. The calculation does
not match the shape of our reconstruction, and has a
substantially smaller η=njTc

.
Finally, Fig. 5 shows the ratio of shear viscosity to

entropy density, based on our reconstruction of η=n and the
measurement of s=n by the MIT group [28]. The result is
compared to high and low temperature predictions for η=s
in kinetic theory [24,35]. We find a shallow minimum
of η=sjmin ¼ 0.50% 0.10 slightly above Tc. The mini-
mum is related to the fact that the entropy per particle
drops significantly as Tc is approached from above,
whereas no structure is seen in η=n. We note that at present
we can only weakly exclude (at about 1σ) a minimum in
η=s at or below Tc. A minimum in η=s above Tc was
predicted in [36], but is in tension with the Monte Carlo
data in [33].
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FIG. 3. The reconstructed ratio η=n as a function of T=T loc
F for a

homogeneous gas. The local Fermi temperature is defined as
T loc
F ¼ k2F=ð2mÞ where kF is defined via the density of the gas,

n ¼ k3F=ð3π2Þ. The red line shows the density expansion together
with the error band described in the text. The curves terminate at
Tc. The gray dots show the reconstruction obtained in [7], and the
dashed line shows the T-matrix calculation of Enss et al. [32].
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FIG. 4. Same as Fig. 3, zooming in on the low-temperature
regime. Our analysis (red band) is compared to the results (gray
points) obtained in [7], the T-matrix calculation (dashed line)
of Enss et al. [32], and the lattice calculation (green band) of
Wlazlowski et al. [33].
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FIG. 1. Sound waves in a homogeneous unitary Fermi gas. (A) Sound is excited by modulating the intensity of one of the laser walls (i) and
the resulting density wave is observed via an in situ absorption image, shown for both an unperturbed (ii) and modulated (iii) sample. Here
the modulation frequency is 2⇡ ⇥ 600 Hz. Taking their difference (iv) and integrating along the homogeneous radial trap axis reveals (v) a
perturbation in the fractional density difference �n/n, propagating along the axial direction z and exhibiting a well-defined wavenumber k
corresponding to the applied modulation frequency !. (B) Dispersion of sound !(k). The fitted slope (black line) provides the speed of sound.
The insets display sound waves observed at ! = 2⇡ ⇥ 500Hz and 2⇡ ⇥ 850 Hz. Errors in the measured k are smaller than the point size.
(C) Measurement of the universal relation between the measured speed of sound and the energy-per-particle E/N (see text). The black solid
line shows the predicted linear dependence for any non-relativistic scale invariant system in 3D; mc2 =

10
9 E/N . Data are shown for both the

normal (red) and the superfluid (blue) phase.

interaction and thermal energies are comparable and even the
nature of the equilibrium state is a subject of debate [28, 29].
At low temperatures T ⌧ TF, it remains unknown whether the
sound diffusivity diverges as 1/T 2 [30], as in the Fermi liquid
3He [31, 32], and whether any sudden drop in the sound diffu-
sion occurs upon entering the superfluid regime. Predictions
for the kinematic viscosity vary from zero [33], as suggested
by experiments on expanding inhomogeneous gases [15, 19],
to infinity if phonon damping dominates [18, 34].

Transport experiments on Fermi gases have thus far em-
ployed harmonic traps [11] or terminal configurations [35,
36], and have been used to probe collective oscillations [37,
38], spin transport [16, 39, 40], viscosity [15], conductiv-
ity [35] and Josephson oscillations [36]. However, obtaining
transport coefficients of homogeneous matter from inhomo-
geneous samples in atom traps requires sophisticated analysis
and assumptions on the spatial flow profile [15, 16]. With the
recent advent of optical box traps [41–44], it is now possible to
directly probe the transport properties of homogeneous quan-
tum gases [44–47]. The gas is then in the same state through-
out and transport properties are identical across the system.

Measurements of transport properties involve the response
of a system to an external drive. In linear response, an ap-
plied potential V couples to perturbations in the fluid density
�n = �V via the density response function �. Sound corre-
sponds to a resonant response, that is a pole in � at a frequency
! = ck, set by the speed of sound c and wavenumber k, in the
vicinity of which �(!, k) ⇠ 1/

�
!2 � c2k2 + i�!

�
[48, 49].

Here, � is the damping rate of sound, given by � = Dk2 [50]
for hydrodynamic systems. Measurements of � and � thus
directly provide the sound diffusivity. Experiments involving

liquid helium have used a number of techniques to measure
�, from free decay of resonant modes in a cylindrical res-
onator [20, 21] to Brillouin scattering off of sound waves [51].

In our homogeneous quantum gas, the constant background
density enables an ideal realization of a density response mea-
surement (see Fig. 1A). We employ an equal two-state mix-
ture 6Li atoms with resonant interstate interactions, confined
to a cylindrical optical box potential composed of three re-
pulsive laser beams: a hollow cylindrical beam providing the
radial confinement (radius 60 µm), and two sheets of light
serving as endcaps (length L ⇠ 100 µm) [42]. The num-
ber N ⇠ 106 of atoms per spin state yields a Fermi energy
of EF = ~2k2F/(2m) ⇠ h⇥ 10 kHz. To inject sound waves,
we sinusoidally modulate the intensity of one endcap beam,
which drives the gas at a well-defined frequency !, and a wide
range of spatial wavenumbers k, Fourier limited by the width
⇠ 4µm of the endcap potential’s edge (see Methods Sum-
mary). At the given driving frequency, the resonant sound
response of the gas is dominated by a specific wavenum-
ber k = !/c, resulting in a traveling wave of sound. An in

situ absorption image is taken after an evolution time suffi-
ciently short such that no reflections occur, and the resonant
wavenumber k is directly measured (Figs. 1A(iii-iv)). By re-
peating this protocol for different drive frequencies, we obtain
the dispersion relation !(k) for wavenumbers k < 0.14kF .
(Fig. 1B). It is linear within our measurement error, corre-
sponding to a constant speed of sound c = !/k as a function
of wavenumber. We note that at wavelengths approaching the
interparticle spacing, and thus at momenta ~k approaching the
Fermi momentum (k ⇠ kF), deviations from linear sound dis-
persion are expected for the unitary Fermi gas [52].
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FIG. 1. Sound waves in a homogeneous unitary Fermi gas. (A) Sound is excited by modulating the intensity of one of the laser walls (i) and
the resulting density wave is observed via an in situ absorption image, shown for both an unperturbed (ii) and modulated (iii) sample. Here
the modulation frequency is 2⇡ ⇥ 600 Hz. Taking their difference (iv) and integrating along the homogeneous radial trap axis reveals (v) a
perturbation in the fractional density difference �n/n, propagating along the axial direction z and exhibiting a well-defined wavenumber k
corresponding to the applied modulation frequency !. (B) Dispersion of sound !(k). The fitted slope (black line) provides the speed of sound.
The insets display sound waves observed at ! = 2⇡ ⇥ 500Hz and 2⇡ ⇥ 850 Hz. Errors in the measured k are smaller than the point size.
(C) Measurement of the universal relation between the measured speed of sound and the energy-per-particle E/N (see text). The black solid
line shows the predicted linear dependence for any non-relativistic scale invariant system in 3D; mc2 =

10
9 E/N . Data are shown for both the

normal (red) and the superfluid (blue) phase.

interaction and thermal energies are comparable and even the
nature of the equilibrium state is a subject of debate [28, 29].
At low temperatures T ⌧ TF, it remains unknown whether the
sound diffusivity diverges as 1/T 2 [30], as in the Fermi liquid
3He [31, 32], and whether any sudden drop in the sound diffu-
sion occurs upon entering the superfluid regime. Predictions
for the kinematic viscosity vary from zero [33], as suggested
by experiments on expanding inhomogeneous gases [15, 19],
to infinity if phonon damping dominates [18, 34].

Transport experiments on Fermi gases have thus far em-
ployed harmonic traps [11] or terminal configurations [35,
36], and have been used to probe collective oscillations [37,
38], spin transport [16, 39, 40], viscosity [15], conductiv-
ity [35] and Josephson oscillations [36]. However, obtaining
transport coefficients of homogeneous matter from inhomo-
geneous samples in atom traps requires sophisticated analysis
and assumptions on the spatial flow profile [15, 16]. With the
recent advent of optical box traps [41–44], it is now possible to
directly probe the transport properties of homogeneous quan-
tum gases [44–47]. The gas is then in the same state through-
out and transport properties are identical across the system.

Measurements of transport properties involve the response
of a system to an external drive. In linear response, an ap-
plied potential V couples to perturbations in the fluid density
�n = �V via the density response function �. Sound corre-
sponds to a resonant response, that is a pole in � at a frequency
! = ck, set by the speed of sound c and wavenumber k, in the
vicinity of which �(!, k) ⇠ 1/

�
!2 � c2k2 + i�!

�
[48, 49].

Here, � is the damping rate of sound, given by � = Dk2 [50]
for hydrodynamic systems. Measurements of � and � thus
directly provide the sound diffusivity. Experiments involving

liquid helium have used a number of techniques to measure
�, from free decay of resonant modes in a cylindrical res-
onator [20, 21] to Brillouin scattering off of sound waves [51].

In our homogeneous quantum gas, the constant background
density enables an ideal realization of a density response mea-
surement (see Fig. 1A). We employ an equal two-state mix-
ture 6Li atoms with resonant interstate interactions, confined
to a cylindrical optical box potential composed of three re-
pulsive laser beams: a hollow cylindrical beam providing the
radial confinement (radius 60 µm), and two sheets of light
serving as endcaps (length L ⇠ 100 µm) [42]. The num-
ber N ⇠ 106 of atoms per spin state yields a Fermi energy
of EF = ~2k2F/(2m) ⇠ h⇥ 10 kHz. To inject sound waves,
we sinusoidally modulate the intensity of one endcap beam,
which drives the gas at a well-defined frequency !, and a wide
range of spatial wavenumbers k, Fourier limited by the width
⇠ 4µm of the endcap potential’s edge (see Methods Sum-
mary). At the given driving frequency, the resonant sound
response of the gas is dominated by a specific wavenum-
ber k = !/c, resulting in a traveling wave of sound. An in

situ absorption image is taken after an evolution time suffi-
ciently short such that no reflections occur, and the resonant
wavenumber k is directly measured (Figs. 1A(iii-iv)). By re-
peating this protocol for different drive frequencies, we obtain
the dispersion relation !(k) for wavenumbers k < 0.14kF .
(Fig. 1B). It is linear within our measurement error, corre-
sponding to a constant speed of sound c = !/k as a function
of wavenumber. We note that at wavelengths approaching the
interparticle spacing, and thus at momenta ~k approaching the
Fermi momentum (k ⇠ kF), deviations from linear sound dis-
persion are expected for the unitary Fermi gas [52].
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FIG. 3. Spectral response of sound and its attenuation rate. (A)
The imaginary part of the density response function at each nor-
mal mode wavenumber kj displays a well-defined peak in frequency,
whose full-width-at-half-maximum yields the mode damping rate �.
This is obtained from a Lorentzian fit, shown by solid lines. (B)
Damping rate �(k) for gas temperatures T/TF = 0.36(5) (red cir-
cles), 0.21(3) (green squares) and 0.13(2) (blue triangles). For all
temperatures, �(k) displays the characteristic quadratic scaling at
low momenta implied by diffusive damping. For our coldest samples,
as k increases we observe a deviation from this behaviour, revealed
by a crossover to linear scaling. At all temperatures and wavenum-
bers, our data are well-captured by the model of [54] (solid lines)
which accounts for the finite relaxation rate of the fluid.

comes comparable to the damping rate of thermal phonons
�ph [34, 54]. Collisionless or Landau damping of sound is
due to non-linearities resulting from the kinetic energy den-
sity carried by sound and the density dependence of the speed
of sound. Fermi’s Golden Rule yields a rate �ph / k [34, 48]
proportional to the energy ~ck carried by a phonon. Includ-
ing a non-zero damping rate of phonons �ph yields a crossover
from hydrodynamic to collisionless damping as the sound fre-
quency ck exceeds �ph [54]. The relation � = Dk2f(ck/�ph)
with f(x) = tan�1(x)/x [54] shows a good agreement with
the data (solid line), with �ph = 0.27(8) kBT/~ hinting at
quantum critical damping [27]. We note that the observation
of quadratic scaling of � with k at low wave numbers implies
that sound is primarily attenuated in the bulk, and that edge
effects are negligible [50, 56].

As the main result of this work, we present in Fig. 4 the

FIG. 4. Temperature dependence of the sound diffusivity. For
temperatures comparable to the Fermi temperature, the sound diffu-
sivity (D, normalized by ~/m; blue circles) approaches the expected
high temperature scaling of T 3/2 (solid black line). As the temper-
ature is lowered, D decreases monotonically and attains a quantum-
limited value close to ~/m. Below the superfluid transition (vertical
red line, from [24]), D is observed to be almost independent of tem-
perature and condensate fraction (nC , red circles). From the transi-
tion temperature (nC = 0) to the coldest temperatures (nC ⇠ 0.8),
the changes in D are within the standard error of the measurements.
Theoretical predictions for D: the dashed orange line is from the
sound attenuation length calculated in the framework of kinetic the-
ory [25] and the dashed green line is from a calculation of shear
viscosity [18] assuming a Prandtl number of 2/3.

sound diffusivity D = �/k2 of the unitary Fermi gas, ob-
tained from the damping of low momentum sound modes. The
measured values are expressed in units of ~/m, demonstrating
universal sound diffusion.

Generally, the sound diffusivity contains contributions from
both the bulk and shear viscosity, ⇣ and ⌘ respectively, (which
damps momentum gradients), and the thermal conductivity 
(which damps temperature gradients) [50]. However, for a
scale invariant fluid, the bulk viscosity vanishes [57] and D =
D⌘ +D only, with D⌘ = 4⌘/(3mn) and D = 4T/(15P )
(see Methods Summary). We note that our measurements of
D therefore constrain the relationship between the viscosity
and thermal conductivity, which is usually quantified by the
Prandtl number Pr = cP ⌘/ [50], where cP is the specific

sound diffusion constant 
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FIG. 6. Thermal conductivity κ vs temperature T/TF for the
unitary Fermi gas from Luttinger-Ward calculations (red line) and
from experiment [23]. κ saturates in the quantum degenerate regime
and exhibits a shallow minimum of κ/n ≈ 8.7h̄/m at T/TF ≈ 0.6.

than compensated by the increase of DT which makes heat
diffusion rather more important.

A fluid is characterized by the relative importance of
different transport channels, which is quantified by transport
ratios. Here, we consider the Prandtl number, which is defined
as the ratio of shear and thermal diffusivities (DT is reported
in Fig. 1)

Pr = Dη

DT
= (p/mn)τη(

χT
qq

/
cpT

)
τκ

= pcpT
mnχT

qq
× τη

τκ

. (37)

As the last term shows, the transport ratio is a product of a
thermodynamic term that incorporates nontrivial temperature
scaling from the full equation of state, and a ratio of transport
times which we have found to remain nearly constant at
τη/τκ = 2

3 throughout the quantum critical regime. Therefore,
in the unitary gas the transport ratios derive their temperature
dependence predominantly from the equation of state, and
we use the best available Luttinger-Ward equation of state

FIG. 7. Landau-Placzek ratio LP = cp/cV − 1 vs temperature
T/TF from Luttinger-Ward calculations (green below Tc [32], red
above Tc [34]) and from experiment [37]. The dashed line indicates
the high-temperature limit LP = 2

3 .
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FIG. 8. Prandtl number Pr = Dη/DT vs temperature T/TF from
Luttinger-Ward calculations (red line) and sound attenuation mea-
surements [23]; the dashed line marks the high-temperature limit
Pr = 2

3 .

[32,34] to obtain the theory prediction for the Prandtl number
in Fig. 8. Note that Pr starts from a value of 2

3 in the high-
temperature limit and then grows to about 0.7 near T ≈ TF ,
before it falls to much smaller values below 0.2 near the super-
fluid transition. This nonmonotonic behavior results from the
Landau-Placzek ratio [26,34] shown in Fig. 7 for the unitary
Fermi gas, and is consistent with the virial expansion [31].
At the classical superfluid phase transition (model F) [40] one
expects that η remains finite while κ diverges according to
Eq. (2), suggesting a vanishing Pr → 0. This nonmonotonic
behavior is very well confirmed by a recent measurement of
sound attenuation in the unitary gas [23]. The value of the
Prandtl number also has an important interpretation in terms
of possible nonrelativistic gravity duals, which, however, pre-
dict Pr = 1 [68] and can therefore be excluded as a model
for the unitary Fermi gas. Another important transport ratio is
the bulk-to-shear viscosity ratio ζ/η computed in [54], which
shows that viscous transport occurs via quasiparticles only
for T ! TF but deviates in the quantum degenerate regime.
The Schmidt number Sc = Dη/Ds comparing shear with spin
transport is shown in Fig. 10 (see Appendix C).

VI. DISCUSSION

In conclusion, we have found that transport scattering
times τκ and τη in the quantum critical regime follow a
remarkably simple scaling law, which extends to the vicinity
of the superfluid transition where pairing fluctuations become
dominant. We have chosen specifically the unitary gas where
the quantum critical regime extends to high temperature to
demonstrate this point. This information is combined with a
new exact sum rule for thermal transport, which depends on
the equation of state and thermal operators beyond, to predict
the thermal conductivity κ in the quantum degenerate regime.
For κ and the Prandtl number Pr we find good agreement with
recent experiments [23].

The remarkable coincidence of the quantum critical scat-
tering times from the high-temperature Boltzmann calculation
and the strong-coupling large-N and Luttinger-Ward results

023301-10
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• broken scale invariance and bulk viscosity 
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dE/dt ⇠ ↵2
0 !Re ⇣(!)

before in the two-body limit (9). The second term is the
continuum-continuum contribution of dissociated pairs,
which extends over all frequencies but has most of its
spectral weight at small frequencies ω≲ εB. At this order
there is no bound-bound contribution because an ideal Bose
gas of bound pairs is scale invariant; corrections arise from
atom-dimer scattering at orderOðz3Þ. Both contributions in
Eq. (11) are necessary to exhaust the sum rule (cf. Fig. 2)

S3D;vir ¼
2

ffiffiffi
2

p

9
z2Tλ−3v2

"
ð1þ 2v2Þev2 ½1þ erfðvÞ&

þ 2vffiffiffi
π

p − ΘðvÞ4v2ev2
#
: ð12Þ

This agrees with the adiabatic derivative (7) of the contact
[11,45] C3D;vir ¼ 16πz2λ−4f1þ

ffiffiffi
π

p
vev

2 ½1þ erfðvÞ&g.
At unitarity v → 0, the analytical dynamical viscosity

ζunitary3D;vir ðωÞ ¼
2

ffiffiffi
2

p

9π
z2λ−3v2

sinhðβω=2Þ
βω=2

K0ðβω=2Þ: ð13Þ

At this order, the unitary contact correlation has a loga-
rithmic singularity a2ζ ∼ lnðT=ωÞz2 for small frequencies
from the modified Bessel function K0ðβω=2Þ, as shown in
Fig. 1. The logarithmic singularity for small frequencies
corresponds via Fourier transform to the logarithmic
singularity of the bulk viscosity at long times, ζðtÞ ∼
lnðtÞ=ða2tÞ [46]. Precisely at unitarity, the bulk viscosity
vanishes for all frequencies due to the v2 ∝ a−2 factor.
Throughout the BEC-BCS crossover, the dc bulk viscosity
is then given by (see Fig. 2)

ζ3D;virðvÞ¼
2

ffiffiffi
2

p

9π
z2λ−3v2½−1−ð1þv2Þev2Eið−v2Þ&: ð14Þ

The exponential integral EiðxÞ yields a logarithmic singu-
larity in scattering length a2ζ ∼ lnða2=λ2Þz2 shown in the

inset of Fig. 2. The singular coefficient of the virial
expansion is regularized by higher-order terms Oðz3Þ from
the fermionic self-energy [9,11]; these are resummed in the
Luttinger-Ward computation and yield a finite dc limit in
Fig. 3(b) below.
In 2D, there is always a bound state with binding energy

εB > 0 even for arbitrarily weak attractive interaction. The
dynamical bulk viscosity is obtained as [42]

ζ2D;virðωÞ¼2πz2λ−2
1−e−βω

βω

"
βεBeβεBΘðω−εBÞ
ln2ðω=εB−1Þþπ2

þ
Z

∞

0
dy

e−y

½ln2ðyT=εBÞþπ2&½ln2ððyTþωÞ=εBÞþπ2&

#
:

The dc bulk viscosity is then approximately given by

ζ2D;virðεB=TÞ ≃
2πz2λ−2

½ln2ðT=2εBÞ þ π2&2
: ð15Þ

This result for the bulk viscosity based on contact correla-
tions is similar in structure to the fermionic Boltzmann
calculation [12] but larger by a factor 4π2, which is necessary
to satisfy the sum rule [42] and the high-frequency asymp-
totics with the contact density [47,48] C2D;vir ¼
16π2z2λ−4fβεBeβεB þ

R∞
0 dy½e−y=(ln2ðyT=εBÞ þ π2)&.

Luttinger-Ward results.—The Luttinger-Ward (LW)
technique is a diagrammatic strong-coupling approach to
fermions in the BEC-BCS crossover [49,50] which treats
fermions ψσ and the pair field Δ on equal footing. Its
predictions for the unitary shear viscosity [9] agree well
with recent data [51], and similarly for spin diffusion
[52,53]. In this work, I extend the previous LWapproach to
compute the bulk viscosity (5) via the contact correlation
function (6). It uses the self-consistent pair propagator Γ
and includes vertex corrections which represent the

(a) (b) (c)

FIG. 3. Bulk viscosity from Luttinger-Ward computation. (a) Dynamical bulk viscosity ζðωÞðkFaÞ2=ℏn vs frequencyω at unitarity, for
increasing temperature from top to bottom (see legend); universal high-frequency tail ζðωÞ ∼ C=ω3=2 (dashed). (b) dc bulk viscosity
ζðTÞðkFaÞ2=ℏn vs temperature for different interaction: from top to bottom BEC (1=kFa ¼ 1), unitary (1=kFa ¼ 0), and BCS
(1=kFa ¼ −1). Kinetic prediction ζkinðTÞðkFaÞ2=ℏn (16) from shear viscosity (dashed). (c) Sum rule SðTÞðkFaÞ2=nεF (solid) and
contact CðTÞ=k4F (dashed) vs temperature for different interaction; virial limit T−3=2 (dot-dash).
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grows near the SF transition  

anomaly in 2D Bose gases gives finite  
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• Ultracold gases provide a number of concrete realisations 
for scale invariant many-body problems in 1D, 2D and 3D. 
The additional symmetries give rise to a universal 
equation of state and to unique features in the dynamics. 

• Transport coefficients in scale invariant gases approach 
quantum limited values, associated with relaxation times 
of order                Deviations from scale invariance lead to a 
non-vanishing bulk viscosity which appears e.g. in the 
response to a time dependent change of the scattering 
length.  

• Conclusion

Au revoir et Merci beaucoup pour votre attention 
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