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Introduction

One of the very first mathematical descriptions of the three-body prob-
lem can be found in Newton’s Principia, published in 1687. We know
of Newton’s resounding success in solving the problem of two bodies of
massesm1 andm2 interacting gravitationally:

V (r1, r2) = −
Gm1m2

r12
, r12 = |r1 − r2|. (1)

Once the solution to the two-body problem was well established, Newton
turned his attention to a three-body system of the Sun–Earth–Moon type
shown in figure 1. This problem, called “lunar theory”, corresponds to a
potential energy of the system

V (r1, r2, r3) = −G
Å
m1m2

r12
+
m2m3

r23
+
m3m1

r31

ã
. (2)

One of the questions Newton raised was that of the stability of such a sys-
tem. He tackled it by implementing complex calculations based on pertur-
bation theory. Much to his chagrin—he lost his appetite and his sleep—
Newton was unable to come up with a convincing general answer. In fact,
he wrote to one of his friends, John Machin, that he never had a headache,
except when working on the lunar theory... (Westfall 1980).

This question then occupied the most brilliant mathematicians and
physicists during the 18th and 19th centuries: Euler, d’Alembert, Clairaut,
Lagrange, Laplace, Poisson, Jacobi, Cauchy. . . made notable contributions
to it without really solving it. At the turn of the 20th century, Poincaré iden-
tified a significant dependence on initial conditions for this problem and
developed the mathematical tools that are now central to chaos theory, a
very active branch of physics andmathematics (Gutzwiller 1998; Chenciner
2014).

1

Figure 1. The Sun–Earth–Moon system described by Newton in his Principia.

In this lecture series, we will look at the transposition of the three-body
problem to the quantum domain. As with the lunar problem, we will focus
on a system in which the interaction energy can be written as a sum of
binary terms:

V = V12 + V23 + V31. (3)
However, the binary interaction will be very different from that of as-
tronomers. The 1/r law of gravitational attraction (1) will be replaced by
a short-range interaction. More precisely, the range b of the binary inter-
atomic potentials will be assumed to be much smaller than the average dis-
tance between the three-body edifices that will be formed (figure 2).

For the moment, we will write this interaction in the form
Vij = g δ(ri − rj), (4)
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1

r12
r23

r31
1

2

3
Figure 2. Three interacting bodies. The size of the balls represents the range of the
two-body potential, denoted b. We are mainly interested in situations where the
distance between particles rij is larger than b.

where the symbol δ(r) represents “almost” a Dirac distribution. The focus
of this course will be on the resonant case, i.e. a combination of atomic
masses and the strength g of the potential such that a two-body bound state
is just at the threshold for the Hamiltonian (see figure 3)

Ĥ =
p̂2
1

2m
+

p̂2
2

2m
+ V̂12. (5)

Note that in the equation above we have given the same mass to both par-
ticles, but we will also encounter interesting situations where these masses
are different.

A very important notion of the course will be the emergence for the
three-body problem of a potential varying as the inverse of the square of
a characteristic distance R:

V (R) = − γ

R2
. (6)

The distanceR involved here could be, for example, the hyperradius for the
three-body system

R ∝
»
r212 + r223 + r231. (7)

This emergence of an attractive potential varying as 1/R2 was discovered by
Vitaly Efimov in a series of remarkable articles (Efimov 1970; Efimov 1971;

0 1 2 3 4 5 6 7 8 9 10

r2|ψ0(r)|2

r2|ψ1(r)|2

r2|ψ2(r)|2

0

−V0

r/b

V (r)

Figure 3. An example of scattering resonance for a Gaussian potential V (r) =
−V0 exp(−r2/2b2), highlighted on the radial probability density r2|ψn(r)|2 of
bound states for zero angular momentum (ℓ = 0). The pair (V0, b) was chosen so
that the last bound stateψ2(r) is very close to the dissociation limit (2mb2V0/ℏ2 =
23.5). The extension of this weakly bound state is then much larger than the range
b. The ground state ψ0(r) and the first excited state ψ1(r), on the other hand, are
strongly bound and have an extension ∼ b. It is the physics associated with the
weakly bound state that will mainly interest us in this course.

Efimov 1972; Efimov 1973). Let us stress that this long-range potential is
absent from two-body physics which, as we have written, is short-range, or
even zero-range. This is why we call it an “emergent” property, one that
materializes only when all three bodies are simultaneously present.

The particularity of the 1/R2 potential is its scale invariance, which will
occupy us intensively in the first chapters of this course. This invariance
can be illustrated in a simple way for the one-particle Hamiltonian

Ĥ = − ℏ2

2m

d2

dR2
+

γ

R2
. (8)

If a wave function ψ(R) is an eigenstate of this Hamiltonian for energy E,
then we can verify that the infinite family of functions ψ(λR) for any real

8



Figure 4. Borromean rings named after the Italian Borromeo family, whose coat of
arms has featured the rings since the 15th century. Photo from Wikimedia Com-
mons, taken in the church of San Pancrazio in Florence.

λ is also an eigenstate of Ĥ for eigenvalue λ2E. This property of the 1/R2

potential is unique in the family of power law interactions!
The physics discovered by Efimov (and previously sensed by other

physicists such as Thomas (1935)) leads to the existence of Borromean
states. Even if the potential V (r12) is slightly too weak to admit a two-
body bound state, the three-body problem can possess a certain number
of bound states. These states only “hold together” because all three bodies
are simultaneously present. This situation is reminiscent of the three inter-
twined and inseparable rings shown in figure 4: if we cut one of them, the
other two are freed.

When Efimov published his predictions in the early 1970s, there were
very few systems in nature on which one could hope to test them. Efimov
was mainly interested in problems of nuclear physics, such as three α par-
ticles that could bind to form a 12C carbon nucleus, or the problem of the
tritium nucleus formed by two neutrons and a proton. But Efimov’s theory
was difficult to apply to these situations because the binary interactions
were not sufficiently close to resonance.

Atomic physics, in particular with quantum gases and their adjustable
Fano–Feshbach resonances, has considerably enriched the landscape. It

provides systems where the scale invariance found by Efimov and the uni-
versality linked to it could be tested quantitatively. Experiments on the
He3 trimer (Schöllkopf & Toennies 1994; Kunitski, Zeller, et al. 2015) and
those carried out on a cesium gas (Kraemer, Mark, et al. 2006) have opened
up a vast field of research that we will describe in the lectures that follow.
Given the limited time available, this description will of course be only par-
tial, and we refer readers wishing to learn more to the review articles pub-
lished on the subject over the last twenty years, such as Nielsen, Fedorov,
et al. (2001), Braaten & Hammer (2006), Braaten & Hammer (2007a), Fer-
laino & Grimm (2010), Efimov (2011), Petrov (2012), Wang, Julienne &
Greene (2015), Greene, Giannakeas, et al. (2017), Naidon & Endo (2017),
and D’Incao (2018).

This year’s lecture series will consist of three main parts, each made up
of two chapters.

• In the first two chapters, we will focus on the two-body problem and
show why the 1/r2 potential is singular among all power-law (1/rβ)
potentials. We will show that this peculiarity of the potential is linked
to its scale invariance, and more generally to its conformal invari-
ance, which manifests itself in the dynamics of the problem. We will
illustrate these properties on several examples, such as the charge–
wire interaction and the charge–dipole interaction. We will also de-
scribe some remarkable theoretical results for the one-dimensional
(Calogero–Sutherland–Moser) problem.

• In Chapters 3 and 4, we will tackle the three-body problem in a rel-
atively simple version, in which two heavy particles of mass M get
bound by a light particle of massm. We will use a Born–Oppenheimer
approach: first, we will assume that the heavy particles are held fixed
at a distanceR from each other, andwewill determine the energyE(R)
of the ground state of the light particle. We will then see how a law
E(R) ∝ −1/R2 can emerge. We then move on to the motion of heavy
particles, with E(R) playing the role of the effective interaction po-
tential between them. We will show that a theoretically infinite series
of bound states emerges for themMM system, with geometrically in-
creasing energies. We will describe experiments carried out on gases
of cold atoms that have revealed the first states in this sequence.

9



• Chapters 5 and 6 will be devoted to the three-body problem for iden-
tical bosons, which corresponds to the case initially considered by Efi-
mov. The complete theoretical treatment is then considerably more
complex than in the mMM case. We will describe the broad lines of
the theory using the hyperspherical potential formalism. We will de-
scribe a number of experiments carried out recently on a helium beam
or on gases of cold atoms. We will also discuss an unexpected univer-
sality, that of the three-body parameter. The introduction of this param-
eter is necessary to prevent the three-body system from falling to the
center, and corresponds to the introduction of a short-range cutoff R0.
For many atomic species, it appears thatR0 is determined solely by the
mass of the atoms and their van derWaals coefficient C6. We conclude
with a brief discussion of small-body physics beyond the three-boson
case considered by Efimov. We will see that Efimovian universality
does not hold in general, except in two specific cases that we will dis-
cuss.

Note. This course is the third in a series devoted to the interactions be-
tween atoms in quantum gases. It is not necessary to have followed or read
the previous two years’ lecture series to understand this one. All the con-
cepts used will be recalled (without proof) when necessary, and precise
references to the previous lecture series will be given.

Acknowledgements. I am very grateful to Jérôme Beugnon, Raphaël
Lopes and Sylvain Nascimbène for their comments on a draft version of
these lecture notes.

These notes were translated from French using as a first step an automatic transla-
tor. This procedure may have introduced some typos or mistakes in the equations.
In case of doubt please consult the French version. Thanks in advance for signaling
these typos.
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Chapter I

The potential in 1/r2 and its scale invariance

As announced in the general introduction to this course, the Efimov ef-
fect for the three-body problem originates from the emergence of a long-
range attractive potential, varying as 1/r2 where r is a relevant spatial co-
ordinate, the hyperradius in the case of three interacting particles.

The simple problem of a single particle moving in a g/r2 potential is
in fact very rich and very subtle. The intuition gained from studying the
Coulomb potential in−e2/r, for example, is often challenged. For instance,
there is no ground state in the potential g/r2, when g is negative and suf-
ficiently large in absolute value. Starting from a given bound state, we can
produce states of arbitrarily large negative energy. This is the problem of a
“particle falling to the center” [Landau & Lifshitz (1975), § 35].

The motion of a particle of massm in the 1/r2 potential is a good exam-
ple of a scale-invariant problem, for which the physical constants needed
to describe it provide no length scale. In contrast, the Coulomb problem
leads naturally to the length scale given by the Bohr radius a0 = ℏ2/me2.
The remedy for the “fall to the center” problem imposes an ad hocminimum
size on physically acceptable states, which breaks—at least partially—the
scale invariance.

The 1/r2 potential is dealt with explicitly in several books and articles.
In addition to Landau & Lifshitz (1975) already mentioned, let us quote
in particular Mott & Massey (1949), chapter II, § 7, Case (1950), Coon &
Holstein (2002), Essin & Griffiths (2006), Dereziński & Richard (2017) and
Paik (2018). Nevertheless, this problem remains relatively unknown and

Essin & Griffiths (2006) suggest a “good” reason for this: “It violates ev-
ery rule in the book, and discredits all the intuition we are trying to instill in our
students.” Since this problem plays a central role in Efimovian physics, we
think it worth devoting this chapter and the next to it.

In this first chapter, we will begin by recalling the basics of the quantum
treatment of the motion of a particle in a central potential, in particular the
search for bound states. After establishing some general results for a g/rβ
potential, we will concentrate on the β = 2 case to explore the scale invari-
ance mentioned above. Wewill also look at a first illustration, involving the
interaction between a polarizable atom and a uniformly charged wire.

1 The two-body problem

1-1 Separation of variables

Consider two particles of mass mj , j = 1, 2 interacting via the potential
V (r1 − r2). The total Hamiltonian

Htot =
p2
1

2m1
+

p2
2

2m2
+ V (r1 − r2) (1)

is rewritten in terms of the variables of the center of mass
R =

m1r1 +m2r2
m1 +m2

, P = p1 + p2, (2)

11



Chapter I – The potential in 1/r2 and its scale invariance § 1. The two-body problem

and the relative variable

r = r1 − r2, p =
m2p1 −m1p2

m1 +m2
, (3)

in the form

Htot = Hcm +Hrel with Hcm =
P 2

2M
, Hrel =

p2

2mr
+ V (r) (4)

where we have introduced the total mass M = m1 + m2 and the relative
massmr = m1m2/(m1 +m2).

One can simply check that the variables of the center of mass commute
with the relative variables, so that we can look for a basis of eigenfunctions
common to Hcm and Hrel. A basis of eigenfunctions of Hcm is given by the
states of well-defined momentum (plane waves eiK·R), which call for no
particular comment. In what follows, we will assume that we work in the
reference frame of the center of mass, i.e. that we have chosen the state
K = 0, and we will concentrate on the eigenstates of Hrel.

We have therefore gone from a problem with six degrees of freedom
(r1, r2) to a problem with only three degrees of freedom (r) by exploiting
the translation invariance of the Hamiltonian (1).

1-2 Rotational invariance

We now turn to the frequently encountered case of a centrally symmetric
potential V : V (r) = V (r). The relative Hamiltonian Hrel then commutes
with the three components of the angular momentum operator L = r × p,
so we can look for a basis of eigenfunctions common toHrel,L2, and one of
the three components of L, for example Lz .

We therefore write the eigenfunctions Ψ(r) in spherical coordinates as

Ψ(r) = ψ(r)Yℓ,m(θ, φ) (5)

where the angular dependence Yℓ,m(θ, φ) is entirely fixed by imposing Ψ
to be an eigenstate of L2 and Lz . Recall that the quantum number ℓ is a
non-negative integer, and that it characterizes the eigenvalue of L2. The

quantum number m, which belongs to the set {−ℓ,−ℓ + 1, · · · , ℓ}, charac-
terizes the eigenvalue of Lz :

L2Yℓ,m = ℏ2ℓ(ℓ+ 1) Yℓ,m LzYℓ,m = ℏm Yℓ,m. (6)

All that remains is to determine the radial dependence ψ(r) of the wave
functionΨ. In practice, it is convenient to introduce the reduced radialwave
function u(r) = r ψ(r)which satisfies the one-dimensional equation:

− ℏ2

2mr
u′′(r) +

ï
V (r) +

ℏ2ℓ(ℓ+ 1)

2mrr2

ò
u(r) = E u(r) (7)

Each value of ℓdefines an interaction channel, forwhichwe obtain an eigen-
value equation which has the structure of a Schrödinger equation with a
total potential:

Vtot(r) = V (r) +
ℏ2ℓ(ℓ+ 1)

2mrr2
(8)

i.e. the sumof the true potential and the centrifugal potential. This equation
is defined on the half-line r ≥ 0. If we assume that Ψ(r) is regular at r = 0,
this imposes

u(0) = 0. (9)

Let us further assume that V (r) → 0 when r → +∞. The equation (7)
generally admits solutions of negative energy E, corresponding to bound
states of the two-body system, and solutions of positive energy, describing
an (elastic) collision between the two asymptotically free particles. Given
the definition of spherical harmonics, the normalization condition for the
wave function of bound states reads

1 =

∫
|Ψ(r)|2 d3r =

∫
|ψ(r)|2|Yℓ,m(θ, φ)|2 r2 sin θ dr dθ dφ

=

∫ ∞

0

|u(r)|2 dr. (10)

By exploiting first the translational invariance of the Hamiltonian (1)
and then the rotational invariance of the interaction potential, we have
moved from a problem with six degrees of freedom (r1, r2) to a problem
with only one degree of freedom (r).

12
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1-3 Search for bound states

An important part of this year’s course will be devoted to the search for
few-body bound states. Let us now show how this search can be carried
out for the two-body problem.

Wewill first look at states with zero angular momentum and thenmove
on to the general case. Let us start by establishing a lower bound on the en-
ergy of any bound state. If the potential V (r) is itself bounded from below
by a value −|V0|, like the square or Gaussian potentials shown in figures
I.1ab, we can simply show that the energy of each bound state, when it ex-
ists, is always greater than−|V0|. Simplymultiply (7) byu∗(r) and integrate
the result between 0 and +∞ to find, using (10):

ℏ2

2mr

∫
|u′(r)|2 dr +

∫ ï
V (r) +

ℏ2ℓ(ℓ+ 1)

2mrr2

ò
|u(r)|2 dr = E. (11)

The first term on the left-hand side is always positive (kinetic energy), and
the second is greater than or equal to −|V0|, since
∫ ï

V (r) +
ℏ2ℓ(ℓ+ 1)

2mrr2

ò
|u(r)|2 dr ≥

∫
V (r) |u(r)|2 dr ≥ −|V0|

∫
|u(r)|2 dr

(12)
hence the result announced using (10).

Existence of bound states. Recall that the existence of bound states is not
guaranteed, even if V (r) is negative at every point. Taking the example of
the square potential shown in figure I.1a, which we studied in detail in the
2021 lecture series (Chapter 3, § 3), let us look at the angular momentum
channel ℓ = 0 and set V0 = ℏ2k20/2mr. One can show that the well contains
no bound state if k0b/π ≤ 1/2, contains a single bound state for 1/2 <
k0b/π < 3/2, and more generally n bound states for n − 1/2 < k0b/π <
n+ 1/2.

Number of bound states. In the example of the square well just given, the
number of bound states is always finite, whatever the values of the depth V0
and the range b. The same is true for any potential that tends to 0 sufficiently
fastwhen r →∞, but not for theCoulombpotential, whichwewill examine
later.

0 1

-1

0

(a)

r/b

V
(r
)/
V
0

0 1 2

−1

0

1

Ra Rb

(b)

r/b

0 1 2

−1

0

1

Ra Rb

(c)

r/b

Figure I.1. Some simple two-body potentials. (a) Squarewell of depthV0 and range
b. (b) Gaussian potential. (c) Gaussian potential superimposed on the centrifugal
potential for ℓ ̸= 0. We have indicated in (b) and (c) the turning points used to
calculate the energy of a bound state by the WKB method.

A simple method for estimating the number of bound states is to use
the semi-classical method, also known as the WKB (Wentzel–Kramers–
Brillouin) method. We simply state here the result that is useful for our
study, and refer the interested reader to Schiff (1968) and to the 2021 lec-
ture series (Chapter 4, § 1), where this method was presented in detail.

The main result of the WKB method for bound states can be written as
a condition for quantizing the energy E of the n-th bound state1:

∫ Rb

Ra

kE(r) dr ≈ nπ (13)

where kE is the local wave number associated with energy E:

ℏ2k2E(r)
2mr

+ Vtot(r) = E with Vtot(r) = V (r) +
ℏ2ℓ(ℓ+ 1)

2mrr2
. (14)

The points Ra and Rb are the left and right turning points of the classical
motion: Vtot(Ra) = Vtot(Rb) = E.

1Strictly speaking, the term on the right-hand side of (13) is not nπ, but rather (n− 1/2)π
or (n−1/4)π, depending onwhether the variations of the potential at the two classical turning
points Ra and Rb are “soft” (figure I.1c) or whether one of the two edges is “hard” (figure
I.1b). But this detail is unimportant if we are interested in relatively large values of n.

13



Chapter I – The potential in 1/r2 and its scale invariance § 1. The two-body problem
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√
Ṽ0

N

Figure I.2. Solid red line: number of bound states in the Gaussian potential
V (r) = −V0 e−r2/2b2 , with Ṽ0 = 2mrV0b

2/ℏ2. Dashed blue line: approximate
value given by the argument of the function I(x) in (15).

To estimate the position of bound states, we can scan the value ofE from
E = −|V0| to E = 0. For each value of E, we calculate the integral (13) and
we obtain an approximate value of the energy of a bound state when this
integral is equal to an integer times π. In particular, the value of the integral
at E = 0 gives a generally fairly reliable estimate of the number of bound
states:

Nbound ≈ I
ñ
1

π

∫ Rb

Ra

kE=0(r) dr

ô
(15)

where I(x) denotes the nearest integer to x and where Ra and Rb are the
turning points of the classical zero-energy motion, for example Ra = 0,
Rb = +∞ in the case of figure I.1b. The existence of an infinite number of
bound states is then revealed by the divergence of this integral at Rb =∞.

The criterion for the validity of the semi-classical approximation is
linked to the fact that the wave number kE(r) must vary fairly slowly with
r. More precisely, if we introduce the de Broglie wavelength λ = 2π/k, this
criterion reads

1

2π

dλ

dx
≪ 1. (16)

We will see later how this criterion applies to power-law potentials.

Example. For a Gaussian potential V (r) = −V0 e−r2/2b2 , we find for the
argument x of the function I(x) the value

»
Ṽ0/π, with Ṽ0 = 2mrV0b

2/ℏ2.
The comparison between the approximate number of bound states

»
Ṽ0/π

and the number found by a numerical solution of the Schrödinger equation
is shown in figure I.2.

1-4 Zero-energy solution and scattering length

To conclude this brief review of the description of two-body interactions, let
us look at the ℓ = 0 collision channel and its zero-energy solution, which
satisfies

E = 0 : −u′′(r) + 2mrV (r)

ℏ2
u(r) = 0 (17)

Consider the solution to this equation which satisfies the boundary condi-
tion u(0) = 0 [or the condition u(Ra) = 0 if we impose a hard core at Ra to
regularize the potential V (r)]. By examining its number of nodes, we can
immediately deduce the number of bound states in the potential V (r) for
the channel under consideration (here ℓ = 0). This point follows directly
from the Sturm–Liouville theorem, which allows one to classify the eigen-
states of the Hamiltonian by increasing energy by counting the number of
nodes in their wave function. The ground state has no node2, the first ex-
cited state has one node, and so on. If the zero-energy state has n nodes,
we can therefore deduce that there are n states of energy E < 0.

Scattering length. Suppose that the potential V (r) decreases “sufficiently
fast” at infinity [in practice, this means faster than 1/r3 (Landau & Lifshitz
1975)]. Let us recall the form of the zero-energy solution of the radial equa-
tion (7) in this case: in a region far from the origin, such that the potential
V (r) is negligible, i.e. for r large comparedwith the range b of the potential,
this equation simply becomes u′′(r) = 0, whose solutions are of the form
u(r) = c0 + c1r, which we write as

E = 0, r ≫ b : u(r) ∝ r − a ⇔ ψ(r) ∝ 1

a
− 1

r
(18)

2The vanishing of u at r = 0, or at the hard core Ra, does not count as a node.
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

r/b

Figure I.3. From bottom to top: reduced wave function u(r) for the three bound
states and the zero-energy state in the Gaussian potential V (r) = −V0 e−r2/2b2

with Ṽ0 = 2mrV0b
2/ℏ2 = 29. The states are not normalized.

The quantity a is called the scattering length. It can be positive, zero or
negative, or even infinite, and it is the main characteristic of the scattering
process at very low energy.

An example is given for the Gaussian potential in figure I.3. We can
check the linear behavior u(r) ∝ r − a with here a ≈ 3b. We have also
plotted the bound states in this trap (there are three bound states for the
value chosen for Ṽ0 = 2mrV0b

2/ℏ2). As expected, the ground state has no
node, and the two excited states have one and two nodes. The zero-energy
state has three nodes, the first two being very close to those of the last bound
state, and the third is close to the scattering length a.

We refer the reader to Chapter 3 of the 2021 lecture series for a detailed
presentation of the treatment of the collision of two particles at low energy
and for examples of scattering length calculations.

2 Attractive power-law potentials 1/rβ

2-1 Qualitative approach in terms of wave packets

In the previous section, we did not explicitly consider the case where
the potential V (r) could be both attractive and singular at the origin, i.e.
V (r) → −∞ when r → 0. The potentials represented in figure I.1 are all
bounded below, which immediately puts a lower limit on the energy of the
ground state [cf. § 1-3].

We now look at power-law potentials

V (r) =
g

rβ
, (19)

where the exponent β is at this stage arbitrary and where we essentially
consider the attractive case, i.e. g < 0. At least for the ℓ = 0 angular mo-
mentum channel, the existence of a lower bound for the ground state is
therefore not guaranteed.

Let us begin our study with a remark based on dimensional analysis.
For a particle of mass mr placed in a potential g/rβ with β ̸= 2, we can
construct a natural length scale for the quantum problem

r∗ =

Å
mr|g|
ℏ2

ã1/(β−2)

(20)

For the Coulomb potential, we recover in this way the value of the Bohr ra-
dius, up to a multiplicative factor. The length scale r∗ is associated with
the momentum scale ℏ/r∗ and with the energy scale ℏ2/mrr

2
∗. This di-

mensional argument disappears when we take β = 2, since (20) no longer
makes sense. It is thus clear that the case of β = 2will play a special role in
the study of power-law potentials.

To get an idea of the different possible scenarios, let us consider a wave
packet centered3 at r0 and of extent also∼ r0 (figure I.4). We know that the
average energy of this wave packet is necessarily larger than the energy of
the ground state, a consequence of the theorem underlying the variational

3To be more precise, one can take a shell of radius r0 and thickness ∆r equal to a fraction
of r0. We will not do this here, in order to avoid multiplying the mathematical symbols.
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1

r
r0

V(r) = g
rβ

Figure I.4. Wave packet centered at r0 and of extent ∼ r0 in an attractive power-
law potential.

method. The kinetic energy of the relative motion Ek ∼ (∆p)2/2mr is re-
lated to the confinement over a size r0, and hence to a momentum spread
∆p of at least∼ ℏ/r0. The kinetic energy and the potential energy Ep are of
the order of

Ek ∼
ℏ2

2mrr20
, Ep ∼ −

|g|
rβ0
, (21)

so that two situations emerge for the variation of the total energyE = Ek+
Ep with the size r0, depending on whether the exponent β is less than or
greater than 2 (see figure I.5). We will now review these two situations.

2-2 The β < 2 case

In this case, the kinetic energy (positive) is dominant for small values of
r0 and the potential energy (negative) is dominant for large values of r0.
The total energy therefore passes through a minimum for a value of r0 of
the order of r∗ (figure I.5a). This indicates that a ground state may exist,
which a quantitative analysis confirms.

The Coulomb potential provides an example of this case, with β = 1
and g = −e2. Minimizing the total energy

E ∼ ℏ2

2mrr20
− e2

r0
(22)

(a)

r0

E
(r

0
)

(b)

r0

Figure I.5. Total energy of a wave packet of size r0 in a power-law potential, V (r) =
g/rβ with g < 0. (a) Case β < 2: the (positive) kinetic energy dominates at short
distances. (b) Case β > 2: the (negative) potential energy dominates at short
distances, which makes it possible to generate wave packets of arbitrarily negative
energy.

gives the characteristic size r0 = ℏ2/mre
2, equal to the Bohr radius, and the

energy −mre
4/2ℏ2, the energy of the 1s state of the hydrogen atom4.

2-3 The β > 2 case

The situation is then reversed: the kinetic energy dominates at large values
of r0, whereas the potential energy dominates at small values of r0 (figure
I.5b). It follows that wave packets can be made with negative energy that is
arbitrarily large in absolute value, indicating that the system does not have
a well-defined ground state. The spectrum of the Hamiltonian extends to
E = −∞, and this situation is referred to as a “fall to the center”.

This case is encountered for van derWaals interactions (β = 6, g = −C6)
as well as for dipole-dipole interactions (β = 3) although the latter case is a
little more complicated to deal with because of the anisotropic nature of the
potential V (r). The solution to this problem is well known, and physically
quite relevant. Van der Waals interactions, for example, represent only the

4The fact thatwe find the exact result for the size of the ground state is somewhat fortuitous.
Our estimates of the kinetic energy and of the potential energy of the wave packet were only
approximate. . .
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Figure I.6. Addition of a short-range repulsive potential to prevent the fall to the
center in an algebraic potential varying as r−β with β > 2. (a): hard core in
r = Ra, (b): addition of a repulsive potential with a higher power law.

long-distance component of interactions between two neutral atoms. At
short distances, when the atoms’ electron clouds begin to overlap, repulsive
forces become dominant and prevent the collapse that would bring the two
atoms together.

A simple phenomenological way of describing this short-range repul-
sion and avoiding the fall towards the center is to impose a hard core at a
distance Ra > 0, i.e. u(Ra) = 0 (figure I.6a). An alternative is to add a
further power-law repulsive potential, for example the Lennard–Jones po-
tential:

VLJ(r) = −
C6

r6
+
C12

r12
(23)

to prevent collapse at r = 0 (figure I.6b). In what follows, we will adopt
the first strategy, which is simpler to deal with mathematically.

Borderline case β = 2. This case, which will play a central role in the
rest of the course, will be discussed in detail later. Let us simply point out
that the fact that the kinetic energy and the potential energy have the same
dependence on the size r0 of the wave packet is a signature of the scale
invariance of the potential in r−2.

Exponent β Behavior Number Example
at the origin of bound states

β < 2 regular infinite Coulomb
β > 2 non-regular finite van der Waals

Table I.1. Behavior of the bound states of a particle moving in a potential V (r) =
−|g|/rβ . Non-regular behavior at the origin indicates that the potential V (r) needs
to be regularized at short distances, for example by adding a hard-core potential, in
order to ensure the existence of a finite-energy ground state.

2-4 How many bound states are there?

Having settled the problem of determining the wave functions at r = 0, we
now turn to the question of the number of bound states.

For the Coulomb potential, the answer is well known. The bound states
are labeled by the principal quantum number n and have the energy En =
−EI/n

2, where −EI is the energy of the ground state (−13.6 eV for the
hydrogen atom). The number n can be written as n = n′ + ℓ+ 1, where n′
is the radial quantum number, i.e. the number of nodes in the radial wave
function ψ(r). Since n can be equal to any positive integer, we deduce that
the number of bound states is infinite, whatever the value ℓ of the angular
momentum.

This result can be recovered simply from the estimate given in (15). Let
us consider stateswith zero angularmomentum for simplicity, i.e. Vtot(r) =
−e2/r. The result (15) becomes:

Nbound ≈
√
2mre2

πℏ

∫ +∞

0

dr√
r
. (24)

This integral diverges at its upper bound r = +∞, indicating that an in-
finitely large number of bound states can be formed with energies arbitrar-
ily close to zero.

The divergence of this integral will persist for all power-law potentials
V (r) = −|g|/rβ up to and including the value β = 2. We therefore expect
an infinite number of bound states for this entire class of exponents.

For β > 2, we have seen that it is necessary to regularize the potential
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V (r) in the vicinity of the origin to ensure the existence of a ground state
of well-defined energy. For the regularization obtained by imposing a hard
core at r = Ra (figure I.6), we obtain from (15):

Nbound ≈ I
ñ√

2mr|g|
πℏ

∫ +∞

Ra

dr

rβ/2

ô
. (25)

The integral is convergent and there is a finite number of bound states.
For the van der Waals potential, V (r) = −C6/r

6, we find

Nbound ≈ I
ï
2

π

R2
vdW

R2
a

ò
with RvdW =

1

2

Å
2mrC6

ℏ2

ã1/4
, (26)

a result already mentioned in the 2021 lecture series (Chapter 4, § 2.1). The
results presented in this section are collected in table I.1.

Validity of the semi-classical approach. For a power-law potential, the
validity criterion written in (16) gives, for the zero-energy solution,

d(1/k)

dr
=

ℏβ√
8mr|g|

r
β
2 −1 ≪ 1. (27)

Here again, it is essential to separate the cases β < 2 and β > 2:

• If β < 2, i.e. β
2 − 1 < 0, this validity criterion is satisfied at sufficiently

large distances r. Even if the semi-classical approximation does not
correctly describe the behavior at small r, the conclusion concerning
the existence of an infinite number of bound states, which are essen-
tially located far from the origin, remains valid.

• If β > 2, i.e. β
2 − 1 > 0, this validity criterion is, by contrast, fulfilled

for small values of r. A more detailed study of the case of the van
der Waals potential, β = 6, shows that almost all the bound states are
correctly described by the semi-classical approach (cf. the 2021 lecture
series, Chapter 4, § 4): only the position of the last bound state is poorly
estimated by this approach. In particular, the estimate of the total num-
ber of bound states given in (26) is quite relevant.

ux

uy

r

θ

ur

uθ

Figure I.7. Definition of polar coordinates to describe the classical motion of a
particle in a central potential.

• For β = 2, we note that the validity criterion (27) does not constrain
the position r, but only the amplitude |g| of the potential, which must
be significantly larger than ℏ2/mr. Note that here again the case β = 2
acts as a boundary separating two radically different situations.

3 The 1/r2 potential in classical mechanics

Most of this course will be devoted to the quantum properties of particles
moving in a 1/r2 potential. However, it is interesting to begin our study
with the classical version of the problem, which contains several precursors
of the specific features we will be dealing with in the following.

3-1 Classical motion and fall to the center

Let us briefly recall the nature of the classicalmotion of a particle ofmassmr

in any central potential. Starting from the position r = rur of the particle
(see figure I.7), we find its velocity in polar coordinates:

dr

dt
= ṙur + ru̇r = ṙur + rθ̇uθ. (28)
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Figure I.8. Classical trajectories in the potential g/r2 with g < 0. Left, angular
momentum L > Lc: L/Lc = 1.025, 1.13, 1.27, 1.41. Right, fall to the center for
L < Lc: L/Lc = 0.85, 0.92, 0.99.

This gives the acceleration

d2r

dt2
=
Ä
r̈ − rθ̇2

ä
ur +

Ä
2ṙθ̇ + rθ̈

ä
uθ. (29)

Projecting the equation ofmotion onto the radial and orthoradial axes leads
to

mr

Ä
r̈ − rθ̇2

ä
= −dV

dr
2ṙθ̇ + rθ̈ = 0, (30)

where, for the case of interest here, V (r) = g/r2.
The second equation of (30) expresses the conservation of angular mo-

mentum
L = mrr × v = mrr

2θ̇uz, (31)
which means that the motion is planar, this plane being defined by the two
vectors ri and vi (initial position and initial velocity).

The first equation can be interpreted as a one-dimensional equation of
motion:

mrr̈ = −
dVtot
dr

with Vtot(r) = V (r) +
L2

2mrr2
(32)

This equationmust of course be seen as the classical equivalent of the radial
Schrödinger equation given in (7).

For the potential V (r) = g/r2 with g < 0, we can see that two cases are
possible (figure I.8):

• If L > Lc, where Lc is the critical value defined by

Lc =
»

2mr|g| (33)

a particle arriving from infinity cannot approach arbitrarily close to
the center, since Vtot(r)→ +∞ when r → 0. It may make one or more
turns before heading back to infinity.

• If L < Lc, the particle falls to the center. This situation is the classical
equivalent of a quantumHamiltonianwhose spectrum extends to−∞.

If we introduce the impact parameter b and the velocity v of the atom
arriving from infinity, we have L = mrvb, so that the condition for falling
to the center can be written

L < Lc ⇔ b <

 
2|g|
mrv2

. (34)

The fact that the criterion for falling to the center can be written so simply
in terms of angular momentum alone is specific to the r−2 potential, which
has the same spatial dependence as the centrifugal energy term. We will
recover the condition (34)—with a slight modification—in the quantum
case.

3-2 The atom–charged-wire interaction

We now describe a first experimental implementation of the motion of an
atomic particle in a 1/r2 potential, realized by Denschlag, Umshaus, et al.
(1998). Although we are dealing here with microscopic particles, it is not
necessary to use the quantum formalism to treat this problem, which iswell
described by a classical approach.
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Figure I.9. Principle of the experiment by Denschlag, Umshaus, et al. (1998),
studying the motion of polarizable neutral atoms (7Li) in the electrostatic field
created by a uniformly charged wire.

The geometry is two-dimensional, and uses the electrostatic potential
created by a uniformly charged rectilinearwire, with a linear charge density
that we will denote Λ (figure I.9). The wire is oriented along the z axis and
we are interested in the motion of the particles in the xy plane. We denote
by ur and uθ the two unit vectors, radial and orthoradial respectively, in
this plane.

The wire creates at any point in space (apart from the wire itself) the
electric field

E =
Λ

2πϵ0r
ur. (35)

Consider a neutral atom of polarizability αa > 0 placed in this electrostatic
field. An electric dipole d = αaE is induced within the atom, and the inter-
action energy between the atom and the field is:

E = −αa

2
E2 ≡ g

r2
with g ≡ −αa

2

Å
Λ

2πϵ0

ã2
< 0. (36)

We therefore generate the desired attractive potential in 1/r2.

E

Vtot(r)

0

L < Lc

r

E < Ecrit

Ecrit
Vtot(r)

0
RW

L > Lc

r

Figure I.10. The two possible cases in the Denschlag, Umshaus, et al. (1998)
experiment. If L < Lc (left figure), the fall to the center occurs with certainty,
whatever the incident energy. If L > Lc (right figure), the atom can hit the wire
of radius Rw if its energy exceeds the critical value Ecrit = Vtot(Rw), which cor-
responds to the condition (37).

3-3 The results of Denschlag et al.

Denschlag, Umshaus, et al. (1998) carried out their experiment with
lithium atoms of mass m captured in a magneto-optical trap. The electri-
cally chargedwire can be placed in the center of themagneto-optical trap or
outside it (inset of figure I.11, left). The rate of atomic loss is measured in
both cases, by varying the linear charge of the wire and using the fact that
atoms coming into contact with the wire stick to it. The fall to the center
therefore results in an increased loss of atoms, in addition to the inevitable
losses due to collisions with the molecules of the residual gas in the exper-
imental chamber.

Since the wire has a non-zero radiusRw, it can be shown that the condi-
tion (34) for losing an incident atom with impact parameter b and velocity
v becomes (see figure I.10)

b <

 
R2

w +
2|g|
mv2

. (37)

This condition must then be averaged over the positions and velocities of
the trapped atoms to deduce the rate of atom loss induced by the presence
of the charged wire.
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FIG. 2. When moved onto the wire the atom trap decays
exponentially, as can be seen by monitoring the atomic
fluorescence signal. Charging the wire (100 V ¯ 6.4 pCycm)
creates an attractive 1yr2 potential and enhances the decay rate.
Insert: Steps a, b and c are discussed in the text.

Hamiltonian for the radial motion,

H ≠
p2

r

2 M
1

L2
z

2 M r2 2
2a q2

r2 ≠
p2

r

2M
1

L2
eff

2Mr2 , (2)

and together form an effective (attractive or repulsive)
potential. Equation (2) has the same form as the free

FIG. 3. Dependence of the trap decay rates on the wire charge
for different wire thickness. The decay rate for uncharged wires
is proportional to their actual diameters. For increasing charges
the absorption rate becomes a linear function of the charge, a
characteristic of the 1yr2 singularity. The slope is independent
of the wire diameter. The data are well described by Eq. (6).
Because the trap parameters sy , sx , sy were slightly different
for the three measurements, the original curves have been
normalized to equal temperatures and trap sizes.

Hamiltonian except that the angular momentum Lz is
replaced by an effective angular momentum Leff ≠p

L2
z 2 4M a q2. There exist no stable orbits for the

atom around the line charge. Depending on the sign of
L2

eff, the atom either falls into the center or escapes away
from the wire towards infinity [2] (Fig. 1b). Consider a
parallel beam of classical particles of momentum p im-
pinging on an infinitely thin charged wire. Particles with
an impact parameter of b ≠ Lzyp , 2q

p
Mayp will

fall onto the wire. Assuming that all atoms hitting the
wire are adsorbed an absorption cross section (sabs) can
be defined which is given by twice the impact parameter
b (note that in two dimensions the cross section actually
has the dimension of length). This linear dependence of
sabs on the line charge q is one of the characteristics
of the 1yr2 singularity. For a charged wire with finite
thickness one obtains the following velocity dependent
absorption cross section where the linear dependence on
the charge still persists for high q:

sabs ≠ 2

s
R2

w 1
4a

M
q2

y2 . (3)

Rw is the radius of the wire and y is the velocity of the
incoming particles. This absorption cross section can in
principle be measured by placing the wire in an atomic
beam and then by counting the number of atoms hitting
the wire. In practice this technique is not very feasible.
In our experiments the wire is placed in the boxlike MOT
mentioned earlier that is filled with a gas of N cold atoms.
The charged wire introduces a loss mechanism for atoms
in the trap which is related to the absorption cross section
by the following rate equation:

dN
dt

≠ 2N
Z

rs $xw , $ydsabs

p
y2

x 1 y2
y d $y dz

1 L1 2 L2 , (4)

where rs $xw , $yd is the normalized [
R

rs $x, $ydd3x d3y ≠ 1]
atomic phase space density at the location of the wire $xw .
L1 is a residual loading rate for the low light MOT and
L2 stands for losses due to collisions with the thermal
background gas. The density distribution rs $xw , $yd is time
independent if there is an effective mechanism which
randomizes the atomic motion in the trap and refills
the phase space of the absorbed atoms. In our case
randomization is accomplished by light scattering in the
MOT. Then as long as all terms of the sum in Eq. (4) are
either constant or linearly dependent on N , the number of
atoms in the box (N) will decay exponentially:

Nstd ≠ N0e2sD1Db dt 1 const. (5)

Db stems from the L1 2 L2 term and we call Db
the “background” decay. The decay constant D is due
to the atom-wire interaction and equals the integral in
Eq. (4). If the atomic density distribution in space and
velocity rs $x, $yd is Gaussian (which is typical for a low
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FIG. 2. When moved onto the wire the atom trap decays
exponentially, as can be seen by monitoring the atomic
fluorescence signal. Charging the wire (100 V ¯ 6.4 pCycm)
creates an attractive 1yr2 potential and enhances the decay rate.
Insert: Steps a, b and c are discussed in the text.

Hamiltonian for the radial motion,

H ≠
p2

r

2 M
1

L2
z

2 M r2 2
2a q2

r2 ≠
p2

r

2M
1

L2
eff

2Mr2 , (2)

and together form an effective (attractive or repulsive)
potential. Equation (2) has the same form as the free

FIG. 3. Dependence of the trap decay rates on the wire charge
for different wire thickness. The decay rate for uncharged wires
is proportional to their actual diameters. For increasing charges
the absorption rate becomes a linear function of the charge, a
characteristic of the 1yr2 singularity. The slope is independent
of the wire diameter. The data are well described by Eq. (6).
Because the trap parameters sy , sx , sy were slightly different
for the three measurements, the original curves have been
normalized to equal temperatures and trap sizes.

Hamiltonian except that the angular momentum Lz is
replaced by an effective angular momentum Leff ≠p

L2
z 2 4M a q2. There exist no stable orbits for the

atom around the line charge. Depending on the sign of
L2

eff, the atom either falls into the center or escapes away
from the wire towards infinity [2] (Fig. 1b). Consider a
parallel beam of classical particles of momentum p im-
pinging on an infinitely thin charged wire. Particles with
an impact parameter of b ≠ Lzyp , 2q

p
Mayp will

fall onto the wire. Assuming that all atoms hitting the
wire are adsorbed an absorption cross section (sabs) can
be defined which is given by twice the impact parameter
b (note that in two dimensions the cross section actually
has the dimension of length). This linear dependence of
sabs on the line charge q is one of the characteristics
of the 1yr2 singularity. For a charged wire with finite
thickness one obtains the following velocity dependent
absorption cross section where the linear dependence on
the charge still persists for high q:

sabs ≠ 2

s
R2

w 1
4a

M
q2

y2 . (3)

Rw is the radius of the wire and y is the velocity of the
incoming particles. This absorption cross section can in
principle be measured by placing the wire in an atomic
beam and then by counting the number of atoms hitting
the wire. In practice this technique is not very feasible.
In our experiments the wire is placed in the boxlike MOT
mentioned earlier that is filled with a gas of N cold atoms.
The charged wire introduces a loss mechanism for atoms
in the trap which is related to the absorption cross section
by the following rate equation:

dN
dt

≠ 2N
Z

rs $xw , $ydsabs

p
y2

x 1 y2
y d $y dz

1 L1 2 L2 , (4)

where rs $xw , $yd is the normalized [
R

rs $x, $ydd3x d3y ≠ 1]
atomic phase space density at the location of the wire $xw .
L1 is a residual loading rate for the low light MOT and
L2 stands for losses due to collisions with the thermal
background gas. The density distribution rs $xw , $yd is time
independent if there is an effective mechanism which
randomizes the atomic motion in the trap and refills
the phase space of the absorbed atoms. In our case
randomization is accomplished by light scattering in the
MOT. Then as long as all terms of the sum in Eq. (4) are
either constant or linearly dependent on N , the number of
atoms in the box (N) will decay exponentially:

Nstd ≠ N0e2sD1Db dt 1 const. (5)

Db stems from the L1 2 L2 term and we call Db
the “background” decay. The decay constant D is due
to the atom-wire interaction and equals the integral in
Eq. (4). If the atomic density distribution in space and
velocity rs $x, $yd is Gaussian (which is typical for a low
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Figure I.11. Losses induced within a magneto-optical trap of lithium atoms by
a uniformly charged metal wire. Figure taken from Denschlag, Umshaus, et al.
(1998).

A typical result showing the decay of the number of trapped atoms is
shown in figure I.11, left. The presence of the chargedwire inside the cloud
of atoms leads to a spectacular increase of the decay rate. For awire of given
radius Rw, this decay rate increases almost linearly with the linear charge
Λ, as expected from (37) when the contribution of Rw becomes negligible
(figure I.11, right). The experimental results are in excellent agreement
with a model of the process that takes into account the polarizability of the
lithium atom.

4 The 1/r2 potential in quantum mechanics

We are now interested in the quantum version of the critical case β = 2,
which will play a crucial role in three-body physics. The analysis in terms
of wave packets has shown that the two competing contributions, kinetic
energy and potential energy, obey the same scaling law with respect to the
size r0 of the wave packet. We can therefore expect the amplitude g of the
potential to be the sole parameter controlling the dynamics of the particle.

4-1 Scale invariance

The 1/r2 potential has a property that is unique among power-law po-
tentials: it is scale invariant, which means that a given solution of the
Schrödinger equation (time-independent or time-dependent) can generate
an infinite family of solutions of the same equation. This result is indepen-
dent of the dimension of space.

Let us start with the time-independent case and consider an eigenfunc-
tion Ψ(r) of the Hamiltonian:

− ℏ2

2mr
∇2Ψ+

g

r2
Ψ = EΨ. (38)

Let us introduce the function Φ(r) defined by
Φ(r) = Ψ(λr), (39)

where λ is a positive real number, which can be taken to be any value at this
stage5. It is easy to check that Φ satisfies the equation

− ℏ2

2mr
∇2Φ+

g

r2
Φ = (λ2E)Φ. (40)

The function Φ is therefore also an eigenstate of the Hamiltonian, with en-
ergy λ2E. This corresponds to the announced result: starting from the
eigenenergy E and its associated eigenfunction, any energy E′ with the
same sign as E can be written as E′ = λ2E and is therefore also an eigen-
value of the Hamiltonian. This simply follows from the fact that the op-
erator ∇2 coming from the kinetic energy and the term 1/r2 coming from
the potential energy have the same behavior in the change of length scale
r → λr.

The scale invariance we have just found for the eigenstates of the Hamil-
tonian can be generalized to time-dependent problems. Consider a wave
function Ψ(r, t) solution of

iℏ
∂Ψ

∂t
= − ℏ2

2mr
∇2Ψ+

g

r2
Ψ. (41)

5A value λ > 1 corresponds to a function Φwhich is more concentrated at the origin than
the initial function Ψ. Its kinetic energy is therefore increased (it varies on a shorter scale) as
is its potential energy in absolute value.
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We can then check that the function

Φ(r, t) = Ψ
(
λr, λ2t

) (42)

is also a solution of (41). This change of scale on the time is linked to the
change of scale on the energy, E → λ2E, appearing on (40). Indeed, if
ΨE(r) is the eigenstate of the Hamiltonian of energy E, the substitution

Ψ(r, t) = ΨE(r) e
−iEt/ℏ −→ Φ(r, t) = ΨE(λr) e

−iEλ2t/ℏ (43)

shows that we have found a function ΨE(λr) of energy λ2E.

Scale invariance in classical mechanics. The scale invariance of the 1/r2
potential is also present in classical mechanics. Let us first note that in the
change of scale r → λr, t → λ2t, the velocities are modified according to
the law:

v =
dr

dt
−→ v

λ
. (44)

We can then check that, starting from a trajectory with initial condition
(ri,vi) and satisfying the equations of motion

m
dv

dt
= −∇

( g
r2

)
=

2g

r3
ur, (45)

we obtain a family of trajectories r′(t′),v′(t′) that are also solutions of the
equation of motion, by setting t′ = λ2t, r′ = λr and v′ = v/λ. All these
trajectories can therefore be deduced from each other by a homothety of
ratio λ. Note also that the angular momentum L = mr× v is not modified
by this change of scale, which ensures that the condition of falling to the
center (34) remains the same for all members of the same family. This was,
of course, essential if we were to be able to go from one member of the
family to another using a homothety.

4-2 Breaking scale invariance

For positive energiesE, describing the scattering states, this result concern-
ing scale invariance calls for no particular comment. It can be very conve-
nient in practice, since it ensures that knowledge of a scattering state at a

given energy generates an infinite family of other scattering states, of arbi-
trary energy.

For negative energiesE, describing bound states, this result is problem-
atic. It indicates that if a bound state of energy E exists, we can generate
states of energy E′ = λ2E arbitrarily negative: the spectrum of the Hamil-
tonian is therefore not bounded below, which is not physically acceptable.
Mathematically, this indicates that the Hamiltonian is not self-adjoint (see
note below).

The remedy for this difficulty has already beenmentioned above for po-
tentials in 1/rβ with β > 2: to prevent the particle from falling to the center,
the potential in the vicinity of the origin must be regularized, for example
by imposing a hard core at r = Ra > 0. Note that this remedy breaks the
continuous scale invariance we have just described. Given any λ > 0 and
an eigenstate Ψ(r) of energy E < 0 satisfying Ψ(r) = 0 at r = Ra, there
is no reason why the transformed state Φ(r) = Ψ(λr) should also satisfy
Φ(r) = 0 atRa. In otherwords, once the hard core is imposed atRa, starting
fromΨ(r)with energyE < 0, we will not be able to construct eigenstates of
energy E′ < 0 with |E′| arbitrarily large, which would lead to a spectrum
unbounded from below.

Note: Hermitian operators and self-adjoint operators. In mathematics,
one defines the adjoint Â† of an operator Â in the following way (see
for example the discussions of Bonneau, Faraut, et al. (2001) and Araujo,
Coutinho, et al. (2004), who consider simple examples based on the one-
dimensional Schrödinger equation):

• We start with an operator Â defined by its action on wave functions
|ϕ⟩ and by its domain D(Â), i.e. the space of physically relevant wave
functions on which Âwill act. The definition of the domain takes into
account boundary conditions, such as the constraint u(0) = 0 for the
reduced radial wave function.

• We define the domain of the adjoint D(Â†) as the set of functions |ψ⟩
such that the linear form

|ϕ⟩ ∈ D(Â) −→ ⟨ψ|Âϕ⟩ (46)
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is continuous. We then know that for each |ψ⟩ ∈ D(Â†), there exists a
state |ψ′⟩ of the Hilbert space such that ⟨ψ|Âϕ⟩ = ⟨ψ′|ϕ⟩ for all |ϕ⟩ ∈
D(Â). We set |Â†ψ⟩ = |ψ′⟩, i.e.

⟨ψ|Âϕ⟩ = ⟨Â†ψ|ϕ⟩. (47)

• The operator Â is said to be symmetric (or Hermitian) if Â and Â† have
the samemathematical expression, in terms of derivativeswith respect
to the variable r or of multiplication by functions of r, for example.

• The operator Â is said to be self-adjoint if it is symmetric and if the
domains D(Â) and D(Â†) coincide.

It can be shown that the existence of a lower bound on the energy spec-
trum, and therefore of a ground state, is guaranteed only for self-adjoint op-
erators. In finite dimension, the operator Â can be represented by a square
matrix and the two notions “Hermitian” and “self-adjoint” coincide. In in-
finite dimension, this is not always the case, a simple example being pro-
vided by the infinite square potential well (Bonneau, Faraut, et al. 2001). A
discussion of this problem for the specific case of the potential in 1/r2 can
be found in Essin & Griffiths (2006).

4-3 Zero-energy solution

Let us now return to the specific case of three-dimensional motion. Recall
that since the potential g/r2 is isotropic, we can look for the eigenstates of
the Hamiltonian in the form ψ(r)Yℓ,m(θ, φ). The eigenvalue equation for
the reduced radial wave function u(r) = r ψ(r) reads

− ℏ2

2mr

d2u

dr2
+

ï
g

r2
+

ℏ2ℓ(ℓ+ 1)

2mrr2

ò
u(r) = E u(r) (48)

with E < 0 for a bound state, which can be written

−u′′ + α

r2
u = ϵ u (49)

where we have set

α =
2mrg

ℏ2
+ ℓ(ℓ+ 1) ϵ =

2mrE

ℏ2
(50)

For the angular momentum channel ℓ = 0, the coefficient α is simply the
scaled version of g: α = 2mrg/ℏ2. If the angular momentum is non-zero,
we first add the centrifugal potential ℏ2ℓ(ℓ+1)/2mrr

2 to the potential g/r2
since they both have the same variationwith respect to r, before proceeding
with the scaling.

Note that even if the coefficient g is chosen here to be negative (attractive
potential), the coefficient α can be positive or negative, depending on the
value of the angular momentum. In what follows, we will mainly be inter-
ested in the case where α remains negative, i.e. an angular momentum low
enough for the attraction due to V (r) to dominate the centrifugal repulsion.
For α > 0, the equation (49) obviously has no bound states.

In this section, wewill only be interested in the zero-energy solution and
wewill postpone the explicit search for the bound states to the next chapter.
As we saw in § 1-4, the number of nodes of this zero-energy solution gives
an immediate indication of the number of bound states. It should also be
recalled that the 1/r2 potential decreases too slowly when r → +∞ for the
notion of scattering length to be applicable.

We therefore consider the equation

−u′′ + α

r2
u = 0, u(Ra) = 0. (51)

The solutions can be found in a simple form for the 1/r2 potential:

u(r) = r ψ(r) = rs+1 (52)

with [−s(s+ 1) + α] rs−1 = 0. The exponent s is therefore a solution of the
second-degree equation

s2 + s− α = 0 (53)
whose roots can be written as

s1 = −1

2
+

…
α+

1

4
s2 = −1

2
−
…
α+

1

4
(54)

These two roots, real or complex depending on the sign ofα+ 1
4 , correspond

to two independent solutions of the equation (51), as expected for a second-
order equation.
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Figure I.12. Case α > −1/4. Zero-energy eigenfunction for the potential α/r2,
plotted for α = −1/8.

Taking into account the boundary condition for a hard core at Ra gives
the desired solution:

ψ(r) =

Å
r

Ra

ãs1
−
Å
r

Ra

ãs2
(55)

up to a multiplicative constant.
There are two cases to discuss, depending on the sign of the argument

of the square root in (54).

Case: α > −1/4. This case, which occurs if |g| is chosen to be small from
the beginning or when we take ℓ to be large enough, leads to real values
for s1 and s2, with s2 < − 1

2 < s1. The function ψ(r) then has no nodes
(figure I.12), which means that there are no negative energy eigenstates,
and therefore no bound states.

This very strong result comes from the radical way in which the poten-
tial is regularized at the origin, by imposing a hard core at Ra. A milder
regularization could lead to the presence of one or more bound states but,
in any case, we do not find here an infinite number of bound states, as was
the case for the Coulomb potential, or aswewill see below for a larger value
of |α|.

Note that regularization by a hard core at Ra is not essential in the case

α > −1/4. Letting Ra tend to 0 in the expression (55), we find, up to a
multiplicative factor,

ψ(r) ∝ rs1 −R
√
4α+1

a rs2 (56)

whichmeans that the weight of rs2 in this solution tends to 0 whenRa → 0.
This result can also be obtained by requiring the integral giving the mean
value of the potential energy, which is proportional to

∫
g

r2
|ψ(r)|2 d3r = 4πg

∫ ∞

0

|ψ(r)|2 dr, (57)

to be convergent at r = 0. This means that ψ(r) must diverge less rapidly
than r−1/2 in the vicinity of the origin. This is the case for the root s1, but
not for the root s2.

Case: α < −1/4. This is the situation in which we will be mostly inter-
ested in the next chapters. In this case, the two roots (54) are complex con-
jugates of each other and are written as

α < −1/4 : s1 = −1

2
+ i|s0|, s2 = −1

2
− i|s0|, (58)

with

α < −1/4 : s0 ≡
…
α+

1

4
= i

ñ
2mr|g|
ℏ2

−
Å
ℓ+

1

2

ã2ô1/2
∈ iR (59)

The function ψ(r) then reads

ψ(r) =

…
Ra

r

î
ei|s0| ln(r/Ra) − e−i|s0| ln(r/Ra)

ó
(60)

or, up to a multiplicative constant

ψ(r) =
1√
r
sin [|s0| ln(r/Ra)] (61)

This “log-periodic” function is plotted in figure I.13 for |s0| = 10.
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Figure I.13. Case α < −1/4. Zero-energy eigenfunction for the potential α/r2,
plotted for s0 ≡ (α+ 1/4)1/2 = 10i.

This function has an infinite number of nodes, located at points rn such
that

|s0| ln(rn/Ra) = nπ ⇒ rn = Ra e
nπ/|s0|. (62)

where n is a strictly positive integer. These nodes form a geometric se-
quence of common ratio eπ/|s0| > 1. We deduce that there are infinitely
many bound states in this potential, despite the regularization by the hard
core atRa. The situation is therefore radically different from that found for
potentials decreasing more rapidly at infinity (β > 2).

To summarize, the potential α/r2 for α < −1/4 combines the two types
of “pathology” described in § 2 (cf. table I.2):

• This potential diverges rapidly in the vicinity of the origin and requires
regularization, for example with a hard core at Ra, just like the poten-
tials 1/rβ with β > 2. This regularization is not necessary, on the other
hand, for the Coulomb potential 1/r. As mentioned above (see fig-
ure I.6), we can choose a milder regularization to prevent the fall to
the center, or even invoke effects linked to mean-field interactions in
N -body systems [see for example Sakaguchi & Malomed (2011), As-
trakharchik & Malomed (2015), and Malomed (2018)].

• This potential tends slowly to 0 at infinity and leads to an infinite num-
ber of weakly bound states, just like the Coulomb potential.

Exponent β Behavior Number Example
at the origin of bound states

β < 2 regular infinite Coulomb
β > 2 non-regular finite van der Waals

β = 2 and α < −1/4 non-regular infinite Efimovian

Table I.2. Completed version of table I.1, including the case of the g/r2 potential.

The case of the Coulomb potential. In this case, the zero-energy solution
of ψ′′ + 2

rψ
′ + 1

rψ = 0 (state ℓ = 0) reads ψ(r) = J1(2
√
r)/
√
r, where J1

is the Bessel function of order 1. The function ψ(r) therefore has infinitely
many zeros, but no singularity at r = 0.

4-4 Critical point α = −1/4 and quantum anomaly

The study of the quantum problem revealed the existence of the critical
point α = −1/4, i.e.

2mrg

ℏ2
+ ℓ(ℓ+ 1) = −1

4
(63)

or Å
ℓ+

1

2

ã
ℏ =
»

2mr|g|. (64)

It is interesting to relate this critical point to the one found in classical me-
chanics, Lc =

√
2mr|g|, by identifying the characteristic value of the an-

gular momentum of the channel associated with the quantum number ℓ:
L ∼

(
ℓ+ 1

2

)
ℏ. We therefore find the same critical point in both classical

and quantum problems.
When α is greater than the critical value −1/4 (quantum case) or when

L > Lc (classical case), the classical and quantum approaches both reveal
scale invariance without any notable singularity:

• at the classical level, an infinite family of trajectories rλ(t) with r →
+∞when t→ ±∞, these trajectories being deduced from one another
by a homothety of ratio λ.

• at the quantum level, an infinite family of eigenstates, all of positive
energy, deduced from one another by Φλ(r) = Ψ(λr).
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When α is less than the critical value −1/4, scale invariance remains in-
tact at the classical level, with families of trajectories all “falling to the cen-
ter”. We have seen, on the other hand, that this scale invariance is broken at
the quantum level, owing to the unavoidable introduction of the regulariza-
tion scale Ra needed to ensure that the Hamiltonian remains self-adjoint.

This breaking of the scale invariance is an example of a quantum
anomaly (Coon & Holstein 2002; Moroz 2011; Sundaram, Burgess, et al.
2021). Starting from a problem that possesses a certain symmetry at the
classical level, in this case scale invariance, we find that this symmetry can-
not be maintained when the problem is quantized. Here, as we shall see
later, part of this symmetry does survive, in that a scale invariance remains
once the quantumversion of the problem has been set up. The link between
this critical point and the usual notion of phase transition is discussed by
Ovdat & Akkermans (2021).
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Chapter II

Stationary states and dynamics in a 1/r2 potential

In the previous chapter, we explained the importance of a good under-
standing of the motion of a particle in an attractive potential varying as
−1/r2 in order to tackle three-body physics in the Efimov regime. This
type of potential emerges when the binary interactions are resonant, i.e.
described by an infinite scattering length, or at least one that is larger than
the size of the atomic edifices under consideration.

Here we continue our study of the one-body problem described by the
eigenvalue equation

− ℏ2

2mr
∇2Ψ+

g

r2
Ψ = EΨ, g < 0, (1)

for which we presented the zero-energy solution in the previous chap-
ter. We will continue this study and determine the possible bound states
(E < 0) for this problem. We will illustrate our results with a concrete
problem: Can an electric charge and an electric dipole form a bound state?
We will end our study with a generalization of the scale invariance already
discussed. We will introduce the notion of conformal invariance and ex-
plain why this leads to remarkable properties for the dynamics of the sys-
tem.

Let us begin by recalling themain results obtained in the previous chap-
ter. To take advantage of the rotational invariance of the problem, we can
work in a channel of given angular momentum ℓ and look for Ψ(r) in the
form Ψ(r) = ψ(r)Yℓ,m(θ, φ) where Yℓ,m is a spherical harmonic. We in-
troduce the reduced radial wave function u(r) = r ψ(r) which satisfies the

one-dimensional Schrödinger equation

− ℏ2

2mr

d2u

dr2
+

ï
g

r2
+

ℏ2ℓ(ℓ+ 1)

2mrr2

ò
u(r) = E u(r). (2)

This equation can be written in the compact form

−u′′ + α

r2
u = ϵ u (3)

with
α =

2mrg

ℏ2
+ ℓ(ℓ+ 1) ϵ =

2mrE

ℏ2
(4)

For zero energy ϵ = 0, the solutions to this equation can be found in the
form of a power law

u(r) = r ψ(r) = rs+1 with s2 + s− α = 0. (5)

The two roots of this second-degree equation each give a possible exponent
for the power law

s1 = −1

2
+

…
α+

1

4
, s2 = −1

2
−
…
α+

1

4
. (6)

The case of interest for the rest of this course, leading to the existence
of bound states, corresponds to the situation α + 1

4 < 0 for which the two

27



Chapter II – Stationary states and dynamics in a 1/r2 potential § 1. The bound states of the α/r2 potential

0 2 4 6 8 10

r/Ra

ψ
(r
)

100 101

r/Ra

√
r
ψ
(r
)

Figure II.1. Zero-energy wave function in a 1/r2 potential in the case α < −1/4.
Top: linear coordinates, bottom: semi-logarithmic coordinates.

roots are complex conjugates of each other

s1 = −1

2
+ i|s0|, s2 = −1

2
− i|s0|, (7)

with the imaginary number s0 defined by

s0 ≡
…
α+

1

4
∈ iR (8)

To solve the problem of the “fall to the center”, i.e. the absence of a
lower bound for the spectrum of the Hamiltonian appearing in (1) or in
(3), we assume the presence of a hard core at r = Ra > 0, which amounts

to imposing ψ(Ra) = u(Ra) = 0. The zero-energy solution then reads

E = 0 : ψ(r) =
1√
r
sin [|s0| ln(r/Ra)] (9)

and it has an infinite number of nodes, located at points rn such that (cf.
figure II.1)

|s0| ln(rn/Ra) = nπ ⇒ rn = Ra e
nπ/|s0|. (10)

We will now use these results to construct the negative energy states.

1 The bound states of the α/r2 potential

1-1 Absence of bound states for α > −1/4

By examining the form of the wave function at zero energy in the presence
of a hard core at Ra, we showed in the previous chapter that there can be
no bound state when α is greater than the critical value −1/4. This wave
function reads

ψ(r) =

Å
r

Ra

ãs1
−
Å
r

Ra

ãs2
(11)

where s1 and s2 are the solutions of the second-degree equation (5): s2 +
s − α = 0. As these roots s1 and s2 are real if α > −1/4, this means that
ψ(r) has no node in the interval ]Ra,+∞[: this is the ground state of the
system and there can be no eigenstate with energy less than 0.

Let us show how to recover this result directly, in the absence of any
regularization procedure for the potential in 1/r2. To do this, wewill follow
amethod proposed by Essin &Griffiths (2006). We begin by noting that the
Schrödinger equation (3) satisfied by the reduced radial function can be put
into the form

ϵ u =

Å
− d2

dr2
+
α

r2

ã
u =

Å
d

dr
+
s+ 1

r

ãÅ
− d

dr
+
s+ 1

r

ã
u (12)

where s is a solution of s2+ s−α = 0. Note that if s is real, we find, for any
pair of functions u1(r), u2(r) that are regular on the interval [0,+∞[, tend
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to 0 at +∞ and satisfy the boundary condition uj(0) = 0,
∫ ∞

0

u∗2(r)
ïÅ

d

dr
+
s+ 1

r

ã
u1(r)

ò
dr =

∫ ∞

0

ïÅ
− d

dr
+
s+ 1

r

ã
u2(r)

ò∗
u1(r) dr

(13)
Suppose that a bound state of energy E < 0 and reduced radial wave

function u(r) (normalized) exists. Multiply the eigenvalue equation (12)
by u(r), integrate over the interval [0,+∞[ and use the result (13). We find

2mrE

ℏ2
=

∫ ∣∣∣∣
Å
− d

dr
+
s+ 1

r

ã
u(r)

∣∣∣∣
2

dr (14)

which is clearly impossible for an energy E < 0, since the right-hand side
is always non-negative. There can therefore be no bound state regular on
[0,+∞[.

1-2 Scale invariance partially recovered

The search for bound states involves solving the differential equation (3).
This can of course be done numerically, or by using special functions, in
this case the modified Bessel functions of the first and second kind, Iν(x)
andKν(x), solutions of

x2 y′′(x) + x y′(x)− (x2 + ν2)y(x) = 0 (15)

For α < −1/4, we can in fact rewrite the eigenvalue equation in this form
by setting, for E < 0,

x = κr y(x) =
u(r)√
r

=
√
r ψ(r) with ν = s0, κ =

√
2mr|E|
ℏ

,

(16)
and as before s0 = (α + 1/4)1/2 ∈ iR. To obtain a normalizable function,
tending to 0 at infinity, we must in fact restrict ourselves to the function
Ki|s0| (Essin & Griffiths 2006) and the values of κ corresponding to the
bound states are obtained by requiring ψ(r) to vanish at Ra.

The wave functions ψn(r) of the first bound states are plotted in figures
II.2 and II.3, together with the zero-energy wave function (9). To bring

out the important features of these wave functions, we have in fact plotted√
r ψ(r) and chosen logarithmic coordinates for the x axis, so that the wave

function (9) for E = 0 is a simple sinusoid.
This plot calls for a number of comments which will play an important

role throughout the rest of this course:

1. A significant part of the plot of the excited bound states (and to a lesser
extent of the ground state n = 0) is virtually identical to the zero-
energy state. This is easy to understand: as soon as r is significantly
smaller than the turning point of the classical motion Rb, defined by
|α|/R2

b = κ2, the differential equation defining the bound state

−u′′ + α

r2
u = −κ2u (17)

is practically identical to the equation for zero energy

−u′′ + α

r2
u = 0 (18)

since the contribution of κ2u is then negligible compared with that of
αu/r2. For example, in figure II.3, the excited state ψn=4(r) (κRa ≈
6.4× 10−4) is very close to the zero-energy state over the whole range
r/r0 ∈ [1, 1000], i.e. up to κr ∼ 0.6.

2. The fact that the bound states are over most of their range (grosso
modo before their last arch) well described by the zero-energy solu-
tion, √r ψ(r) ∝ sin [|s0| ln(r/Ra)] restores a scale invariance, discrete
this time. For example, consider the wave function of the fourth ex-
cited state, ψ4(r), and perform the scale transformation

ϕ(r) = ψ4(λr) (19)
with

|s0| ln(λ) = π. (20)
In logarithmic coordinates, this homothety on r is equivalent to a trans-
lation to the left by a length ln(λ), discarding the part of the function
that ends up below the hard core at Ra. The choice proposed for λ en-
sures, however, that for a state of the form sin [|s0| ln(r/Ra)] we again
find a zero at r = Ra. We thus generate another possible eigenstate of
the Hamiltonian, with one node fewer than the starting state ψ4. The
state ψ3 is thus obtained to a very good approximation, and so on.
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Figure II.2. Solid lines: radial wave functions
√
r ψn(r) (unnormalized) of the

first five bound states in the potential −|g|/r2 truncated by a hard core at Ra.
The black dotted curve represents the zero-energy state given in (9). These curves
are drawn for α = −2 (and therefore |s0| ∼ 1.32). The scaling law ψn+1(r) ∝
ψn(r/λ) shows up here as a simple invariance under a discrete translation, because
the x axis is logarithmic.
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Figure II.3. Same as figure II.2, for α = −4 (and therefore |s0| ∼ 1.94).
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3. The fact that the bound state ψn−1(r) is deduced from the bound state
ψn(r) by a scaling transformation of parameter λ given in (19) means
that their energies are related by

En =
1

λ2
En−1 ⇔ En

En−1
= e−2π/|s0| (21)

We thus obtain the energies of the infinite series of bound states, in-
creasingly close to the dissociation limit E = 0, these energies forming
a geometric sequence of common ratio e−2π/|s0|. The numerically cal-
culated energies are plotted in figure II.4 for two different values of α
(and hence of |s0|), and it can be seen that this scaling law is very well
satisfied. This discrete scale invariance will play a central role in Efi-
mov physics. Figure II.5 shows another way of plotting this set of data,
demonstrating that the ratio En+1/En is indeed quasi-independent of
n, for a given value of α.

In summary, the introduction of a hard core at Ra has broken the con-
tinuous scale invariance of the original problem, but has not destroyed it
completely. A discrete scale invariance remains, with the scale factor eπ/|s0|
for distances and e2π/|s0| for energy, these scale factors being (fortunately!)
independent of the value chosen for Ra.

What values should be taken for α (or s0)? In the above, the amplitude
g of the potential V (r), and hence the dimensionless coefficients α and s0
defined in (4) and (8), are arbitrary. In the standard Efimov effect, which
occurs between three identical bosonic particles with a resonant binary in-
teraction, we shall see in Chapters 5 and 6 that we arrive at α ≈ −1.263,
which in absolute value is well above the−1/4 threshold that we have iden-
tified. The parameter s0 is then s0 ≈ i × 1.00624 and the associated scale
parameter is λ = eπ/|s0| ≈ 22.7. This number is relatively large and makes
it difficult to observe several bound states since there is a factor λ2 ≈ 515
between the energies of two consecutive states.

In the case where two particles of mass M are in resonant interaction
with a third of mass m, we will see in Chapters 3 and 4 that an effective
interaction in −1/r2 can also occur. In this case, the parameter |s0| can be-
come arbitrarily large as M/m tends to infinity. This facilitates the obser-

0 1 2 3 4
10−11

10−8

10−5

10−2

Rank n of the eigenstate

|En|
Ea

α = −4 (λ2 ≈ 26)

α = −2 (λ2 ≈ 116)

Figure II.4. Binding energies En of the first bound states in a −1/r2 potential
truncated by a hard core atRa, for two values of the dimensionless parameterα. The
indexn = 0 corresponds to the ground state. The unit of energy isEa ≡ ℏ2/mrR

2
a.

The solid lines represent the scaling law En = E0/λ
2n.

vation of several consecutive bound states since the scaling parameter λ is
then significantly reduced.

1-3 The energy of the ground state

Once the relation (21) between the energies of the different bound states has
been established, all that remains is to determine the energy of one bound
state, for example the ground state, in order to deduce the energies of the
others. Inwhat follows, wewill use the natural energy scale of the problem,
Ea ≡ ℏ2/mrR

2
a, and we will consider only the angular momentum channel

ℓ = 0, in order to simplify the notation.
Several approaches can be developed for this. The first is numerical,

and leads to the results plotted in figure II.6 as a black solid line. Another
approach is to use the asymptotic expression for the zeros of the modified
Bessel function of the second kind, Ki|s0|(x), which is the physically rele-
vant solution of the Schrödinger equation for a bound state [cf. (15)]. This
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Figure II.5. Ratio En+1/En for different values of α. From bottom to top:
α = −1,−2,−4,−6. The solid lines indicate the prediction e−2π/|s0| with
s0 ≡

√
α+ 1/4. For α = −1, only the first three bound states could be deter-

mined with reasonable accuracy. The index n = 0 corresponds to the ground state.
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Figure II.6. Absolute value of the ground state energy in an attractive g/r2 po-
tential, with g = ℏ2α/2mr and α < 0, in the presence of a hard core at Ra. The
unit of energy is Ea ≡ ℏ2/mrR

2
a. Bound states exist only for |α| > 1/4. The red

dashed curve gives the approximate result (22) of Essin & Griffiths (2006), valid
for |α| close to 1/4. The dotted curve shows the result (26) of the WKB approach
presented in the text.

approach has been developed in particular by Essin & Griffiths (2006). We
will not reproduce it here, and simply give its result in the limit α ≈ −1/4:

|α| → 1/4+ :
E0

Ea
≈ − 2

γ2
exp

Å
− 2π

|s0|

ã
(22)

where γ = eC , C = 0.577 · · · being the Euler constant. This prediction is
shown as a red dashed line in figure II.6. It is particularly useful for the
study of the neighborhood of the critical point α = −1/4 using a “renor-
malization group” approach. Wewill not go into detail about this approach
here, since it will not be needed in the following chapters. The interested
reader is referred to Gupta & Rajeev (1993), Camblong, Epele, et al. (2000),
Camblong, Epele, et al. (2001a), Camblong, Epele, et al. (2001c), Burgess,
Hayman, et al. (2017), and Paik (2018).

We can also use the WKB approximation to estimate the energy of the
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V (r)

0
RbRa

E

r

Figure II.7. Turning points Ra and Rb associated with energy E < 0, entering
the calculation of the WKB integral (23).

ground state, although we know that this approximation is better suited to
the quasi-classical regime, i.e. to excited states. We saw in Chapter 1 (§ 2.4)
that, for a 1/r2 potential, this approximation is valid for |α| significantly
greater than 1, i.e. in the opposite regime to that of the result (22). With a
hard core at Ra, the semi-classical quantization condition reads

∫ Rb

Ra

k(r, En) dr =

Å
n+

3

4

ã
π (23)

with n = 0 for the ground state. The outer turning point Rb is related to
the energy E0 by (cf. figure II.7)

E0 =
ℏ2α

2mrR2
b

< 0 (24)

and a relatively simple calculation of the integral in (23) leads to

ln [tan(u/2)] + cos(u) = − 3π

4
√
|α|

with sinu =
Ra

Rb
. (25)

To simplify, let us restrict ourselves to the case where α is not extremely
large compared with 1, which means that Rb is significantly larger than
Ra. In practice, this simplification is still valid for α ∼ 10 and allows u

to be treated as a small parameter in (25). We then find u ≈ 2 exp[−1 −
3π/(4

√
|α|)], which leads to

WKB approach: E0

Ea
≈ −2|α|

e2
exp

Ç
− 3π

2
√
|α|

å
(26)

The result is plotted as a dotted line in figure II.6. For even larger values
of α (not relevant in practice for the problems that will interest us in this
course), Rb and Ra are comparable and the approximation leading to (26)
is no longer valid. The ground state is then concentrated at the very bottom
of the potential well and we expect E0 ≈ − |α|

2 Ea.

Approximate scaling law. Assuming Ra/Rb ≪ 1, the WKB approach
provides an approximate value for the energy of each bound state:

WKB approach: En

Ea
≈ −2|α|

e2
exp

ñ
− 2π√
|α|

Å
n+

3

4

ãô
(27)

which corresponds to the scaling law En+1/En = exp
Ä
−2π/

√
|α|
ä
. We

recover the law (21) provided we make the substitution

|s0| =
 ∣∣∣∣α+

1

4

∣∣∣∣ ≈
»
|α|, (28)

valid under the assumption that |α| is significantly greater than 1, which is
a necessary condition for the validity of the WKB approach, as mentioned
above.

2 Electrostatic interaction and potential in 1/r2

2-1 The charge–dipole interaction

In the following chapters we will study the emergence of a 1/r2 poten-
tial from a short-range (but resonant) interaction between different con-
stituents. Here, we look at a physical situation where the potential in 1/r2
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is naturally present: the interaction between an electric charge q and an elec-
tric dipoleD, assumed to be point-like. The electrostatic interaction energy
between these two objects reads

V =
qD · r
4πϵ0r3

=
qD

4πϵ0r2
cos θ (29)

where θ denotes the angle between the orientation of the dipole and the
radius vector r joining the dipole and the charge (figure II.8). We thus re-
cover the radial dependence in 1/r2, superimposed on an angular depen-
dence in cos θ, which is a new ingredient compared with what we studied
previously.

The orientation of the dipole is assumed to be fixed and we will take it
to be aligned with the z axis by convention. We are interested here in the
eigenstates Ψ(r) of the Hamiltonian of the relative motionÅ−ℏ2

2mr
∇2 +

qD

4πϵ0r2
cos θ

ã
Ψ(r) = EΨ(r). (30)

Since the system is invariant under rotation about the z axis, we look for
these eigenstates in spherical coordinates in the form

Ψ(r) =
1

r
Φ(r, θ) eimφ, (31)

where φ denotes the azimuthal angle and θ the polar angle with respect
to the z axis. We are therefore looking for eigenfunctions common to the
Hamiltonian and to the projection L̂z of the angular momentum operator
on the z axis (with eigenvalue ℏm).

In what follows, we will use the expression for the Laplacian operator
∇2 in these coordinates:

∇2 = ∇2
r +

1

r2
(
∇2

θ +∇2
φ

) (32)

where we have set

∇2
rΨ ≡

1

r

∂2

∂r2
(rΨ) ∇2

θΨ ≡
1

sin θ

∂

∂θ

Å
sin θ

∂Ψ

∂θ

ã
∇2

φΨ ≡
1

sin2 θ

∂2Ψ

∂φ2

(33)

q

D

θ r

Figure II.8. Electrostatic interaction between a charge q and a dipoleD.

We are therefore looking for the functions Φ(r, θ) as solutions of the eigen-
value equation:ï

− ∂2

∂r2
− 1

r2
∇2

θ +
1

r2

Å
m2

sin2 θ
+ D̃ cos θ

ãò
Φ = ϵΦ (34)

where we have introduced the reduced dipole (a dimensionless quantity)

D̃ =
2mrqD

4πϵ0ℏ2
(35)

This problem was the subject of several theoretical studies (essentially
in agreement with one another) in the mid-1960s by Turner & Fox (1966),
Mittleman & Myerscough (1966), Brown & Roberts (1967), Levy-Leblond
(1967), and Coulson & Walmsley (1967). It was also investigated experi-
mentally by Desfrançois, Abdoul-Carime, et al. (1994), before being taken
up theoretically again—in particular with tools from the renormalization
group approach—by Camblong, Epele, et al. (2001b), Alhaidari (2008),
Connolly & Griffiths (2007), and Alhaidari & Bahlouli (2008).
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2-2 Can a charge bind a dipole?

To find the bound states solving (30), we look for the solutions Φ in factor-
ized form

Φ(r, θ) = u(r) f(θ), (36)
using the separation-of-variables method. We will use a similar method in
Chapters 5 and 6 when we tackle the three-body problem using the hyper-
spherical potentials technique.

The eigenvalue equation (34) now reads

−u′′f +
u

r2

ßï
−∇2

θ +
m2

sin2 θ
+ D̃ cos θ

ò
f

™
= ϵ uf. (37)

The strategy is then simple: we start by looking for eigenfunctions f(θ)
of the operator appearing between braces {· · · } in (37) in the form:ï

−∇2
θ +

m2

sin2 θ
+ D̃ cos θ

ò
f(θ) = α f(θ) (38)

The eigenvalueα plays the role of separation constant here. Once the possible
eigenvalues have been determined, we insert the result into (37) to obtain
the eigenvalue equation for the radial function u(r):

−u′′(r) + α

r2
u(r) = ϵ u(r) (39)

This brings us back to our now familiar radial equation in anα/r2 potential.
We know from our previous study that the question of the existence of

bound states boils down to the condition:
bound states if and only if α < −1

4
(40)

and the whole question is therefore transferred to the eigenvalue equation
(38) for the function f(θ). For a given dipole D̃, we look for the smallest
possible eigenvalue α, in order to determine whether it reaches the critical
threshold −1/4. To reach this threshold, it is clearly advantageous to min-
imize the (positive) potential m2/ sin2 θ by taking m = 0. This brings us
back to the simpler problem:Ä

−∇2
θ + D̃ cos θ

ä
f(θ) = α f(θ) (41)

This equation can be solved by expanding f(θ) on the basis of the Leg-
endre polynomials Pn(cos θ):

f(θ) =

∞∑

n=0

cn Pn(cos θ), (42)

these polynomials being solutions of the equation

−∇2
θPn(cos θ) = n(n+ 1)Pn(cos θ). (43)

Legendre polynomials also satisfy the relation

xPn(x) =
n

2n+ 1
Pn−1(x) +

n+ 1

2n+ 1
Pn+1(x). (44)

This gives a tridiagonal system for determining the coefficients cn:

D̃
n

2n− 1
cn−1 + [n(n+ 1)− α] cn + D̃

n+ 1

2n+ 3
cn+1 = 0. (45)

In practice, we can truncate this system at a value nmax and then write
the condition for the existence of a solution {cn} ̸= 0: the determinant of
this system must vanish. If we take nmax = 1, we arrive at

∣∣∣∣∣
−α D̃/3

D̃ 2− α

∣∣∣∣∣ = α2 − 2α− D̃2

3
= 0, (46)

in which case the critical value αc = −1/4 is reached for D̃c = 3
√
3/4 ≈

1.299. This result can be refined by taking a larger nmax and we find D̃c ≈
1.279 (figure II.9).

Let us consider the case of an electron in the presence of a much heavier
electric dipole, i.e. mr ≈ melectron. We then obtain:

Dc = 5.5× 10−30 Cm = 1.6 Debye (47)

with 1 Debye = 3.336×10−30 Cm. For a dipole below this value, there is no
charge–dipole bound state. For a dipole larger than this value, our model
predicts instead an infinite number of bound states in them = 0 channel.

As we saw earlier, to ensure that the system has a ground state, we have
to take into account the fact that the potential α/r2 does not apply up to
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Figure II.9. Minimum eigenvalue α for the angular eigenvalue problem (41), as
a function of the reduced dipole D̃. The critical value α = −1/4 is obtained for
D̃c ≈ 1.279.

arbitrarily small distances. In this case, the notion of an electric dipole is
not valid at very short distances: it is an idealization of a system of two
charges ±Q separated by a distance d, with D = Qd. When the variable r
becomes ≲ d, the three-body problem +Q,−Q, q must be solved explicitly
[see for example Wallis, Herman, et al. (1960), Mittleman & Myerscough
(1966), Levy-Leblond (1967), and Crawford (1967)]. We then recover the
discrete scale invariance presented in the previous section.

2-3 The experiment by Desfrançois et al.

The experiment by Desfrançois, Abdoul-Carime, et al. (1994) starts with
the selection of a series of molecular species with (i) a non-zero electric
dipole moment, already measured elsewhere, and (ii) a closed-shell elec-
tronic structure, so that the electron affinity of the moleculeM is, with high
probability, negative.

State-selected Rydberg electron attachment to sulfur hexafluoride clusters 
at different collision energies 

c. Desfrangois, N. Khelifa, A. Lisfi, and J. P. Schermann 
Laboratoire de Physique des Lasers. Universite Paris-Nord. 93430 Villetaneuse. France 

(Received 25 March 1991 j accepted 17 December 1991 ) 

Rate constants for negative-ion formation have been measured for the electron transfer 
reactions between state-selected Rydberg atoms and sulfur hexafluoride clusters at various 
collision energies. At low values of the principal quantum number of the Rydberg atoms, post-
attachment interactions not only lead to Coulombic complex formation and internal to 
translational energy exchange, but also to a new effect which corresponds to an evaporative 
process due to the influence of the positive atomic core upon the negative clusters. 

I. INTRODUCTION 
During recent years, increased attention has been paid 

to negatively charged van der Waals clusters which are of 
interest for ion chemistry, either in the gas phase (atmo-
spheric processes), or in condensed phases (oxydation re-
duction in solutions, biochemistry) and for fundamental 
atomic and molecular physics (solvated electrons). Three 
different techniques for negative cluster production have 
mainly emerged: glow gas discharge in supersonic expan-
sions, low-energy electron-beam bombardment and thermal 
Rydberg electron attachment. The former has been used for 
the creation of new stable species I and to obtain high ion 
yields for further optical studies.2•3 The second technique is 
suitable for dissociative or evaporative attachment processes 
in the electron energy range in between a few tens of me V 
and several eV.4•5 In order to explore the thermal energy 
domain, Kondow and his colleagues6 were the first to use 
Rydberg atoms, formed by electron impact, for cluster stud-
ies. Improved energy resolution has since been achieved with 
laser excitation of state-selected Rydberg atoms.7•8 

In a previous communication, we have reported8 pre-
liminary measurements of principal quantum number n de-
pendence of electron transfer rates for the following process: 

Xe* * (nj) + (SF 6 ) N -+ Xe + + (SF 6 ) N . (l ) 

In this work, we extend our previously communicated 
workS to the study of the influence of the relative collision 
energy on the attachment rates. In Sec. II, our experimental 
setup is presented in more detail and, in Sec. III, our experi-
mental results. In Sec. IV, we discuss these results and com-
pare them with previous data and models. 

II. EXPERIMENT 
A. Apparatus 

A schematic drawing of our experimental setup is dis-
played in Fig. 1. We use an entirely pulsed crossed-beam 
experiment with a pulsed excitation laser and a time-of-flight 
mass spectrometer. 

A differentially pumped pulsed valve (Lasermetrics 
LPV) creates a supersonic beam of xenon atoms [stagnation 
pressure 2 bars; nozzle diameter 0.1 mm; nozzle temperature 
300 K; full width at half maximum (FHWM) 100 ,us]. This 

beam is first submitted to a pulsed and synchronized elec-
tron bombardment (electron energy 100 V; FHWM 150,us) 
and is further collimated. A pair of electric deflection plates 
( ± 1.5 keY) removes the charged species and undesirable 
Rydberg atoms in undefined states. Only ground state and 
metastable xenon atoms penetrate into the collision region. 

A pulsed amplified YAG laser is frequency tripled (35 
m] at 355 nm, 10 ns, 20 Hz) and pumps a tunable dye laser 
(Coumarine 460 and 480) delivering 0.5 to 1 m] per laser 
shot in the 460 to 495 nm tuning range. The laser beam en-
ters a quartz optical fiber (600 ,urn i.d.) and is further fo-
cused into the collision region in order to excite the metasta-
ble xenon atoms towards nj Rydberg states (9..;n..;25). For 
lower n values, the results would be much more difficult to 
interpret due to the dominant influence of the atomic ionic 
core and for n larger than 25, the attachment rates exhibit no 
significant variations. The Y AG laser is synchronized with 
the xenon pulsed valve at the maximum metastable peak 
intensity in the collision region. 

A similar pulsed valve with a 0.1 mm conical nozzle at 
300 K is fed by either neat SF6 , or SF6 (5%) in 7 bars of rare 
gases (He, Ar, Kr, Xe). The produced supersonic beam is 
skimmed 1 em downstream (conical skimmer, entrance 
diam 1 mm) and 10 em downstream crosses, at right angle, 
the atomic and laser beams in the collision region. An inde-

b 
FIG. I. Experimental setup. (a) Cluster pulsed valve. (b) Xenon pulsed 
valve. (c) Xenon beam electron bombardment. (d) Field ionization region 
(3000 VI cm) for destruction of undefined Rydberg atoms and charged par-
ticles removal. (e) Tunable pulsed laser beam. (f) Thermal SF 6 calibration 
inlet. (g) MCP ion detector. 
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Figure II.10. Experimental diagram used to study the capture of an electron by a
dipolar molecule. (a): valve for the molecular jet, (b): valve for the xenon atoms,
(c): excitation of the xenon by an electron beam, (d): filtering region for the dif-
ferent Rydberg levels, (g): multichannel plate for ion detection. Figure taken from
Desfrançois, Khelifa, et al. (1992).

To measure whether an electron can bind to the molecule under the ef-
fect of the dipolar potential alone, a collision is carried out between a beam
of these molecules1 and xenon atoms prepared in a Rydberg state (high
principal quantum number n, figure II.10). This quantum number is var-
ied from n = 7 to n = 70: the energy required to detach the outer electron
from the xenon atom is thus varied over a wide range, this electron then
being captured by the dipolar molecule:

Xe∗ (n) + M −→ Xe+ + M−. (48)

TheM− ions are then accelerated and detected behind amass spectrom-
eter. Figure II.11 shows the creation rate ofM− as a function of the quantum
number n of the Rydberg state of xenon. The fairly pronounced peak in this
rate is consistent with the idea that the electron can be resonantly captured

1The molecules are seeded in a beam of helium atoms and they have a rotational tempera-
ture of 5 to 10 K.
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We have chosen the study of aldehydes, ketones, and
cyanides since they are closed-shell molecules with avail-
able dipole moments [20], which lie between 2 and
4 D. Some of them, such as acrolein, were directly dis-
carded since their electron affinities were already known
to be positive [4]. For the others, the presence of a dipole-
bound state was experimentally detected by the shape of
the n dependency of the anion formation rate constant.
Pyruvonitrile, for instance, gives birth to previously un-
observed anions with a smooth creation rate n depen-
dency over the whole n = 7 to 70 explored range and
thus behaves like molecules which are known to pos-
sess positive electron affinities [18,19,21]. On the con-
trary, the anions reported here exhibit n dependences of
their creation rates, which are strongly peaked (Fig. 1) as
for the previously reported acetonitrile anion [17]. The
peak n values do not directly correspond to the ther-
moneutral values (equality of the Rydberg atom ioniza-
tion potential and the anion electron-binding energies),
but they are approximately correlated to the molecule
dipole moments p, (small p, values correspond to large
peak n values). In order to ascertain the dipole-bound na-
ture of these anions, field detachment measurements have
been performed. When anions possess very small binding
energies (~1 meV), acceleration and focusing fields are
increased until they are large enough to detach anions to-
tally. The nondetection thus directly provides a measure
of the critical electric detachment field. For larger values
of the electron-binding energies, electric field detachment
is performed by means of a set of three grids perpendic-
ular to the ion path [16]. In both cases we calculate the
quasiclassical tunneling probability of the excel electron
in a bound negative-ion state, with binding energy Eb,
through the potential-energy barrier lowered by the exter-
nal electric field when the molecular dipole moment and
the applied field are antiparallel. We thus obtain experi-
mental Eb values by fitting the experimental field detach-
ment probability curves. In all cases, we observe only one

s 0,4-

10 15 20 25 30 35 40 45 50 55
Rydberg quantum number n

sharp transition in these curves, suggesting that anions are
always created in a single ground state. This confirms
a prediction of Garrett [22] which states that the infinite
number of excited electronic states existing in the fixed
nuclear approximation shrinks to only one for low dipole
values (~3 D) when nuclear motion is included. Criti-
cal detaching fields are determined with a precision better
than 10%, but, as previously discussed [17],the above Eb
determination can be altered by dynamical processes oc-
curring during the field detachment process. Since anion
and neutral configurations are expected to be almost iden-
tical, these Eb values can be considered as estimates of
the adiabatic electron affinities.
The obtained Eb values (Table I) almost cover our

experimental range which is determined by the mini-
mum electric field in the time-of-fiight spectrometer
(15 V/cm) and the maximum detachment field we can
apply (30 kV/cm). For a p, /r2 binding potential, the
critical detachment field F is classically related to the
electron-binding energy Eb by the expression (in a.u.)
27p,F /4 = Eb. Our measured Eb values lie between 0.1
and 17 meV. Even if larger dipole moments correspond
to larger Eb values (e.g., cyanide compounds), rather
different Eb values can be associated with the same dipole
moment p, (see, ketones and trifiuoromethylbenzene).
This tneans that general trends can be deduced from a
large set of measurements while individual Eb values
also depend on specific properties other than p, for each
individual molecule. The lowest molecular dipole giving
an experimentally observed anion is here p, = 2.66 ~
0.06 D (pivaldehyde), while we did not observe propanal
or formaldehyde anions (2.52 and 2.33 D).
Ab initio calculations of such small electron affini-

ties are still very difficult but, as shown by Garrett [3],
rather accurate Eb values can be derived from a pseu-
dopotential method. More recently, Clary described a
simple method leading to accurate energy levels and au-
todetachment widths for dipole-bound anions of sym-
metric top molecules [9]. Along these guidelines, we
performed model calculations as follows. We take the
excess electron-molecule pseudopotential as V(r, 8) =
V~(r, 8) + V (r) + Vsa(r), where r and 8 are the excess
electron cylindrical coordinates with respect to the molec-
ular symmetry axis, and V~, V, and Vsa are the dipo-
lar, charge-induced dipole, and short range potential terms
which are expressed as (in a.u.)

V~(r, 8) = —p, cos8/r for r ) p, /2,
V(r, 8) = 8r cos8/p —for r & p, /2,
V (r) = (a/2r )f(r), —

FIG. 1. The n dependences of relative rate constants for
the formation of acetouitrile (filled triangles), cyclohexanone
(open circles), acetone (open triangles), cyclobutanone (open
squares), aud acetaldhyde (diamonds) anions in collisions ofXe**(nf) atoms.

where

f(r) = 1 —exp[—(r/ru) ],
VsR(r) = Vc exp[—(r/r, ) ].
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Figure II.11. The formation rate of M− as a function of the principal quantum
number of the Rydberg state of Xe supplying the electron to the neutral molecule
M . In order of decreasing dipole moment: filled triangles: acetonitrile; open circles:
cyclohexanone; open triangles: acetone; open squares: cyclobutanone; diamonds:
acetaldehyde. Figure taken from Desfrançois, Abdoul-Carime, et al. (1994).

by the molecule to form a bound state. The energy at which this resonance
occurs depends on the molecule.

To determine the precise binding energy ofM−, one measures the elec-
tric field required to detach the electron captured during the reaction (48).
The results are plotted in figure II.12 as a function of the dipole moment of
the molecule. For molecules with a dipole moment smaller than 2.6 Debye,
no signal was measured. For larger dipole moments, a bound state is in-
deed detected with an energy in good agreement with the theoretical mod-
eling proposed by the authors. This model consists in truncating the α/r2
potential at short distance by another potential involving knownmolecular
parameters (polarizability, for example).

It should be noted that in this experiment, only one bound state of the
electron around the molecular dipole was detected, whereas the theory we
have developed so far predicts an infinite number of them, forming a ge-
ometric sequence. Desfrançois, Abdoul-Carime, et al. (1994) related their
finding to the prediction of Garrett (1980), according to which the motion
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TABLE I. Experimental electron binding energies of molecular anions measured by field
detachment. Formaldehyde and propanal anions were not observed (see text).

Molecule

Formaldehyde HCHO
Propanal CH3CH2CHO
Pivaldehyde(CH 3)3CCHO
Butanal CH3(CH2), CHO
Acetaldehyde CH 3CHO
2-butanone CH3CH2COCH3
Trifluoromethylbenzene C7H5F3
Cyclohexanone C6H»O
Acetone CH3COCH 3
Cyclopentanone C5H80
Cyclobutanone C&H60
Methylacrylonitrile CH2CCH3CN
Acrylonitrile CH2CHCN
Acetonitrile CH3CN

p (D)

2.33
2.52
2.66
2.72
2.75
2.78
2.86
2.87
2.88
2.88
2.89
3.69
3.87
3.92

Eb (meV)

( 0.1 (not obs. )( 0.1 (not obs. )
0.50
0.7
0.36
1.0
2.2
3.3
1.5
1.7
1.0
6.3
6.9
1 1.5

As can be seen from these expressions, V„and V van-
ish for r values lower than p, /2 and ro, respectively, while
VsR tends to V, & 0 for r & r„ thus taking into account
the short-range repulsion due the Pauli exclusion princi-
ple. In order to restrict the number of pseudopotential
parameters and because they are not all independent from
each others, we take ro = o. '/ and V, = 1 a.u. , keeping
only p„a, and r, as actual physical parameters. Electron-
binding energies are then calculated using Clary's rota-
tionally adiabatic theory [9] with total angular momentum
J = 0, since Eb does not depend on 1 but only on the
molecular rotational constant B and the above pseudo-
potential parameters. The calculated Eb values are dis-
played in Fig. 2 as a function of the dipole moment p, for
two sets of molecular parameters, together with all known
experimental values from our measurements (Table I),
those of Lineberger et al. for cyanomethyl [7], acetalde-
hyde enolate [8], and alkali halide anions [23] and Bowen
et al. measurement for LiH [24]. The first set of param-
eters (r, = 2.7 a.u. , B = 1 cm ', u = 4 A ) is suitable
for small diatomic anions (such as LiH and LiC1 ), while
the second set (r, = 4.2 a.u. , B = 0.1 cm, u = 8 A )
corresponds to molecular parameters for heavier diatomics
(e.g., CsC1 ) and for most molecules of the present work.
Except for very large polar molecules for which the pa-
rameter r, should be larger than 4.2 a.u. , the two dis-
played curves should correspond to the region inside
which observation of molecular dipole-bound anions can
be expected. If we set a lower physical limit to E& equal
to the rotational constant B, we thus conclude that the
minimum dipole moment required to bind an extra elec-
tron must lie between 2.0 and 2.2 D.
This result is in very good agreement with the original

predictions of Garrett [3] and Crawford [6] who suggested
that "any real gas phase molecule or radical with p, ~ 2 D
probably can bind an electron and almost certainly if

p, & 2.5 D." We might, nevertheless, stress the experi-
mental difficulties which one would encounter in explor-
ing the region between 2.0 and 2.5 D. Light diatomics
with dipole moment in this range do not seem to exist, and
one must then deal with heavy diatomics or polyatomic
molecules for which the corresponding electron-binding
energies should lie between 0.01 and 0.1 meV and with
rotational constants B around O. l cm '. Such weak bind-
ing energies would require external electric fields used
for mass selection lower than 0.5 and 15 V/cm,

10

10
Dipole moment Ij/D

FIG. 2. Electron-binding energies of molecular anions as a
function of parent molecular dipole moments. Solid and dashed
lines correspond to results of pseudopotential calculations, re-
spectively, for "large" and "small" molecules (see text). Down
triangles correspond to excited dipole-bound anions and open
circles to the present work experimental values given in Ta-
ble I. Up triangles are results of ab initio calculations of
nucleic base anions. The solid square and the open dia-
monds correspond to photoelectron spectroscopy experimental
determinations.
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Figure II.12. Binding energy of the M− structure as a function of the electric
dipole moment (denoted µ here and measured in Debye) of the parent molecule
M . The solid and dashed lines correspond to two theoretical predictions based on
different models of the short-range physics, when the charge–dipole distance be-
comes comparable to the extent of the dipole itself. Figure taken from Desfrançois,
Abdoul-Carime, et al. (1994).

of the atoms making up the dipolar molecule strongly restricts the number
of possibleM− states.

It should also be noted that the threshold value found experimentally,
2.6 Debye, is significantly higher than the limit found in (47). This is due
(at least in part) to the fact that the authors only had relatively complex
molecules at their disposal, and the detection of weakly bound states was
then complicated by the rotational motion of thesemolecules at the temper-
atures available. Recent progress in the preparation of ultracold diatomic
molecules could make it possible to repeat these experiments with dipole
moments close to the critical value expected theoretically (table II.1).
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molecule dipole (Debye)
RbYb 0.21
KRb 0.57
RbCs 1.2
RbSr 1.5
NaK 2.7
NaRb 3.3
LiRb 4.1
LiCs 5.5

Table II.1. Dipole moment of some diatomic molecules used in ultracold gas ex-
periments. Values taken from Gadway & Yan (2016).

3 1/r2 potential and conformal invariance

3-1 The symmetries of the Schrödinger equation

The scale invariance of the potential in 1/r2 that wementioned in the previ-
ous chapter is part of a larger set of symmetries of the Schrödinger equation,
called the conformal invariance group. These symmetries come in addition
to geometric invariance properties such as translation symmetry and rota-
tion symmetry.

For a free particle described by the Schrödinger equation, this conformal
invariance was discovered by Hagen (1972) and Niederer (1972). It was
extended to the case of a particle in a harmonic trap by Niederer (1973),
then to the case of the potential we are interested in here, 1/r2, by Alfaro,
Fubini, et al. (1976).

This invariance can be generalized to a set of interacting particles, pro-
vided that the corresponding potential satisfies the scale invariance prop-
erty (Pitaevskii & Rosch 1997)

V (λr1, · · · , λrN ) =
1

λ2
V (r1, · · · , rN ). (49)

It is also present in a gas of spin-1/2 fermions at the unitary limit withm↑ =
m↓ (Werner &Castin 2006). In this case, the scattering length is infinite and
therefore provides no length scale. Furthermore, the fermionic nature of

the particles prevents the formation of three-body structures, which would
otherwise provide a length scale that would destroy the scale invariance.

This conformal invariance also occurs for the two-dimensional Gross–
Pitaevskii equation, which uses a classical field approach to describe the dy-
namics of particles interacting via a contact potential gδ(ri−rj) (Pitaevskii
& Rosch 1997; Saint-Jalm, Castilho, et al. 2019). In this case, scale invariance
results from the fact that we have in two dimensions

δ(λr) =
1

λ2
δ(r). (50)

The invariance properties of the Schrödinger equation are investigated
as follows. Starting from a solution ψ(r1, · · · , rN , t) of this equation in an
external potential U(r):

iℏ
∂ψ

∂t
= Ĥψ with Ĥ =

∑

i

ï
− ℏ2

2m
∇2

i + U(ri)

ò
+ V (r1, · · · , rN ),

(51)
we look for transformations of positions and time

r′i = g(ri, t) t′ = h(t) (52)

accompanied by a gauge change of the wave function

ψ′(r′1, · · · , r′N , t′) = f(r1, · · · , rN , t) ψ(r1, · · · , rN , t) (53)

so that ψ′ is also a solution of the Schrödinger equation (51).

3-2 Single particle in an external potential

To simplify this presentation, we will consider here the case of a single par-
ticle, but the results can be extended without difficulty to the case ofN par-
ticles, see for example Werner & Castin (2006). We will not deal here with
the well-known translation or rotation symmetries, andwill concentrate on
the “hidden” symmetry (or dynamical symmetry) related to conformal in-
variance.
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We first consider the case where the particle is free or moving in the
potential U(r) = g/r2. The Schrödinger equation thus reads

iℏ
∂ψ

∂t
= − ℏ2

2m
∇2ψ +

g

r2
ψ. (54)

We choose a real 2× 2matrix with determinant 1:

[M ] =

Å
γ1 γ2
γ3 γ4

ã
with γ1γ4 − γ2γ3 = 1, (55)

i.e. an element of SL2(R), and we consider the transformations:

r′ = g(r, t) =
r

γ3t+ γ4
, t′ = h(t) =

γ1t+ γ2
γ3t+ γ4

(56)

One can check (the calculation is tedious, but presents no particular diffi-
culty) that this transformation, together with the gauge change

f(r, t) = (γ3t+ γ4)
D/2 exp

Å
−imγ3r

2/2

γ3t+ γ4

ã
(57)

whereD is the dimension of the space (D = 3 in this course), meets our re-
quirements: the function ψ′(r′, t′) is also a solution of (54) (Niederer 1972;
Alfaro, Fubini, et al. 1976).

To gain a physical intuition for the transformations described by (56),
note that four real parameters are needed to describe the 2× 2matrix [M ].
Taking into account the constraint on its determinant, this leaves three in-
dependent parameters. We can thus identify three types of transformation,
corresponding to three important special cases for this matrix:

• Translations in time:

[M ] =

Å
1 t0
0 1

ã
: r′ = r, t′ = t+ t0. (58)

This invariance is simply due to the fact that the Hamiltonian is sta-
tionary.

• Dilations:

[M ] =

Å
λ 0
0 1/λ

ã
: r′ = λr, t′ = λ2t (59)

which we have already introduced above. The invariance of the
Schrödinger equation is ensured by the scale invariance of the 1/r2 po-
tential.

• Expansions:

[M ] =

Å
1 0
γ3 1

ã
: r′ =

r

γ3t+ 1
, t′ =

t

γ3t+ 1
, (60)

which can be seen as dilations with a time-dependent scale factor.

Note that the gauge transformation (57) is trivial in the first two cases since
we then have γ3 = 0.

We have thus found a continuous group of transformations, with three
independent parameters. The operation associated with the successive ap-
plication of two transformations [M ] and [M ′] is characterized by thematrix
[M ′′] obtained from the matrix product [M ′] × [M ], which makes this ma-
trix formulation all the more natural. Note also that the identity matrix,
γ1 = γ4 = 1, γ2 = γ3 = 0, corresponds to no modification of the wave
functions: r′ = r, t′ = t, ψ′ = ψ. The transformations (52-53) and (56-57)
therefore provide a linear representation of the group of real 2× 2matrices
of determinant 1, SL2(R).

Once this structure has been identified, the next step is in principle to
determine its infinitesimal generators. However, before doing this, it is use-
ful to generalize the above results to the case of a particle in a harmonic trap
(Niederer 1973).

In what follows, we therefore consider the Hamiltonian

Ĥ = − ℏ2

2m
∇2 + U(r) (61)

where U(r) is the isotropic potential

U(r) =
g

r2
+ Uho(r) with Uho(r) =

1

2
mω2r2. (62)
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The mω2r2/2 part breaks the scale invariance found for g/r2, but we can
simply modify the transformations (56)-(57) to recover the conformal in-
variance of the Schrödinger equation. Still starting with a 2×2matrix with
real coefficients and determinant 1, let us take

r′ =
r

λ(t)
, tan(ωt′) =

γ1 tan(ωt) + γ2
γ3 tan(ωt) + γ4

(63)

with

λ(t) =
[
(γ1S + γ2C)

2 + (γ3S + γ4C)
2
]1/2

, S = sin(ωt), C = cos(ωt).
(64)

Here again, a calculation (also tedious) shows that the function ψ′, con-
structed from ψ and the gauge transformation

f(r, t) = λD/2(t) exp

Ç
−imλ̇r

2

2λ

å
(65)

is also a solution of the Schrödinger equation [see Werner & Castin (2006)
for the N -particle version of the same problem].

3-3 The generators associated with conformal invariance

Since we now have a group of continuous transformations that leave the
Schrödinger equation invariant

iℏ
∂ψ

∂t
= − ℏ2

2m
∇2ψ +

Å
g

r2
+

1

2
mω2r2

ã
ψ, (66)

it is interesting to find the generators associatedwith these transformations.
To begin with, let us recall what these generators are for the usual ge-

ometric transformations, translations or rotations. For translation along x,
for example,

ψ(x, y, z) −→ ψ′(x, y, z) = ψ(x− x0, y, z) (67)

we take x0 to be infinitesimally small, so that

ψ′(x, y, z) ≈ ψ(x, y, z)− x0
∂ψ

∂x
(68)

which we write as

ψ′ ≈
Å
1− i

x0p̂x
ℏ

ã
ψ with p̂x = −iℏ ∂

∂x
. (69)

The operator p̂x introduced here coincides with the usual expression for
the x component of the momentum operator. The infinitesimal generators
of the translations are therefore the three components of the momentum
operator p̂, for which we recall the commutation relations:

[p̂i, p̂j ] = 0. (70)

For a rotation of angle φ0 about axis z, we have in spherical coordinates:

ψ(r, θ, φ) −→ ψ′(r, θ, φ) = ψ(r, θ, φ− φ0), (71)

which gives, for an infinitesimally small φ0,

ψ′ ≈
Ç
1− i

φ0L̂z

ℏ

å
ψ with L̂z = −iℏ ∂

∂φ
. (72)

The infinitesimal generators of rotations are therefore the three components
of the angularmomentumoperator L̂, for whichwe recall the commutation
relations:

[L̂i, L̂j ] = iℏϵijkL̂k. (73)

We can proceed in the same way for the transformations related to con-
formal invariance identified above. The detailed calculations are presented,
for example, in the appendix of the article by Saint-Jalm, Castilho, et al.
(2019); here we simply give the result at time t = 0 for the transformation
(63-65). A possible choice for the three generators is (Pitaevskii & Rosch
1997)

L̂1 =
1

2ℏω
Ä
Ĥ − 2Uho

ä
L̂2 =

1

4ℏ
(p · r + r · p) L̂3 =

1

2ℏω
Ĥ

(74)
The group associatedwith this conformal symmetry is characterized by the
commutation relations between the generators

[L̂1, L̂2] = −iL̂3 [L̂2, L̂3] = iL̂1 [L̂3, L̂1] = iL̂2 (75)
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These relations seem close to those for angular momentum (73), but the
presence of the− sign in the former significantly changes the algebra. These
relations are in fact characteristic of the SO(2,1) algebra, the Lorentz group
with two space dimensions and one time dimension, whereas the angular
momentum algebra corresponds to SO(3). These relations can be general-
ized to the N -particle case (Werner & Castin 2006).

Example: operator associated with an infinitesimal dilation. Consider
the dilation with parameter λ very close to 1 and let γ4 = 1/γ1 = 1+ ϵ, γ2 =
γ3 = 0 in (56,57,59) with ϵ≪ 1. To first order in ϵ, we find in dimensionD:

ψ′(r) = γ
D/2
4 ψ(γ4r) = (1 + ϵ)D/2ψ [(1 + ϵ) r] (76)

≈ ψ(r) + ϵ

Å
D

2
+ r ·∇

ã
ψ(r) (77)

= ψ(r) +
ϵ

2
[∇ · (rψ) + r ·∇ψ] (78)

which can also be written as (1 + 2iϵL̂2)ψ. This shows that the operator L̂2

is the generator associated with the spatial scale transformation introduced
earlier.

3-4 The tower of eigenstates

The commutation relations between the operators L̂i allow us to identify a
series of important properties of the system, both statically anddynamically
(Pitaevskii & Rosch 1997).

We will concentrate here on the search for stationary states and to do
this we introduce the two operators

L̂± = L̂1 ± iL̂2. (79)
Using the fact that L̂3 is proportional to Ĥ , it is immediate to verify that

[Ĥ, L̂±] = ±2ℏω L̂±. (80)
Starting from an eigenstate |ψ⟩ of Ĥ of energy E, we deduce from this rela-
tion that
Ĥ
Ä
L̂+|ψ⟩

ä
= (E + 2ℏω)

Ä
L̂+|ψ⟩

ä
Ĥ
Ä
L̂−|ψ⟩

ä
= (E − 2ℏω)

Ä
L̂−|ψ⟩

ä
(81)

By repeated application of L̂±, we generate a tower of eigenenergies E +
2nℏω, n ∈ Z.

If we restrict ourselves to the case of a coefficient g sufficiently large
to avoid the fall to the center (α > −1/4), we know that there is a well-
defined ground state and that the energies are bounded below. The tower
is therefore semi-infinite, and its bottom must correspond to a state such
that L̂−|ψbottom⟩ = 0. Here again, the result carries over as it stands to the
case ofN interacting particles exhibiting scale invariance (Werner & Castin
2006).

The existence of this tower of states can be verified explicitly for the
case of the one-particle Hamiltonian (61-62), for example by considering
isotropic solutions. Let us introduce the reduced radial wave function
u(r) = r ψ(r), which satisfies the eigenvalue equation

−u′′(r) +
( α
r2

+ r2
)
u(r) =

2E

ℏω
u(r), (82)

where distances are expressed in units of aho = (ℏ/mω)1/2.
Let us look for a solution of this equation in the form

u0(r) = rs+1e−r2/2 (83)

where the Gaussian envelope is characteristic of the eigenstates of the har-
monic oscillator. We find that u is a solution of (82) if and only if

E0 = ℏω
Å
s+

3

2

ã
and s2 + s− α = 0 (84)

We have already encountered this second-degree equation in our search
for the zero-energy solution in the 1/r2 potential. Here we will concentrate
on the case α > −1/4, so that the roots of this equation are real. The case
α < −1/4, leading to complex roots, requires regularization of the potential
in 1/r2 as we saw above.

We must choose the larger of the two possible roots for s:

s = −1

2
+

…
α+

1

4
, (85)
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this root always being larger than −1/2. The other root is always less than
−1/2 and would lead to a divergent integral for the average potential en-
ergy. Note that for g = 0, we have s = 0 and we return to the ground state
of the harmonic oscillator ψ(r) = e−r2/2.

The state u(r) obtained in this way has no node other than r = 0 and
therefore corresponds to the ground state of the problem. When the oper-
ator L̂+ acts on this state, we have seen that it generates a tower of energy
states

En = ℏω
Å
2n+ s+

3

2

ã
(86)

At each stage, the operator L̂+ involves d2

dr2 , r d
dr , as well as multiplication

by r2 and r−2. One can then show quite easily that the wave function un
obtained after n applications of L̂+ has the following structure:

un(r) = rs+1 e−r2/2 Pn(r
2) (87)

where Pn is a polynomial of degree n [generalized Laguerre polynomial,
Werner & Castin (2006)]. The function un has n positive roots, and it is
therefore the nth excited state.

The action of L̂+ therefore makes it possible to generate the entire spec-
trum of Ĥ for isotropic states and to obtain the corresponding eigenstates.
We can also check directly that a state of the form (87) can be a solution
of (82) by establishing the recurrence relation between the different coeffi-
cients of the polynomial Pn.

3-5 The breathing mode

Pitaevskii & Rosch (1997) showed that a spectacular manifestation of the
dynamical symmetry related to the SO(2,1) group is the existence of an un-
damped breathingmode (see also Kagan, Surkov, et al. (1996)). They stud-
ied the case of a two-dimensional Bose gas described by a classical field ap-
proach, but this result extends to other systems exhibiting conformal invari-
ance such as the 3D Fermi gas in the unitary regime (Castin 2004; Werner &
Castin 2006), or an assembly of interacting particles with a 1/r2ij potential,
whatever the dimension of space (Benjamin, Quiroga, et al. 1996).

We will show that the time evolution of the second moment of the po-
sition ⟨r2⟩ = 2

mω2 ⟨Ûho⟩ is periodic, whatever the initial conditions. To do
this, we use the equations of motion of the generators L̂j in the Heisenberg
picture:

dÛho

dt
=

i

ℏ
[Ĥ, Ûho] = −i 2ℏω2[L̂1, L̂3] = 2ℏω2L̂2 (88)

and
dL̂2

dt
=

i

ℏ
[Ĥ, L̂2] = i 2ω[L̂3, L̂2] = 2ωL̂1 =

1

ℏ
Ä
Ĥ − 2Ûho

ä
. (89)

By combining these two equations, we arrive at:

d2Ûho

dt2
+ 4ω2Ûho = 2ω2Ĥ. (90)

Let us take the average of this equation over the initial state. Using the fact
that ⟨Ĥ⟩ ≡ E is a constant of motion, we deduce that the second moment
of the position ⟨r2⟩ obeys the differential equation:

d2⟨r2⟩
dt2

+ 4ω2⟨r2⟩ = Constant (91)

It therefore evolves periodically in time with the period π/ω.
Thismode has been observed in the context of 2D gases described by the

classical Gross–Pitaevskii field equation, and small deviations due to the
quantum nature of the motion of the atoms have also been measured (see
the 2017 lecture series, Chapter 6). However, it has not yet been demon-
strated experimentally for particles with an interaction potential varying as
1/r2.

4 The one-dimensional case

4-1 The spectrum of the N -body problem

In a famous article, Calogero (1971) derived the spectrum of N bosonic or
fermionic particles evolving on an axis, with binary interactions described
by the potential V (xij) ∝ x2ij + x−2

ij , with xij = xi − xj . By means of a
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Chapter II – Stationary states and dynamics in a 1/r2 potential § 4. The one-dimensional case

transformation of the variables, we can map this problem to a 1D assembly
of N particles evolving under the effect of the Hamiltonian

Ĥ =

N∑

i=1

Å
p2i
2m

+
1

2
mω2x2i

ã
+
∑

i<j

g

(xi − xj)2
(92)

This problem can be extended to the case of particles moving freely on a cir-
cle of perimeter L, with an interaction in sin−2 (π(xi − xj)/L) (Sutherland
1972).

We start by specifying the boundary conditions on the admissible wave
functionsΨ(x1, · · · , xN ). Let us consider the caseN = 2 for the sake of sim-
plicity. For the average potential energy to be non-divergent, the integral

∫
g

x2
|Ψ(x,X)|2 dx dX (93)

has to be convergent at x = 0, with x = x1 − x2 and X = (x1 + x2)/2
denoting the relative variable and the center-of-mass variable respectively.
Whatever the non-zero value of g,Ψ(x,X)must therefore vanish faster than√
xwhen x→ 0. This condition is obviously absent when g is strictly zero.

This means that we cannot hope to recover the case of particles with no
interaction by taking the limit g → 0 in what follows, unlike the 3D case
studied above (cf. § 3-4).

Calogero showed that this problem is exactly solvable and that its en-
ergy spectrum consists of equidistant values, separated by ℏωwhatever the
strength of the coupling g provided that α > −1/4:

En = ℏω
Å
n+

N(N − 1)

2
s+

N2

2

ã
with s = −1

2
+

…
α+

1

4
(94)

where α = mg/ℏ2 and n is a non-negative integer (n = 1 is excluded). He
also found the explicit form of the ground state (with aho = (ℏ/mω)1/2):

Ψ(x1, . . . , xN ) =
∏

i<j

(xi − xj)s+1
exp

(
−
∑

i

x2i /2a
2
ho

)
(95)

which is, as expected, a wave functionwith no node other than at the points
xi = xj . As an exercise, we can check that this wave function is indeed an

eigenstate of (92) with the eigenvalue En corresponding to n = 0. The de-
generacy of each energy level given in (94) is discussed in detail in Calogero
(1971).

Case of N = 2 particles. In this case, we can separate the motion of the
center of mass, which is purely harmonic with a spectrum in (n1 +1/2)ℏω,
n1 ∈ N, and the motion of the relative particle, which we have studied in
§ 3-4. The Schrödinger equation governing the relative motion is

−ψ′′ +
( α
x2

+ x2
)
ψ =

2E

ℏω
ψ (96)

where α = 2mrg/ℏ2 and distances are expressed in units of
√
ℏ/mrω, with

mr = m/2 the reduced mass. The transposition of (84-85) gives for relative
motion the ground state ψ(x) = xs+1e−x2/2 and the energy ℏω(s + 3/2)
with s given in (94), hence the total energy of the ground state for the two
motions as a whole2 E0 = ℏω(s+ 2). The energy given in (94) is found by
inserting N = 2, n = 0. The ground state is

Ψ(x,X) = xs+1 e−x2mω/4ℏ e−X2mω/ℏ

= (x1 − x2)s+1 e−mω(x2
1+x2

2)/2ℏ. (97)

The first excited state, of energy ℏω(s + 3), is obtained by placing the
center of mass in its first excited state, while leaving the relative motion in
its ground state. The excited states of the relativemotion, of energy ℏω(2n+
s+3/2), are obtained by constructing the “tower of states” described in § 3-4
(see also Werner (2008), appendix B).

4-2 The dynamics of the system

Since the N -body spectrum consists of equidistant levels separated by the
energy ℏω, we can deduce that any observable will have a periodic evolu-
tion. Indeed any initial state |Φ(0)⟩ can be decomposed on the basis of the

2When g → 0, s → 0 and this energy tends to 2ℏω, which corresponds to the first excited
state of two independent particles placed in a harmonic potential. We therefore do not find the
ground state of the system at g strictly zero, which is a consequence of the condition imposed
on the wave functions, cf. discussion after (93).
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eigenstates |Ψν⟩ of the N -body system

|Φ(0)⟩ =
∑

ν

cν |Ψν⟩. (98)

This gives the state at time t (apart from a global phase, which is unimpor-
tant):

|Φ(t)⟩ =
∑

ν

cνe
−inνωt|Ψν⟩ (99)

so that the mean value of any operator Ô reads

⟨Ô⟩(t) =
∑

ν,ν′

c∗νcν′ ⟨Ψν |Ô|Ψν′⟩ ei(nν−nν′ )ωt. (100)

This quantity is periodic, with period 2π/ω. This result, valid in 1D, is of
course much stronger than the periodicity of ⟨r2⟩ obtained in § 3-5 (but this
was valid in any dimension).

4-3 The classical motion

The remarkable simplicity found for the spectrum of the quantum motion
also occurs for the classical motion ofN particles. For g > 0, we can show in
particular the following result, illustrated in figure II.13. Let us start from
an asymptotic state (t→ −∞) inwhich the particles are far from each other
(negligible interaction energy), with the ordering x1 < x2 < · · · < xN and
initial velocities v1 > v2 > · · · > vN . The particles come together under
the effect of their initial velocities, and then separate again. For the final
velocities v′i one always finds

v′i = vN+1−i, i = 1, · · · , N (101)

i.e. a simple two-by-two exchange of particle velocities, as if the parti-
cles had passed through each other without interacting! This result fol-
lows from the integrability of theN -body system for a potential in 1/r2, for
which one can exhibit N constants of motion.

t

x
i

(i
=

1
,·
··
,N

)

Figure II.13. Collision between N = 5 particles interacting through the binary
potential g/(xi − xj)2, with g > 0.
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Chapter III

From contact interactions to the 1/r2 potential

In this chapter we approach the three-body problem from its simplest
angle, that of two heavy particles, of mass M , bound together by a light
particle of mass m ≪ M . This hierarchy of masses will considerably sim-
plify our study, compared with the case of three identical particles, which
will be discussed in Chapters 5 and 6. We will use the Born–Oppenheimer
approach, originally developed in molecular physics to take advantage of
the large difference in mass between the electrons that form the chemical
bond and the atoms that make up a molecule.

This Born–Oppenheimer approach consists in working in two stages,
taking advantage of the two very different time scales of the problem, that
associatedwith the fast motion of the light particle and that associatedwith
the slow motion of the two heavy particles:

• First, we treat the one-body problem describing the motion of the light
particlem in the force field created by the heavy particlesM , assumed
to be held fixed at a distance R. We find a set of eigenenergies En(R)
for this light particle, in particular the ground-state energy E0(R).

• Secondly, we look at themotion of the heavy particles, in particular the
variation in time of their separation R. It is assumed that the state of
the light particle follows this motion adiabatically, so that the energies
En(R) act as the effective interaction potentials between the two heavy
particles.

This separation of the three-body problem into a one-body problem fol-

lowed by a two-body problem is obviously a considerable simplification.
The remarkable point is that it recovers the essential universality of Efimov
physics for three identical particles, with a “bonus”: the additional control
parameter provided by the ratioM/m.

This mMM situation was proposed by Efimov (1973) for the case of a
contact interaction, whichwewill also consider inwhat follows. It was then
taken up by Fonseca, Redish, et al. (1979) for a separable potential of the
type introduced by Yamaguchi (1954).

The questions we wish to address in this course and the next are, for
example:

• Can there be a three-body bound statemMM even if the dimermM is
not bound?

• If both the mM dimer and the mMM trimer are bound, which is the
more stable? Would the trimer not gain by ejecting an M particle in
order to lower its energy further?

We shall begin this chapter with a presentation of the contact interaction
in § 1. We will take it into account using the Bethe–Peierls boundary con-
dition, which will enable us to clarify the notion of a scattering resonance.
We will then begin our study of the three-body problem with this reso-
nant case (infinite scattering length), in order to bring out the emergence
of the potential E0(R) ∝ 1/R2 underlying the Efimov effect (§ 2). § 3 will
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Chapter III – From contact interactions to the 1/r2 potential § 1. Two-body interaction at low energy

be devoted to determining the effective interaction E0(R) on either side of
the resonance. Finally, we will briefly explain in § 4 how this approach can
be generalized to the case where several light particles and several heavy
particles are present simultaneously.

The second stage of the Born–Oppenheimer approach, i.e. themotion of
the heavy particles under the effect of the effective interaction E0(R), will
be dealt with in the next chapter.

1 Two-body interaction at low energy

1-1 s-wave scattering

In this chapter we restrict ourselves to the case of neutral particles whose
velocity is sufficiently low that in the two-body problem, only the interac-
tions in the channel of zero angular momentum (swave) are significant.

The asymptotic expression for the scattering state describing this inter-
action is

r ≫ b : ψk(r) ∼ eik·r + f(k)
eikr

r
, (1)

where k is the incident relative wave vector. The scattering state is an eigen-
state of the Hamiltonian describing the relative motion of the two particles,
with eigenvalue E = ℏ2k2/2mr, wheremr is the reduced mass. It describes
the physical situation of a collision with incident relative momentum ℏk
and an outgoing spherical wave of amplitude f(k) (figure III.1).

The asymptotic expression (1) is close to the exact expression of ψk(r)
when r is greater than the range b of the scattering potential. For atom–
atom scattering, this range is given by

RvdW =
1

2

Å
2mrC6

ℏ2

ã1/4
(2)

for a van der Waals-type interaction potential −C6/r
6.

The interaction between two particles is therefore described by the scat-
tering amplitude f(k), which is given by (cf. the 2021 lecture series, Chapter

Figure III.1. The physical situation described by the scattering state (1), with the
incident plane wave of wave vector k and the scattered spherical wave eikr/r, of
amplitude f(k).

3)
f(k) ≈ −a

1 + ika+ 1
2rek

2
, (3)

where a is the scattering length and re is the effective range. At the small
values of k that we are interested in here, the effective range term will be
negligible and we will keep only 1+ika in the denominator of this fraction.
The scattering length a can be positive or negative, or even zero or infinite.

When kr ≪ 1, the expression (1) can be simplified to give:

b≪ r ≪ k−1 : ψk(r) ∼ 1− a

1 + ika

Å
1 + ikr

r

ã
+O(r)

∼ −a
1 + ika

Å
1

r
− 1

a

ã
+O(r) (4)
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which we will write more simply in the form (at this stage the state ψk is
not normalized, and is therefore defined up to a multiplicative factor):

b≪ r ≪ k−1 : ψk(r) ∼
1

r
− 1

a
+O(r) (5)

i.e. a term in r−1, a term in r0, and correction terms in rn with n ≥ 1.

1-2 Scattering resonances

In what follows, wewill assume that the interaction potential V (r) between
the particles has an attractive component and can give rise to one or more
bound states. When the attractive component ofV (r) is gradually increased
to give rise to a new bound state, we observe the following variation in the
scattering length (Levinson’s theorem):

• When the attractive component is slightly too small for the bound state
to appear, the scattering length is large and negative.

• At the threshold for the appearance of the bound state, the scattering
length is infinite. Its sign is unimportant; it is rather the statement
1/a = 0 that is relevant at this point, as can be seen from the asymptotic
expression (5).

• When the attractive component has exceeded the threshold value for
the appearance of the bound state, the scattering length is large and
positive.

This behavior is illustrated for an attractive square well of depth V0 and
range b (figure III.2, top). The threshold for the appearance of the first
bound state is (the 2021 lecture series, Chapter 3, § 3)

k0b =
π

2
with ℏ2k20

2mr
= V0, (6)

and the threshold for the n-th bound state is

k0b =

Å
n− 1

2

ã
π. (7)

r

V (r)

b

−V0

0

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
−10
−5
0

5

10

k0b/π

a
/b

Figure III.2. Top: square potential well of depth V0 and range b. Bottom: variation
of the scattering length of a square well with its depth V0.

The scattering length is

a = b− tan(k0b)

k0
(8)

and it diverges for each value of k0 that satisfies (7). The variation of awith
depth V0 is plotted in figure III.2, bottom.

In what follows, we are interested in the physical effects that appear
when a two-particle system is about to have a bound state, or when this
bound state has just appeared. In the context of square-well modeling, this
amounts to placing ourselves around the point (6), k0b ≈ π/2 (figure III.3).

Note. Strongly bound states, although present in practice, will not play
a role for the time being. They will come into play later as ingredients for
inelastic processes in a three-body collision: initially free atoms can form a
strongly bound dimer after the collision, with conservation of energy and
momentum ensured by the presence of the third body.
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Figure III.3. Zoom of figure III.2 around the threshold for the appearance of the
first bound state, at k0b = π/2.

1-3 The pseudo-potential

The pseudo-potential is defined in three dimensions. It can be seen as a po-
tential of zero range b, leading to s-wave scattering only, with an adjustable
scattering length a.

The action of the pseudo-potential V̂pp on a wave function ψ(r) reads

V̂pp ψ(r) = gδ(r)
∂

∂r
[rψ(r)] . (9)

We can analytically determine an eigenstate basis of the relative Hamilto-
nian describing the interaction between two particles under the effect of this
pseudo-potential:

Ĥ =
p̂2

2mr
+ V̂pp. (10)

For g < 0, only positive-energy eigenstates are found

ψk(r) = eik·r − a

1 + ika

eikr

r
E =

ℏ2k2

2mr
(11)

with
g =

2πℏ2a
mr

(12)

For g > 0, we must add to this family of eigenstates the (unique) bound
state

ψ(r) =
e−r/a

r
E = − ℏ2

2mra2
(13)

to form a basis of Hilbert space.
We studied the properties of this pseudo-potential in detail in the 2021

lecture series (Chapter 3, § 4). We simply recall a number of important
properties here:

• The expression (11) is reminiscent of the asymptotic form of a scatter-
ing state. However, this expression is valid here whatever the value of
r ̸= 0, which corresponds well to the idea of a potential of zero range
b.

• The expression (11) gives the exact value of the scattering amplitude
of the pseudo-potential:

f(k) =
−a

1 + ika
. (14)

It follows that there is no effective-range correction re as in (3), nor any
higher-order correction in k. The quantity a defined from (12) gives
the exact value of the scattering length.

• All the eigenfunctions (11) and (13) have the same behavior near the
origin for a ̸= 0:

r ≪ k−1, a : ψ(r) ∼ 1

r
− 1

a
+O(r). (15)

Since the physically acceptable functions must be written as linear
combinations of the eigenfunctions of theHamiltonian, thismeans that
a problem involving the pseudo-potential does not have the same func-
tion space as a problem with a regular potential. For a regular poten-
tial, we consider only functions that are regular everywhere, in partic-
ular at r = 0. They must therefore be written as

Regular potential: ψ(r) = β +O(r) (16)
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where β is any constant, possibly zero. For the pseudo-potential, these
functions must be written as

Pseudo-potential: ψ(r) =
α

r
+ β +O(r) (17)

with the link between the coefficients α and β:

β = −α
a
, (18)

so that the physically relevant functions read

Pseudo-potential: ψ(r) = α

Å
1

r
− 1

a

ã
+O(r) (19)

Note that this pseudo-potential can be approximated by returning to
the square well of § 1-2 and taking the limit of zero range b→ 0 and infinite
depth k0 →∞. More precisely, this limitmust be takenwith k0b = π

2 +
1

k0as
,

where as is the target scattering length, which is equivalent to being in the
vicinity of the threshold for the appearance of the first bound state.

1-4 Bethe–Peierls boundary conditions

A convenient way of dealing with problems in which the pseudo-potential
comes into play is to impose a priori the boundary conditions (19) as the
domain of admissible functions. This effectively eliminates the point r = 0
from the relevant domain of space, and we can then restrict ourselves to a
purely kinetic Hamiltonian

Ĥ =
p̂2

2mr
. (20)

The situation is very similar to the approach taken to treat the square-
well potential in introductory quantummechanics courses (see figure III.4).
If the well is of finite depth, we explicitly treat the action of the potential
V (x) in both the allowed and forbidden regions in order to find the eigen-
states of the problem. But when we take the limit of the infinitely deep well
(the counterpart of our zero-range limit), we drop the potential V (x) and
replace it by the boundary conditionψ(±b/2) = 0 on all thewave functions.

x

V (x)

V0

−b/2 b/2
x

−b/2 b/2

Figure III.4. The two approaches to treating a square well. Left: the allowed and
forbidden regions are treated separately, using the explicit form of V (x) in each
region, and the solutions are matched. Right: the limit V0 → ∞ is taken and the
potential is accounted for by the boundary condition ψ(±b/2) = 0. The energy is
then purely kinetic.

There are several equivalent techniques for writing the Bethe–Peierls
boundary condition (19) in practice. Note, for example, that

lim
r→0

[rψ(r)] = α lim
r→0

ï
∂ [rψ(r)]

∂r

ò
= −α

a
(21)

so that, whatever the value of themultiplicative coefficientα, we can impose

lim
r→0

ï
∂ [rψ(r)]

∂r

ò
= −1

a
lim
r→0

[rψ(r)] . (22)

This condition can also be written as

lim
r→0

∂ ln [rψ(r)]

∂r
= −1

a
. (23)

Finally, we can determine “by hand” the coefficients of r−1 and r0 and force
these two coefficients to be in the ratio −a. This is the method we will use
in the following.
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2 Long-range force for themMM problem

2-1 ThemMM three-body problem

In the exact approach to the three-body problem, all the particles are treated
on the same footing, which involves manipulating wave functions of many
variables (nine position coordinates). Before tackling this exact approach
in a later chapter, wewill deal here with a simpler, but very instructive, case
introduced by Efimov (1973) [see also Fonseca, Redish, et al. (1979)]: one
of the three particles (of mass m) is much lighter than the other two (of
mass M) and it interacts in a quasi-resonant manner with them; the two
heavy particles do not interact with each other, except possibly through a
hard-core potential that prevents them from approaching closer thanR0, in
order to avoid the fall to the center studied in the previous chapters.

As explained in the introduction to this chapter, this mass hierarchywill
allow us to use an approximation identical in every respect to the Born–
Oppenheimer approximation of molecular physics (the light particle play-
ing the role of an electron), by separating our treatment into two stages:

• First, we will assume that the two heavy particles are held fixed, sepa-
rated by a distanceR, andwewill study themotion of the light particle
interacting with them. This is a one-body problem, andwewant to de-
termine in particular the energy of the ground state, which from now
on we will denote by E0(R) ≡ E(R).

• In a second stage (see the next chapter), we will treat the energy E(R)
as an interaction potential between the two heavy particles and study
their motion. This is a two-body problem, for which the solution is
well defined.

The main result of this approach is the emergence, in the case where
themM interaction is resonant, of the effective attractive potential E(R) ∝
−1/R2, leading to the scale invariance discussed in Chapters 1 and 2.

Note. Onemaywonder about the special caseR = 0, when the two heavy
particles are superimposed. In fact, this problem is ill defined in the context

of an interaction described by the pseudo-potential, andwe need to go back
to a non-zero interaction range to give it a precise meaning. We will do so
in the next chapter, when we describe the Thomas collapse.

2-2 Bound states for the light particle

We tackle the three-body problem mMM , with the particles M assumed
for the moment to be infinitely heavy, and therefore fixed. We denote their
separation by R and assume that they are placed symmetrically with re-
spect to the origin of coordinates, at the points±R/2 (withR ̸= 0). We are
interested in the bound states of the light particle of mass m by assuming
that it interacts in the samewaywith the two heavy particles, an interaction
described by a pseudo-potential associated with the scattering length a.

We will look for the bound state(s) by treating the action of the pseudo-
potential through the Bethe–Peierls boundary conditions. Let us denote by

E = −ℏ2κ2

2mr
(24)

the energy of the bound state sought, with κ > 0. Note that sinceM ≫ m,
we have mr ≈ m. Our aim is to determine the value of κ as a function of
the two parameters of the problem, the scattering length a characterizing
themM interaction and the distance R between the two heavy particles.

Away from the points±R/2, the wave function of the bound state must
be a regular solution of the equation

− ℏ2

2mr
∇2ψ(r) = E ψ(r) ⇒ ∇2ψ = κ2ψ (25)

and this wave function must obey the boundary conditions (up to a multi-
plicative coefficient)

r → ±R/2 : ψ(r) ∝ 1

|r ∓R/2| −
1

a
(26)

This wave function is therefore of the form:

ψ(r) = A
e−κ|r−R/2|

|r −R/2| +B
e−κ|r+R/2|

|r +R/2| (27)
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We now need to find, for a givenR, the choice of κ, A andB which ensures
that this boundary condition is satisfied.

When we take the limit r → R/2, the terms in |r −R/2|−1 and in |r −
R/2|0 read

|r −R/2|−1 : A (28)

|r −R/2|0 : −Aκ+B
e−κR

R
. (29)

These two terms must be in the ratio −1/a in order to satisfy the boundary
condition (26), which imposes

−Aκ+B
e−κR

R
= −A

a
. (30)

Similarly, for r → −R/2we find

A
e−κR

R
−Bκ = −B

a
. (31)

For each value of κ, we therefore obtain a system of two equations in the
two unknowns A and B:

A

Å
1

a
− κ
ã
+B

e−κR

R
= 0 (32)

A
e−κR

R
+B

Å
1

a
− κ
ã
= 0. (33)

This system admits a solution other than the trivial one (0, 0) if and only if
its determinant vanishes, which requires κ to be such that

∣∣∣∣∣
1
a − κ e−κR

R
e−κR

R
1
a − κ

∣∣∣∣∣ = 0 ⇔ 1

a
− κ = ±e−κR

R
(34)

which leads to the following two equations:

κR− R

a
= e−κR and therefore A = B (35)

and
κR− R

a
= −e−κR and therefore A = −B (36)

The symmetry or antisymmetry of the coefficientsA andB could have been
anticipated, since the two particlesM play identical roles. In other words,
the Hamiltonian and the Bethe–Peierls boundary conditions are invariant
under the change r → −r, and we can therefore look for the eigenstates of
the Hamiltonian in the form of even or odd functions.

These two symmetric and antisymmetric solutions are very similar to
the bonding and antibonding orbitals of the chemical bond. It is easy to
check that the value of κ solving (35) is always larger than that solving
(36), which means that (35) corresponds to the lower energy −ℏ2κ2/2m.
The wave function of the light particle (27) then has no node, since A = B,
as expected for a ground state. By contrast, the solution of (36) leads to
A = −B, and the wave function (27) vanishes on the median plane of the
two heavy particles.

To make progress in solving this problem, it is now useful to separate
the three cases |a| = +∞, a > 0, and a < 0, and we will start with the
resonant case, |a| = +∞.

2-3 The resonant case |a| = +∞

A particularly remarkable situation occurs in the resonant case a = ±∞,
for which the two equations (35) and (36) read

symmetric solution: κR = e−κR (37)

and
antisymmetric solution: κR = −e−κR (38)

Since the quantities κ and R are both positive, only the first of these two
equations, which corresponds to the bonding orbital A = B in (27), has a
solution.

Recall that we are then just at the threshold for the appearance of a
bound state for the mM two-body problem, when only one of the heavy
particles is present. On the other hand, when both heavy particles are
present, the solution of (37) is a non-zero value of κ, hence a bound state
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Figure III.5. Graphical solution of equation (35) in the case |a| = +∞, i.e. κR =
exp(−κR). There is one and only one solution, κR = Ω with Ω ≈ 0.567 143.

of the light particle around the heavy particles:

a = ±∞ : κ =
Ω

R
with Ω ≈ 0.567 (39)

where the constant Ω is the unique solution of the transcendental equation
Ω = e−Ω (figure III.5).

The energy of the light particle interacting with the two heavy particles
is then

a = ±∞ : E(R) = −Ω2 ℏ2

2mR2
with Ω2 ≈ 0.322 (40)

When we later interpret this energy as an interaction potential between the
two heavy particles, we will thus have the 1/R2 law leading to the scale
invariance mentioned in the previous chapters. We can therefore see how
a long-range interaction can emerge from a potential of zero range.

Note that simple dimensional analysis already tells us that the ground-
state energy of the light particle in the case a =∞must be proportional to
ℏ2/mR2, since this is the only energy scale in the problem. It cannot, how-
ever, give us the sign of this energy, let alone the proportionality coefficient
−Ω2/2.

3 Finite scattering length andmMM problem

3-1 Preliminary: the Lambert function

In what follows, we will use the Lambert function W (x) [cf. figure III.6]
defined as the unique solutionW (x) for x ≥ −e−1 of the equation

W eW = x. (41)

The functionW −→ W eW being a bijection from [−1,+∞[ to [−e−1,+∞[,
it is invertible, and there is only one solutionW of (41) for any value of x
in the interval [−e−1,+∞[. The Lambert function is increasing and we find
for small values of x:

|x| ≪ 1 : W (x) ≈ x− x2 +O(x3), (42)

In the opposite regime of large values of x, we have

x≫ 1 : W (x) ≈ lnx, (43)

with logarithmic corrections. Finally, let us mention a particular point
which we have already encountered in § 2-3: Ω ≡ W (1) = 0.567 · · · , i.e.
the solution of ΩeΩ = 1.

3-2 Case of a positive scattering length

We are interested here in the situation where a two-body bound statemM
exists. We find this bound state by taking the limit R → ∞ in (34), which
leads to κ = 1/a: the light particle binds to one of the two heavy particles
to form an mM dimer of energy −ℏ2/2ma2. The question is now whether
we can obtain a lowering of the energy of this bound state, i.e. an increase
of κ, when the two heavy particles approach each other.

The bonding orbital. This solution is associated with the wave number κ
solving (35), which we reproduce here:

κR− R

a
= e−κR. (44)
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Figure III.6. Top: the functionW →W eW . Bottom: the Lambert functionW (x)
is the inverse of the function plotted at the top, defined on the domain x ≥ −e−1.
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−R/a κ = 1/a solution

κR

Figure III.7. Graphical solution of equation (44) in the case a > 0 for the bonding
orbital, i.e. x− x0 = e−x with x = κR and x0 = R/a. There is one and only one
solution with κ > 1/a for any value of R.

For a given value of R/a, this transcendental equation in the unknown κR
can be solved graphically, and we immediately find that there is always
one and only one solution (figure III.7). This choice leads to the symmetric
wave function A = B in (27).

This solution can be written formally in terms of the Lambert function
introduced in § 3-1. To do this, let us write (44) in the formÅ

κ− 1

a

ã
R = e−κR = e−(κ− 1

a )Re−R/a, (45)

or
W eW = e−R/a with W =

Å
κ− 1

a

ã
R, (46)

which leads to:

a > 0, bonding orbital: κ(R) =
1

a
+
W
(
e−R/a

)

R
(47)

The corresponding energy E(R) = −ℏ2κ2(R)/2m for the mMM system
is plotted as a solid line in figure III.8. It is always lower than the energy
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Figure III.8. For a > 0, variation of the energy E(R) of the light particle (in
units of ℏ2/ma2) as a function of the distance R (in units of a) between the two
heavy particles. For the bonding orbital [A = B in (27) and solution of (44)], the
energy represented by the solid line is lower at any point R than the energy of the
mM dimer, given by −ℏ2/2ma2. For the antibonding orbital [A = −B in (27)
and solution of (51)], the energy represented by the dashed line is a decreasing
function of R for R > a and cannot lead to the formation of a stable three-body
structure.

−ℏ2/2ma2 of the mM dimer. This suggests that the exchange of the light
particle between the two heavy particles stabilizes the three-body system,
a point we will come back to in more detail later.

At large distancesR≫ a, we can use the expansionW (x) ∼ x for x≪ 1,
which leads to

R≫ a : κ ≈ 1

a
+

e−R/a

R
(48)

and therefore the energy

R≫ a > 0, bonding orbital: E(R) ≈ − ℏ2

2ma2
− ℏ2

ma

e−R/a

R
(49)

which corresponds to a Yukawa potential of range a.
In the limit R ≪ a, we can neglect the term in 1/a in (44) compared

with the term in 1/R (e−κR is of order 1 in this case), and we are back to

0 1 2

−1

0

−R1/a

−R2/a

κ = 1/a

κR

Figure III.9. Graphical solution of equation (51) in the case a > 0 for the anti-
bonding orbital, i.e. x− x0 = −e−x with x = κR and x0 = R/a. We have taken
two values of R, R1 < a and R2 > a. There is a solution for R2 (solid line), but
not for R1 (dashed line).

the situation (37), which leads to

R≪ a : κ ≈ Ω

R
, E(R) ≈ −Ω2 ℏ2

2mR2
, Ω2 ≈ 0.322. (50)

The scale invariance associated with the −1/R2 potential will not be exact,
however, since this potential does not extend to infinity.

The antibonding orbital. Let us now consider equation (36), leading to
the solution A = −B, i.e. an antibonding orbital whose wave function for
the light particle vanishes on the median plane of the two heavy atoms.

We must therefore solve

κR− R

a
= −e−κR. (51)

This equation has a solution if and only if R/a > 1, and the value of κ ob-
tained is always less than 1/a (figure III.9). In other words, the three-body
binding energy −ℏ2κ2/2m is smaller (in absolute value) than the binding
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energy −ℏ2/2ma2 of the mM dimer alone. The energy of the system is
therefore minimized by moving the two heavy particles away from each
other (R→∞), which is not favorable to the formation of anmMM trimer
(figure III.8, dashed curve).

When this solution exists, it can also be expressed in terms of the Lam-
bert function:

R > a > 0, antibonding orbital: κ(R) =
1

a
+
W
(
−e−R/a

)

R
(52)

which is defined when its argument is greater than −e−1, i.e. for R > a.
From this we can deduce the long-range energy:

R≫ a > 0, antibonding orbital: E(R) ≈ − ℏ2

2ma2
+

ℏ2

ma

e−R/a

R
(53)

3-3 Case of a scattering length a < 0

In this case, there is no bound state for the mM dimer: the attraction be-
tween M and m is not strong enough to bind the two particles. If, on the
other hand, R is small enough, more precisely if R < |a|, the graphical so-
lution of figure III.10 shows that there is a solution κ > 0 of equation (35)
for the bonding orbital, which we rewrite here taking into account the fact
that a is negative:

κR+
R

|a| = e−κR. (54)

The energy of the light particle is therefore negative in the case R < |a|
(figure III.11). It increases with R up to the point R = |a|, and vanishes
beyond that point. The interaction potential is attractive (with bounded
support), and this opens up the possibility that one or more bound states
of the mMM three-body system may exist in this case, as we shall see in
the next chapter.

The solution of (54) can always be found using the Lambert function:

a < 0, R < |a|, bonding orbital: κ = − 1

|a| +
W (eR/|a|)

R
(55)
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0
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R/|a|

κR

Figure III.10. Graphical solution of equation (54) in the case a < 0, i.e. x+x0 =
e−x for the bonding orbital and x + x0 = −e−x for the antibonding orbital (x =
κR, x0 = R/|a|). The solution for the bonding orbital exists only if R/|a| < 1.
There is never a solution for the antibonding orbital.

We are interested in solutions with κ > 0, so that the wave function (27)
tends to 0 at infinity. It is therefore necessary that

W (eR/|a|) >
R

|a| (56)

which gives back the criterion R < |a| (we haveW (e) = 1).
Finally, let us note that equation (36), which determines the value of κ

for the antibonding orbital, has no solution for a < 0, since the two terms on
the left-hand side are then positive whereas the right-hand side is negative.

4 Generalization to the N -body problem

The modeling of mM binary interactions by the Bethe–Peierls boundary
condition is formally very simple and lends itself well to a generalization
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Figure III.11. For a < 0, variation of the energy E(R) of the light particle (in
units of ℏ2/ma2) as a function of the distance R (in units of a) between the two
heavy particles. Recall that in this case, with a < 0, the mM dimer is not bound
and the energy of the mM system is always positive. The ground-state energy of
the light particle in the mMM system is negative for R < |a|, and zero beyond
that.

in which the number of light and/or heavy particles is increased. We will
give a few examples of this in the following sections.

4-1 Binding of the tetramermmMM?

To begin our study of more than three bodies, let us assume that we have
two identical light particles that do not interact with each other. These par-
ticles move around the heavy particles, still assumed to be held fixed at
±R/2. The question arises as to the stability of this structure: does its en-
ergy decrease when the heavy particles are brought together from R =∞?
This question is equivalent, for a pseudo-potential interaction, to that of the
formation of the H2 molecule, in a singlet or triplet state, with the two pro-
tons in the role of heavy particles and the two electrons in the role of light
particles.

This question is only relevant if the m particles are fermionic. If they
are bosons, we can of course accumulate as many as we like in the bonding

1 2 3 4
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Figure III.12. Energy of the mmMM system when the two light particles are
placed on the two bonding and antibonding orbitals. The heavy particles M are
assumed to be fixed and separated by a distance R. The calculation is made for
0 < a < R, a necessary condition for the antibonding orbital to exist.

orbital and obtain a structure whose energy increases with R. We can then
hope to form a bound state, at least in the absence of a short-range repulsive
potential between the heavy particles.

If the m particles are spin-1/2 fermions, we can place two particles in
the bonding orbital provided the total spin state is a singlet, and obtain
the energy 2E(R), where E(R) = −ℏ2κ2/2m with κ given in (47) or (55).
Here again, we obtain an mmMM state whose energy increases with R,
and which will therefore tend to form a bound state.

The case where the light particles are polarized fermions is less obvious.
In this case, one light particle must be placed in the bonding orbital and the
other in the antibonding orbital, which of course requires the latter to exist.
This condition immediately excludes the situation a < 0 and a =∞. In the
case a > 0, we must place ourselves in the situation R > a, and the energy
obtained reads

R > a : Etot(R) = E+(R) + E−(R) = −
ℏ2

2m

(
κ2+ + κ2−

) (57)

with
κ±(R) =

1

a
+
W
(
±e−R/a

)

R
. (58)
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This energy is plotted in figure III.12. It is a decreasing function ofR, which
indicates that themmMM structure is not bound. It tends to separate into
two mM dimers, which are indeed bound, since we have considered the
case a > 0.

We can find an asymptotic expression for Etot(R) for R ≫ a using the
expansion (42) of the Lambert function:

κ±(R) ≈
1

a
± e−R/a

R
− e−2R/a

R
. (59)

This gives, for Etot(R) as defined in (57),

R > a > 0 : Etot(R) ≈ −
ℏ2

ma2
+

2ℏ2

maR

(
1− a

2R

)
e−2R/a (60)

which is indeed a decreasing function of R and leads to dissociation into
two dimers. This energy is plotted as a dotted line in figure III.12 and it
gives a good approximation to the exact result as soon as R ≳ 1.5 a. This
result is a special case of the one derived for N heavy particles and N light
particles by Petrov, Astrakharchik, et al. (2007) (see § 4-4).

4-2 Two heavy particles and N light particles

In this section, we consider extending the procedure developed previously
to the case where the two heavy particles are immersed in a bath of light
particles. We assume that these light particles are polarized fermions and
that they are prepared at zero temperature. We wish to determine the type
of bath-mediated interaction that occurs between the two heavy particles.

In general, a heavy particle placed in a bath of light particles (bosonic or
fermionic) forms a polaron (see Scazza, Zaccanti, et al. (2022) for a recent
review). The problem that interests us here can therefore be formulated
in terms of the polaron-polaron interaction, in the simple case of a bath of
fermions with no interaction [see Fujii, Hongo, et al. (2022) and its refer-
ences for a discussion of a superfluid bath, i.e. one composed of interacting
particles].

To solve the problem we are interested in, namely the zero-temperature
state of the bath of polarized fermions, it is necessary to determine the N

first energy levels of the light particles due to the presence of the heavy
particles in ±R/2. This problem was treated by Nishida (2009), and we
follow his approach here, which is directly inspired by the approach of Beth
& Uhlenbeck (1937) to the calculation of the second virial coefficient (the
2022 lecture series, Chapter 1).

The states accessible to light particles are of two types:

• Discrete negative energy state(s): we know that there are one or two
in the case a > 0 (depending on the value of the ratio R/a) and only
one for a < 0 or a = ∞. We already know these states, obtained by
solving (35-36).

• Continuum states: these states have positive energy, they extend over
thewhole space, and their wave function is “distorted” by the presence
of the heavy particles.

Since we already know the two discrete states, let us move on to the
continuum states. These are solutions of

− ℏ2

2m
∇2ψ = Eψ ⇔ ∇2ψ + k2ψ = 0 with E =

ℏ2k2

2m
. (61)

We are interested in solutions that are regular everywhere except at r =
±R/2 and that satisfy the Bethe–Peierls condition at these two points.

Scattering states for a single center. Let us first recall what is expected
for a single scattering center described by the Bethe–Peierls condition and
placed at r = 0. We know that scattering occurs only in the s wave, and
that the other partial waves are not affected by the scattering center. For
any incident wave vector k, the scattering state is of the form

ψk(r) = eik·r + f(k)
eikr

r
, (62)

which, after projection onto the s wave (i.e. averaging over the angles θ, φ
of spherical coordinates), gives

ψ̄k(r) =
eikr − e−ikr

2ikr
+ f(k)

eikr

r
, (63)
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or equivalently
ψ̄k(r) = −

e−ikr

2ikr
+

eikr

2ikr
e2iδ(k) (64)

where we have introduced the phase shift δ(k) for s-wave scattering

f(k) =
1

2ik

Ä
e2iδ(k) − 1

ä
⇔ 1

f(k)
=

k

tan δ(k)
− ik. (65)

The form (64) can also be written, up to a global phase factor eiδ(k) that is
unimportant here, as

ψ̄k(r) =
sin [kr + δ(k)]

kr
. (66)

Scattering states for two centers. In the case of scattering by two pseudo-
potential centers located at +R/2 and −R/2 (i.e. the two particlesM , as-
sumed to be fixed), we can look for scattering states in the form

ψk,±(r) =
sin [k|r −R/2|+ δ±(k)]

k|r −R/2| ± sin [k|r +R/2|+ δ±(k)]
k|r +R/2| (67)

The index± denotes here the symmetry of each state under exchange of the
centers: R/2↔ −R/2. Indeed, as in § 2, we can look for the eigenstates of
the Hamiltonian in the form of even or odd functions of r, it being under-
stood that the phase shift for an even state, δ+(k) (the same for each of the
two scattering centers), is a priori different from the phase shift for an odd
state, δ−(k) (again the same for each scattering center).

The Bethe–Peierls condition imposes

− 1

ka
sin[δ±(k)] = cos[δ±(k)]±

sin[kR+ δ±(k)]
kR

(68)

which can be solved to give

tan[δ±(k)] = −
kR± sin(kR)
R
a ± cos(kR)

. (69)

To evaluate the change of the density of states of the light particle in-
duced by the heavy particles, let us suppose that the light particle is con-
tained in a large sphere of radius R0 ≫ R, and that its wave function

ψk,±(r) must vanish on the surface of this sphere. Let us use the follow-
ing expansion in the arguments of the sines appearing in (67)

r ≫ R : |r ±R/2| ≈ r ± 1

2
R cos θ (70)

where θ is the angle between r andR, and more simply take |r±R/2| ≈ r
as the denominator of (67). We then find that the condition that ψk,±(r)
vanish at r = R0 is satisfied for all θ if and only if

sin [kR0 + δ+(k)] = 0 or cos [kR0 + δ−(k)] = 0 (71)

i.e. two sets of possible values for k:

kn,+R0 + δn,+ = nπ kn,−R0 + δn,− = (n+ 1/2)π (72)

Recall also that in the absence of a scattering potential, the quantization
conditions in a sphere of radius R0 are knR0 = nπ [resp. knR0 = (n +
1/2)π] for waves of even [resp. odd] angular momentum ℓ.

Fermi energy for the light particles. We now study the energy required
to fill all the energy levels of the light particles up to a given value µ =
ℏ2k2F /2m. The change of energy due to the presence of the two scattering
centers is

∆E(R) = − ℏ2

2m
(κ2++κ

2
−)+

ℏ2

2m

kF∑ î(
k2n,+ + k2n,−

)
−
(
k2n,+ + k2n,−

)
0

ó
(73)

Using
k2n,+ =

1

R2
0

(nπ − δn,+)2 ≈
Å
nπ

R0

ã2
− 2nπ

R2
0

δn,+ (74)

this change of energy can be written as

∆E(R) = − ℏ2

2m
(κ2+ + κ2−)−

ℏ2

mπ

∫ kF

0

k [δ+(k) + δ−(k)] dk. (75)

The interaction energy between the two heavy particles is then

V (R) = ∆E(R)−∆E(+∞) =
ℏ2k2F
2m

v(kFR) (76)
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!single = −
kF

2

2m

akF + !1 + "akF#2$!"/2 + arctan"akF#−1$
""akF#2 .

"15#

The energy reduction with 2!single subtracted is regarded as
the interaction energy of the two heavy fermions:

V"%r%# & E"%r%# − E"%r% → ## = $E"%r%# − 2!single. "16#

V"%r%# represents the effective interaction between two heavy
fermions induced by the interaction with the Fermi sea of
light fermions. We note that the chemical potential of light
fermions !l&

kF
2

2m is fixed here instead of their particle num-
ber.

It is convenient to measure the interaction energy V"r# in
units of the Fermi energy of light fermions and introduce a
dimensionless function v"kFr# as

V"r# &
kF

2

2m
v"kFr# . "17#

v"kFr# is a function of the separation between the heavy fer-
mions kFr and also the s-wave scattering length akF. v"kFr#
for three typical values of "akF#−1=−5,0 ,5 are plotted in Fig.
1. One can see the smooth evolution of the effective interac-
tion between the two heavy fermions as a function of "akF#−1

in Fig. 2. In the BCS regime "akF#−1%−1, the effective in-
teraction is attractive at r% %a% and has a tiny oscillatory be-
havior at r& %a%. This oscillatory behavior grows toward the
unitarity limit "akF#−1'0 and makes a small hump at r
(kF

−1 "see the left panel of Fig. 2#. This hump further grows
in the BEC regime "akF#−1&1 and eventually develops a
repulsive core at r(a "see the right panel of Fig. 2#.

It is worthwhile to compare our nonperturbative result
"16# with the perturbative calculation of the effective inter-
action in the BCS limit a→−0. In the BCS limit %a%'r, kF

−1,
we have ()→0 and the phase shift

*)"k# → %a%
r

!kr ) sin"kr#$ ) ) %a%
r
*2

cos"kr#!kr ) sin"kr#$

+ O"%a%3# . "18#

Thus we can find the interaction energy to be

v"kFr# → "%a%kF#22kFr cos"2kFr# − sin"2kFr#
2""kFr#4 + O"%a%3# ,

"19#

which has the same form as the Ruderman-Kittel-Kasuya-
Yosida interaction between magnetic impurities in a Fermi
liquid !21$. Accordingly the Fourier transform of the effec-
tive interaction V"%r%# in the BCS limit becomes
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FIG. 1. "Color online# Interaction energy of two heavy fermions v"kFr# as a function of their separation kFr. Three different curves
correspond to the BCS regime "akF#−1=−5 "dashed curve#, unitarity limit "akF#−1=0 "solid curve#, and BEC regime "akF#−1=5 "dotted
curve#. The right panel is a magnification of the left panel.
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FIG. 2. "Color online# Evolution of the interaction energy v"kFr# as a function of the inverse s-wave scattering length "akF#−1. Left panel:
"akF#−1 is varied from −2 "curve with the smallest amplitude# to 0 "largest amplitude#. The tiny oscillatory behavior existing in the BCS
regime grows toward the unitarity limit and makes a small hump at r(kF

−1. Right panel: "akF#−1 is varied from 0 "curve with the smallest
height# to 2 "largest height#. The hump further grows in the BEC regime and develops a repulsive core at r(a.
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!single = −
kF

2

2m

akF + !1 + "akF#2$!"/2 + arctan"akF#−1$
""akF#2 .

"15#

The energy reduction with 2!single subtracted is regarded as
the interaction energy of the two heavy fermions:

V"%r%# & E"%r%# − E"%r% → ## = $E"%r%# − 2!single. "16#

V"%r%# represents the effective interaction between two heavy
fermions induced by the interaction with the Fermi sea of
light fermions. We note that the chemical potential of light
fermions !l&

kF
2

2m is fixed here instead of their particle num-
ber.

It is convenient to measure the interaction energy V"r# in
units of the Fermi energy of light fermions and introduce a
dimensionless function v"kFr# as

V"r# &
kF

2

2m
v"kFr# . "17#

v"kFr# is a function of the separation between the heavy fer-
mions kFr and also the s-wave scattering length akF. v"kFr#
for three typical values of "akF#−1=−5,0 ,5 are plotted in Fig.
1. One can see the smooth evolution of the effective interac-
tion between the two heavy fermions as a function of "akF#−1

in Fig. 2. In the BCS regime "akF#−1%−1, the effective in-
teraction is attractive at r% %a% and has a tiny oscillatory be-
havior at r& %a%. This oscillatory behavior grows toward the
unitarity limit "akF#−1'0 and makes a small hump at r
(kF

−1 "see the left panel of Fig. 2#. This hump further grows
in the BEC regime "akF#−1&1 and eventually develops a
repulsive core at r(a "see the right panel of Fig. 2#.

It is worthwhile to compare our nonperturbative result
"16# with the perturbative calculation of the effective inter-
action in the BCS limit a→−0. In the BCS limit %a%'r, kF

−1,
we have ()→0 and the phase shift

*)"k# → %a%
r

!kr ) sin"kr#$ ) ) %a%
r
*2

cos"kr#!kr ) sin"kr#$

+ O"%a%3# . "18#

Thus we can find the interaction energy to be

v"kFr# → "%a%kF#22kFr cos"2kFr# − sin"2kFr#
2""kFr#4 + O"%a%3# ,

"19#

which has the same form as the Ruderman-Kittel-Kasuya-
Yosida interaction between magnetic impurities in a Fermi
liquid !21$. Accordingly the Fourier transform of the effec-
tive interaction V"%r%# in the BCS limit becomes

1 2 3 4 5
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FIG. 1. "Color online# Interaction energy of two heavy fermions v"kFr# as a function of their separation kFr. Three different curves
correspond to the BCS regime "akF#−1=−5 "dashed curve#, unitarity limit "akF#−1=0 "solid curve#, and BEC regime "akF#−1=5 "dotted
curve#. The right panel is a magnification of the left panel.
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FIG. 2. "Color online# Evolution of the interaction energy v"kFr# as a function of the inverse s-wave scattering length "akF#−1. Left panel:
"akF#−1 is varied from −2 "curve with the smallest amplitude# to 0 "largest amplitude#. The tiny oscillatory behavior existing in the BCS
regime grows toward the unitarity limit and makes a small hump at r(kF

−1. Right panel: "akF#−1 is varied from 0 "curve with the smallest
height# to 2 "largest height#. The hump further grows in the BEC regime and develops a repulsive core at r(a.
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Figure III.13. Effective interaction energy v(kFR) between two heavy particles
immersed in a bath of polarized fermionic particles. Dashed line: (akF )−1 = −5,
solid line: unitary regime (akF )−1 = 0, dotted line: (akF )−1 = 5. The lower
figure is an enlargement of the upper figure. Figures taken from Nishida (2009).

where the dimensionless quantity v(kFR) characterizes the physical prop-
erties of the problem. This quantity, itself dependent on the dimensionless
parameter kFa, is plotted in figure III.13, extracted fromNishida (2009) and
has the following characteristics:

• In the unitary regime a = ∞, the scale invariance of the three-body
problem is broken, since the fermionic bath introduces its own length
scale k−1

F . Figure III.13 shows that v(kFR) exhibits damped oscillations
with this characteristic length scale.

• In the regime of positive and relatively small values of a (kFa < 1), the
fermionic bath creates a repulsive potential comparable to a hard core
at r ≈ a.

• In the regime of negative and relatively small values of a (kF |a| < 1),
the bath creates an essentially attractive potential, which takes signifi-
cant values for r ≲ |a|. In the limit a→ 0−, Nishida (2009) shows that
one recovers the RKKY (Ruderman–Kittel–Kasuya–Yosida) potential
describing the interaction between two magnetic impurities in a Fermi
liquid.

This study by Nishida (2009) has recently been taken up by Sun & Cui
(2019) with a focus on the case of 133Cs impurities immersed in a 6Li bath.
We will return to this mixture in the next chapter.

4-3 N heavy particles and one light particle

The mMM · · ·M case is also a direct generalization of the formalism set
up in § 2. Consider N particles of large mass, held fixed at the points
R1, · · · ,RN . A light particle of mass m moves within this set of scatter-
ing centers, and we look for the possible bound states of this particle. One
possible example, studied by Christianen, Cirac, et al. (2022), is that of a
6Li atom moving in an assembly of 133Cs atoms.

Thewave function of the light particle associatedwith a negative energy
E (hence a bound state) can be written as

ψ(r) =

N∑

j=1

Aj
e−κ|r−Rj |

|r −Rj |
, E = −ℏ2κ2

2m
. (77)
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This wave function is the generalization of the wave function (27) used in
the case N = 2. Away from the points r = Rj , it is a solution of the
Schrödinger equation for a free particle of negative energy,∇2ψ = κ2ψ and
we must now ensure that the Bethe–Peierls boundary condition is satisfied
at all pointsRj .

Let us take a particular pointRi. The term in |r−Ri|−1 that appears in
(77) when we take the limit r → Ri is

term in |r −Ri|−1 : Ai (78)

Similarly, the term in |r −Ri|0 in this limit r → Ri is

term in |r −Ri|0 : −κAi +
∑

j ̸=i

Aj
e−κRij

Rij
(79)

The Bethe–Peierls condition states that these two terms must be in the ratio
−1/a, which reads

−1

a
Ai = −κAi +

∑

j ̸=i

Aj
e−κRij

Rij
. (80)

This condition must be satisfied for all indices i = 1, · · · , N , which means
that the coefficients Ai must satisfy a system of N equations in N un-
knowns:

[M][Ai] = 0 (81)
where [M] denotes the N ×N matrix defined by

Mii =
1

a
− κ i ̸= j : Mij =

e−κRij

Rij
(82)

For this system to have a solution other than the trivial one, Ai = 0 for all
i, the determinant of the matrix [M]must vanish:

det[M] = 0 (83)

which provides, for a given set of positionsRj , a series of possible positive
values for κ, and therefore a series of bound states for the light particle.

4-4 Dilute system: recovering a binary potential

We continue our study of themMM · · ·M case, and in this sectionwe place
ourselves in the case a > 0, i.e. when there is a bound state between the
light particle and a heavy particle. We also assume that the gas of heavy
particles is dilute, with an average distance between heavy particles that is
larger than a. This case has been studied in detail by Petrov, Astrakharchik,
et al. (2007) and we will follow their approach here.

If the heavy particles are infinitely far apart, the ground level of the light
particle isN -fold degenerate and has energy E0 = −ℏ2/2ma2, i.e. κ = 1/a.
The light particle can in fact bind to one of the N heavy particles, without
the N − 1 remaining particles playing a role.

Let us now take into account in a perturbativeway the possible coupling
between the effects of these heavy particles. The N -fold degeneracy of the
energy level E0 is lifted, and we obtain a series of N energy states around
E0. Let us introduce x ≡ 1

a − κ, which we treat as a small parameter. This
variable appears directly in the N diagonal coefficients of the matrix [M].
Moreover, the off-diagonal coefficients of this matrix can be expanded in
the form

i ̸= j : Mij =
e−κRij

Rij
≈ Gij + xHij , (84)

where

Gij =
e−Rij/a

Rij
, Hij = e−Rij/a. (85)

These coefficients Gij and Hij are exponentially small when the average
distance between heavy particles becomes greater than a. The determinant
of thematrix [M] can therefore be expanded as a polynomial in the variable
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x, in which we keep only the dominant terms, using Gij , Hij ≪ x≪ 1:

0 = det[M] =

∣∣∣∣∣∣∣

x · · · Gij + xHij · · ·
... x

...
· · · Gij + xHij · · · x

∣∣∣∣∣∣∣
(86)

≈ xN − 1

2
xN−2

′∑

i,j

(Gij + xHij)
2 (87)

≈ xN − xN−1

′∑

i,j

GijHij −
1

2
xN−2

′∑

i,j

G2
ij (88)

where the sums run over all pairs (i, j) excluding the case i = j (this is the
meaning of the prime on the summation sign). The factor 1

2 avoids double-
counting of (i, j) and (j, i). The neglected terms1 involve higher powers of
e−Rij/a. We thus obtainN values of x, and therefore of κ, which we denote
by xα and κα (α = 1, . . . , N).

Now suppose we have N light particles, treated as polarized fermions,
i.e. m · · ·mM · · ·M . The ground state of the N + N particle system is ob-
tained by arranging the N light particles in the N states we have just iden-
tified, and we are interested in the energy of this ground state:

E = −
N∑

α=1

ℏ2κ2α
2m

= − ℏ2

2m

(
N

a2
− 2

a

∑

α

xα +
∑

α

x2α

)
(89)

This quantity can be evaluated from the well-known relations giving the
sums of the roots of a polynomial of degree N . From (88), we find:

∑

α

xα =

′∑

i,j

GijHij

′∑

α,β

xαxβ = −
′∑

i,j

G2
ij (90)

from which we deduce

∑

α

x2α =

′∑

i,j

G2
ij +

Ñ
′∑

i,j

GijHij

é2

(91)

1In particular, we neglect terms such as e−Rij/ae−Rjk/a, which are only significant if the
three heavy particles i, j, k are within a neighborhood of size a.

where the second term on the right-hand side is exponentially smaller than
the first.

We then arrive at the energy of the ground state of N light particles:

E ≈ E0 +
1

2

′∑

i,j

U(Rij) with E0 = −N ℏ2

2ma2
(92)

where the binary potential U(R) is identical to that appearing in (60):

U(R) =
2ℏ2

maR

(
1− a

2R

)
e−2R/a (93)

This is a repulsive potential between the heavy particles, the energy being
minimized by placing themM dimers infinitely far apart.

In conclusion, while the mM · · ·M case can give rise to a collective
bound state by lowering the energy with respect to mM (with the N − 1
other M particles held fixed at infinity), this is not the case if we try to
put as many light particles as heavy particles. The Pauli principle forces
some of the m particles into antibonding orbitals, which destabilizes the
N + N structure. An interesting question, but beyond the scope of this
course, concerns the general case Nm + NM , addressed for example by
Givois, Tononi, et al. (2022), who predict the formation of density waves
in a one-dimensional model.
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Chapter IV

The Efimov effect for a light–heavy–heavy system

In this chapter, we continue our study of the three-body problem, com-
posed of two heavy particles of mass M and one light particle of mass m
(figure IV.1). As in the previous chapter, we assume that the heavy parti-
cles do not interact with each other, apart from a hard-core potential that
prevents them from approaching closer than R0. The mM interaction is
described by the Bethe–Peierls boundary condition for a scattering length
a, which can be positive, negative, or infinite for the resonant case.

In the previous chapter, we assumed that the heavy particles were at rest
at ±R/2, and we determined the possible energy states of the light parti-
cle, in particular its ground-state energy E(R) ≤ 0. We now turn to the
dynamics of the heavy particles, using the Born–Oppenheimer approxima-
tion (Efimov 1973; Fonseca, Redish, et al. 1979); thismeans thatwe consider
that these two heavy particles evolve in the effective potential:

V (R) = E(R) if R > R0 (1)
V (R) = +∞ if R < R0 (2)

where the hard core at R0 (with R0 ≪ |a|) prevents the “fall to the center”
that can occur for a 1/R2 potential (see Chapters 1 and 2). We will now see
that the two heavy particles can bind to each other thanks to the exchange of
the light particle: the fact that this light particle can jump from one heavy
atom to the other creates an effective attractive interaction between these
two heavy atoms.

The Born–Oppenheimer approximation is based on the inequalitym≪
M , which means that the time scale associated with the motion of the light

particle is much shorter than that associated with the heavy atoms. This
ensures that the light particle follows the motion of the heavy particles
adiabatically. Compared with the standard adiabatic approximation, in
the Born–Oppenheimer approximation we make the additional assump-
tion that we can neglect the role of the scalar and vector geometric poten-
tials (the latter being at the origin of the Berry phase). We will return to
the role of these potentials in Chapter 6, when we analyze the origin of the
“three-body parameter”, which generalizes the notion of hard core when
the three particles are identical.

Let us recall the main results of the previous chapter concerning the
energy E(R) of the ground state of the light particle, depending on the
value of the scattering length a (figure IV.2):

• In the case a = ±∞, the energy E(R) varies as 1/R2, with a coefficient
that involves the root of the transcendental equation x = e−x. This root
is denoted by Ω ≈ 0.567 143, and we found

a = ±∞ : E(R) = − ℏ2Ω2

2mR2
. (3)

• For a scattering length a < 0, the energy E(R) is strictly zero for R ≥
|a|. Below this value, it is given by

a < 0, R < |a| : E(R) = − ℏ2

2m

ñ
1

|a| −
W
(
eR/|a|)

R

ô2
(4)

63



Chapter IV – The Efimov effect for a light–heavy–heavy system § 0.

M M

m

R

Figure IV.1. ThemMM problem studied in this chapter. TheMM interaction is
assumed to be entirely due to the presence of the light particle, apart from a hard-
core interaction that prevents the two heavy particles from approaching closer than
R0.

where W (x) is the Lambert function, solution of W eW = x. Recall
that there is no mM bound dimer in this case for an mM interaction
described by the pseudo-potential (i.e. by the Bethe–Peierls boundary
condition).

• For a scattering length a > 0, we have shown for the bonding orbital
that

a > 0 : E(R) = − ℏ2

2m

ñ
1

a
+
W
(
e−R/a

)

R

ô2
. (5)

In particular, for R → +∞, we find the energy of the bound dimer
mM :

Edim = − ℏ2

2ma2
. (6)

Recall that the conditionm≪M implies that the reduced mass of the
systemmM is close tom.

To analyze the motion of the two bodies of massM , we place ourselves
as always in the reference frame of their center of mass and we are inter-

R0 |a|

V (R)

0

R

R0

V (R)

0

R

− h̄2

2ma2

R0
a

V (R)

0

R

Figure IV.2. The three possible cases for the effective potential V (R) generated
between the two heavy particles by exchange of the light particle [Eqs. (1-2)]. Top:
case a < 0, for which V (R) is strictly zero forR > |a| [Eq. (4)]. Middle: resonant
case a = ±∞ leading to V (R) ∝ 1/R2 outside the hard core [Eq. (3)]. Bottom:
case a > 0, for which the bound dimermM of energy−ℏ2/2ma2 exists [Eq. (5)].
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ested in the dynamics of the relative particle of coordinates R, of reduced
massM/2, and subjected to the potential V (R) defined in (1-2). Since this
potential is rotationally invariant, we look for an eigenbasis common to
the Hamiltonian, L̂2 and L̂z . The angular part is given by a spherical har-
monic, and the Schrödinger equation for the reduced radial wave function
u(R) = Rψ(R) reads, for a given scattering length a,

− ℏ2

M
u′′(R) +

Å
V (R) +

ℏ2ℓ(ℓ+ 1)

MR2

ã
u(R) = E u(R). (7)

We are now going to look at possible bound states, with energy E < 0. Re-
call that if the heavy particles are polarized bosons (resp. fermions), only
even ℓ (resp. odd) channels are allowed. If these particles are distinguish-
able, by their spin state for example, there is no constraint on ℓ.

In practice, since we are mainly interested in the ground state of the
system (with M/m and a fixed), we will concentrate on the ℓ = 0 states
for bosons and ℓ = 1 for polarized fermions, the other angular momentum
channels corresponding to significantly higher energies.

1 The Efimov effect for a =∞

1-1 The Thomas collapse

The article by Thomas (1935) is one of the very first applications of quan-
tum physics to the three-body problem, in this case in a nuclear physics
context. Thomas was interested in the stability of the tritium nucleus (one
proton, two neutrons) and showed that the ground-state energy of this sys-
tem could not bewritten solely in terms of the p–n scattering length, but had
necessarily to involve the finite range of the nuclear forces.

We will not reproduce here the whole of Thomas’s argument, which is
relatively involved. Wewill restrict ourselves to the case of two heavy parti-
cles ofmassM , assumed to be spinless bosons and not interactingwith each
other. The light particle ofmassm interacts resonantlywith each heavy par-
ticle.

As already mentioned, a simple way of describing the quasi-resonant
interaction between two particles (in this casemM) is to take a square po-

r

V (r)

−V0

b

r

V (r)

−2V0

b

Figure IV.3. Left: square potential well at the threshold for the appearance of the
first bound state, with k0b ≈ π/2, k0 =

√
2mV0/ℏ. Right: potential well with the

same range b, but twice the depth. This well admits a bound state of energy ∝ V0.

tential well V (r) of depth V0 and range b, and place it in the vicinity of the
threshold for the appearance of the first bound state:

k0b ≈
π

2
with k0 =

√
2mV0/ℏ. (8)

The limit of a potential of zero range and fixed scattering length (Bethe–
Peierls boundary condition) is then obtained by taking b → 0 and
(V0, k0)→∞while maintaining

a = b− tan(k0b)

k0
(9)

constant (the 2021 lecture series, Chapter 3, § 3.1). Recall once again that
m ≪ M , which means that the reduced mass of the pair mM is approx-
imately equal to m (this was not the case for the problem considered by
Thomas).

If we place the two heavy particles at the same point in space (this is
possible because we have assumed that they do not interact, so we forget
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about the hard core at R0 for a moment), the potential felt by the light par-
ticle is doubled: V (r)→ 2V (r), i.e. a potential with range b and depth 2V0.
This potential then admits a bound state of energy proportional to −V0 (in
fact ≈ −0.36V0, figure IV.3), so that its energy tends to −∞ when we take
the limit of a zero-range potential: this is the result obtained by Thomas.

We therefore need to take into account the range of the potential (or
some other “three-body parameter”) if the problem is not to be singular.
In what follows, the radius R0 of the hard-core potential between the two
heavy particles will play this role.

1-2 The case of bosons: s wave

We now return to the three-body problem described in the Born–
Oppenheimer approximation, concentrating here on the most “spectacu-
lar” case, where the scattering length a is infinite, i.e. where the bound
state of the dimermM is about to appear.

In this case, the potential V (R) to be taken into account was given in
(3). It is attractive and varies as 1/R2 at all length scales. For a channel
with non-zero angular momentum, we must add the centrifugal potential
Vcentrif(R) = ℏ2ℓ(ℓ+1)/MR2 [cf. (7)]. Using the notation of Chapters 1 and
2 with g = −ℏ2Ω2/2m, the total potential is:

R > R0 : Vtot(R) = V (R) + Vcentrif(R) = α
ℏ2

MR2
(10)

with
α = −M

2m
Ω2 + ℓ(ℓ+ 1) (11)

Since this potential varies as 1/R2 out to arbitrarily large distances, we can
carry over the conclusions of Chapter 2 unchanged:

• A negative energy state can exist in the ℓ angular momentum channel
if α < −1/4, i.e.:

Bound state if: M

2m
Ω2 > ℓ(ℓ+ 1) +

1

4
=

Å
ℓ+

1

2

ã2
. (12)

0 5 10 15 20 25 30
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40

60

M/m

λ

Figure IV.4. Variation of the scale parameter with the mass ratioM/m, calculated
in the Born–Oppenheimer approximation. For a comparison with the exact result,
see for example Petrov (2012).

Let us look at the ℓ = 0 channel, which leads to the lowest possible
energy states. Using Ω2 ≈ 0.322, this condition becomesM/m > 1.6,
which is obviously satisfied here sincewe have assumedM ≫ m to use
the Born–Oppenheimer approach. There is therefore always at least
one three-body bound state in the case of heavy bosonic particles.

• The regularization ofV (R) at short distances is ensured by the assump-
tion of a hard-core potential of radius R0 between the two heavy par-
ticles. In what follows, we will take R0 to be of the order of the van
der Waals radius RvdW. In reality, the two heavy atoms can approach
each other more closely than this, but the physics involved then goes
beyond the universality we are trying to describe here bymodeling the
mM interactions by the pseudo-potential.

• Once this regularization has been carried out, we can determine the
ground state of the motion of the two heavy particles. Above this
ground state, we find infinitely many bound states whose energies
form, to a good approximation (the better the closer we get to the dis-
sociation limit), a geometric sequence of common ratio 1/λ2 with (for
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Figure IV.5. Resonant case: numerical calculation of the energies E of the first
bound states of the mMM trimer using Eq. (7). Here we take a = ∞ and
M/m = 20, corresponding approximately to the ratioM(133Cs)/m(6Li) = 22.2.
The energies (expressed in units of ℏ2/MR2

0) form, to a very good approximation,
a geometric sequence of common ratio e−2π/|s0| ≈ 1/38 (|s0| ≈ 1.7).

ℓ = 0)
λ = eπ/|s0| with s0 =

Å
α+

1

4

ã1/2
∈ iR (13)

or

λ = eπ/|s0| with |s0| =
Å
M

2m
Ω2 − 1

4

ã1/2
(14)

The variation of the scaling parameter λwithM/m is plotted in figure
IV.4.

This brings us to the conclusion initially reached by Efimov: while the
two-body potential admits no bound states (a = ∞), it is possible to pro-
duce infinitely many three-body bound states, these states being connected
to one another by scale invariance. We have plotted in figure IV.5 the po-
sitions of the first four bound states in the case M/m = 20, ℓ = 0, corre-
sponding approximately to the situation encountered experimentally for a
mixture of 6Li and 133Cs. The scaling law En/En+1 ≈ e2π/|s0| ≈ 38 with
|s0| ≈ 1.7 for this mass ratioM/m is well satisfied.

1-3 The three-body parameter R0

Above we introduced the length R0, which we equated to a hard core pre-
venting the two heavy particles from approaching arbitrarily close to each
other. The introduction of such a parameter is necessary in the three-body
problem to ensure the regularity of the solution.

This additional parameter, beyond the two-body scattering length, is
generically called the three-body parameter. We will retain this name here,
even though in the case we are interested in, it is more a property of the
MM binary system. The precise determination of this parameter for the
mMM case was carried out by Wang, Wang, et al. (2012), using Lennard–
Jones potentials to model themM andMM interactions. These authors de-
rived a universal law for this parameter by relating it to the van der Waals
radiusRvdW of theMM interaction [see also the article by Zhao, Han, et al.
(2019), which proposes a simple result in the case of a resonance in aMM].
We will return to the physical origin of this universality in Chapter 6, con-
sidering the case of three identical particles.

1-4 The case of polarized fermions: p-wave

For polarized fermions, the quantum number ℓ associated with the angular
momentum can only take odd values. The lowest-energy state is obtained
for the channel ℓ = 1, and the condition (12) then reads M

2mΩ2 > 9
4 , or

equivalently

p-wave polarized fermions: M

m
> 14.0 (15)

This is a strong constraint that considerably reduces the choice of atomic
species that can be used. A possible candidate triplet is 171Yb–171Yb–6Li
leading toM/m = 28.5 (Khramov, Hansen, et al. 2014). Note that we ob-
tained the result (15) analytically using the Born–Oppenheimer approxi-
mation. An exact numerical treatment, of the type we will discuss in the
next chapter, leads to a very similar limit: M/m = 13.606 966 (Kartavtsev
& Malykh 2007).

The other angularmomentum channels ℓ ≥ 3 cannot be used in practice,
unless the mass of an atomic species is artificially modified by confining it
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Figure IV.6. Borromean rings: these three rings cannot be separated by continu-
ous deformation, but opening one of the circles frees the other two as well (figure:
Wikipedia).

in an optical lattice, for example.

2 Around the resonance: a < 0 or a > 0

2-1 The case a < 0 and Borromean states

We now turn to the case where the scattering length characterizing themM
interaction is negative. In the pseudo-potential model, this means that, al-
though attractive, this interaction is too weak to bind the mM dimer. We
will now see that if |a| is large enough, i.e. if 1/a is not too far from 0, we can
still observe bound states of the trimer, i.e. three-body states with negative
E energy.

This situation is often referred to as Borromean, by analogy with the
rings shown in figure IV.6. The three particles taken together can form a
stable structure, but no pair of two particles can form a bound state.

To simplify the analysis, we will concentrate in what follows on the case
of bosons, limiting ourselves to the channel of angularmomentum ℓ = 0. In
the introductionwe recalled the potential V (R) in this case [cf. (4)] and this
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Figure IV.7. Borromean case (a < 0): variation of the energies En(a) of the first
bound states of the trimermMM as a function of the scattering length a, assumed
here to be negative, forM/m = 20. The same data are plotted in lin-lin (top), log-
log (middle) and semi-log (bottom) coordinates. Energies are expressed in units
of ℏ2/MR2

0. To improve the readability of the lower plot, the energy of level n has
been multiplied by λ2n with λ = eπ/|s0| ≈ 6.2.
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Figure IV.8. Borromean case (a < 0): variation of |En|1/4 with
√
R0/|a| for

M/m = 20. The energy is expressed in units of ℏ2/MR2
0.

potential is plotted in figure IV.2. Figure IV.7 shows the result of a numerical
search for the eigenstates un and associated eigenenergies En of the radial
Schrödinger equation (7) for angular momentum ℓ = 0 andM/m = 20.

More precisely, we plot in linear or logarithmic coordinates the variation
with 1/a of the energy of the ground leveln = 0 and of the first three excited
states n = 1, 2, 3. One conclusion that is immediately apparent from this
figure is that themMM trimer is not always stable. ForR0/a < −0.093, i.e.
|a| < 10.8R0, there are nomMM bound states. The first bound state n = 0
appears for a ≈ −10.8R0 and remains the only solution until a ≈ −72.5R0,
for which value a first excited bound state (n = 1) also appears. A second
excited state appears for a ≈ −455R0 and so on. The closer we get to the
resonant limit |a| = +∞, the greater the number of bound states. Rather
than the energy, we may prefer to plot the wave number κ =

√
M |E|/ℏ as a

function ofR0/a, which is done in figure IV.8 (in fact√κ ∝ |E|1/4 is plotted

as a function of
√

1/a, in order to compress the curves a little further and
to distinguish the various branches more clearly).

Careful examination of figure IV.7 reveals a scaling law (homothety)
for various quantities. For example, we find the scaling law En−1/En ≈ 38
when |a| → ∞, already obtained in the previous section for this value of
M/m. We also observe a homothety on the critical values a(n)− at which the
different bound states appear, with a(n)− /a

(n−1)
− ≈ 6.2. We will now account

for these scaling symmetries and show the general result:

En−1(a) = λ2 En(λa) with λ = eπ/|s0| (16)

The twohomothetiesmentioned above can be deduced by taking the special
cases |a| = +∞ for the first, and En = 0 for the second (recall that for the
mass ratioM/m chosen for figure IV.7, we have |s0| ≈ 1.72 and λ ≈ 6.2).

We will now explain the origin of these two homotheties. The argu-
ments used are similar to those developed in Chapter 2, but they require
a slight adjustment because the potential is not proportional to 1/R2 up to
R =∞.

To progress, we first note that in the domain x = R/|a| ≪ 1, the Lam-
bert function is W (

eR/|a|) ≈ W (1) = Ω and the expression1 of E(R; a)
simplifies to

R0 < R≪ |a| : E(R; a) ≈ −Ω2 ℏ2

2mR2
. (17)

In this domain, we find essentially the same potential as for |a| = ∞.
The strongly bound mMM states in this potential, i.e. those such that
|E| ≫ ℏ2/ma2, are not much affected by the cutoff of the potential for
R > |a|. On the other hand, all the weakly bound states of the resonant
case, of energy |E| ≲ ℏ2/ma2, are expected to disappear as a result of this
cutoff. We therefore understand that a finite number ofmMM bound states
remain (instead of the infinite number of states found for |a| = +∞).

Recall also that the reduced radial wave function un(R) of every state
vanishes at R = R0 ≪ |a|. From what we saw in Chapter 2, we know that

1We write explicitly the dependence of the quantities E, V , un on the scattering length a,
because this dependence will play an important role in what follows.
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for a sufficiently excited state (in practice n = 2 or 3 is enough), this wave
function also vanishes at the point R ≈ λR0 with λ = eπ/|s0|, provided that
this point itself remains well below |a|.

We can then carry out the following reasoning. Let us start from the nth
eigenstate (with n > 0) for the scattering length a, whose reduced radial
wave function un satisfies the Schrödinger equation for ℓ = 0:ï

− ℏ2

M

d2

dR2
+ V (R; a)

ò
un(R; a) = En(a) un(R; a). (18)

Let us consider the eigenvalue problem for the scattering length a/λ and
look at the function

R > R0 : v(R) = un(λR; a), (19)
R < R0 : v(R) = 0.

As we pointed out, this function vanishes at R0, since un has a node (ap-
proximately) at λR0: it is therefore admissible as a wave function for our
problem; more precisely, if un(R; a) has n nodes in the interval ]R0,+∞[,
the function v(R)will have n−1 nodes on this same interval. Furthermore,
using the property of the potential V (R; a) deduced from the expression
(4) involving the Lambert functionW (eR/|a|):

R > R0 : V (λR; a) =
1

λ2
V
(
R;

a

λ

)
, (20)

we see that v(R) satisfies the eigenvalue equation:ï
− ℏ2

M

d2

dR2
+ V

(
R;

a

λ

)ò
v(R) = λ2En(a) v(R). (21)

The function v(R) is therefore a solution of the radial Schrödinger equation
for the scattering length a/λwith the eigenvalue λ2En(a) and it satisfies the
boundary condition v(R0) = 0. Since this function has n − 1 nodes on the
interval ]R0,+∞[, we deduce that it is equal to un−1(R; a/λ) (up to a multi-
plicative constant) and thatwe have the relation between the eigenenergies:

En−1(a/λ) = λ2En(a), (22)

which is the result announced in (16).
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Figure IV.9. Checking the scaling law (16) for scattering lengths a < 0. The cal-
culation ismade forM/m = 20 and the energies are expressed in units of ℏ2/MR2
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To check this scaling law, we have taken the energies En(a) already
shown in figure IV.7 and replotted them in figure IV.9 in the form [x =
λnR0/a, y = λ2nEn(a)]. This law is remarkably well satisfied: the curves
for n = 2 and n = 3 are almost indistinguishable, and the n = 1 curve is
very close to them. Only the ground state n = 0 shows a noticeable dif-
ference, but, as we pointed out above, we did not expect the scaling law to
hold accurately for it.

An immediate consequence of this scaling law concerns the points of
appearance a(n)− of the trimers, at which En vanishes. We find the scaling
law

a
(n)
− = λa

(n−1)
− , (23)

a relation that we anticipated in figure IV.7. We shall see that this relation
can be tested experimentally and is a strong signature of the universality of
Efimov physics.

2-2 The case a > 0 and dimer–trimer competition

We now turn to the branch a > 0 for which we know that there is a bound
state of the dimer mM , with energy Edim = −ℏ2/2ma2. For a three-body
bound state to be stable, it is therefore not enough for its energy to be neg-
ative, contrary to what we used for a < 0. Its energy must be lower than
Edim; otherwise it is energetically preferable to break up the trimer into an
mM dimer on the one hand and anM particle at rest far from the dimer on
the other.

To analyze the problem of the formation of a three-body bound state
mMM in the Born–Oppenheimer approximation, we can follow an ap-
proach very similar to that used for a < 0. To begin with, we note that
themM interaction potential given in (5) can always be put into the form:

R < R0 : V (R) = +∞ (24)

R0 < R : V (R) = − ℏ2

2mR2
F(R/a) (25)

with
F(x) =

[
W
(
e−x
)
+ x
]2
. (26)

When R → +∞, the potential V (R) (plotted in figure IV.2) tends to Edim.
This means that the bound trimer, in order to be the ground state of the
three-body system, must have an energy lower than Edim. Furthermore,
the difference V (R) − Edim varies as e−R/a as R increases, so that the po-
tential able to bind the dimer is of finite range, of the order of a: we know
immediately that there can be only a finite number of bound states in such
a potential.

The result of the numerical search formMM bound states in the Born–
Oppenheimer approximation is shown in figure IV.10. It confirms the ex-
istence of a finite (or zero) number of states for any value of a > 0. For
a = 100R0 for example, we find four bound states (n = 0, 1, 2, 3), of energy
En < Edim. This means that if we had prepared a trimer in an energy state
En with n > 3 at the point |a| = +∞, and then adiabatically reduced a to
the value 100R0, this trimer would have dissociated to give anmM dimer
and a freeM atom.

To interpret the results shown in figure IV.10, we note that the demon-
stration of the scaling law (16),

En−1(a) = λ2En(λa) for n large enough, (27)

given in the case a < 0 in § 2-1 remains valid in the case a > 0 since the
generic form (24,25) of the potential is unchanged. In fact, since the relevant
quantity here is the difference between En and the energy of the dimer, we
will rewrite this law in the form:

En−1(a)− Edim(a) = λ2 [En(λa)− Edim(λa)] for n large enough (28)

This rewriting is possible because Edim(a) ∝ 1/a2 in the pseudo-potential
model used here. The test of this scaling law is shown in figure IV.11. We see
that this law is indeed satisfied for large enough n, but that it does not hold
for n = 0, 1, 2, in contrast with the case a < 0 (see figure IV.9). However,
we will see in § 3 that it is difficult to observemMM states in practice for a
quantumnumber n beyond 2. This scaling law on the a > 0 side is therefore
less relevant experimentally than its equivalent for a < 0.

Notation. In what follows, we will denote by a(n)∗ (following tradition)
the (positive) value of the scattering length a for which the energy of the
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nth trimer is equal to that of the mM dimer. Like a(n)− , this quantity a(n)∗
is a function of R0. One might wonder why the notation a(n)+ has not been
used for this crossing point between the energy of the trimer and that of the
dimer. The reason is that the notation a(n)+ is instead used to denote a min-
imum of the three-body loss rate (also on the a > 0 side of the resonance),
as we will see in Chapter 6.

2-3 Complete curves

To summarize what we have found on both sides, a < 0 and a > 0, of the
|a| = +∞ resonance, we have collected in figure IV.12 the results already
shown separately. These curves are presented on a logarithmic scale, with
an x axis that is a little unusual in that it represents− ln(R0/|a|) on the a < 0
side and+ ln(R0/a) on the a > 0 side. The gap betweenR0/a = −10−5 and
R0/a = +10−5, which would be infinite in “true” logarithmic coordinates,
has been replaced by a segment of finite length. These samedata are plotted
in linear coordinates in figure IV.13.

Figure IV.12 shows that the levels become closer to each other as the
M/m ratio increases. This narrowing is due to the decrease of the scale
factor λ = eπ/|s0| as |s0| ≈ Ω

√
M/2m increases [cf. eq. (14)].

Note also that the remarkable points on either side of the resonance, a(n)−
and a(n)∗ , are each proportional to R0 and to λ−n, where λ depends on the
ratioM/m. For example, we find (cf. figures IV.9 and IV.11):

M

m
= 20 : λn

R0

a
(n)
−
≈ −0.0815 λn

R0

a
(n)
∗
≈ +3.540 (29)

from which we deduce:

For M

m
= 20 :

a
(n)
−

a
(n)
∗
≈ −43 for n ≥ 3. (30)

Checking the link between these parameters a− and a∗, corresponding to
the two sides of the resonance |a| = +∞, is a very important test of the uni-
versality of the Efimov effect. Helfrich, Hammer & Petrov (2010) studied
the variation of this ratio withM/m, and we have reproduced their results
in figure IV.14.
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Figure IV.12. Variation of the energies En(a) of the first bound states of themMM
trimer as a function of the scattering length a, forM/m = 10 (top), 20 (middle)
and 40 (bottom). The data are plotted in log–log coordinates (see the text for a
precise description of the x axis). Energies are expressed in units of ℏ2/MR2
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mMM trimer (M/m = 20).

3 Experiments on the light–heavy–heavy case

3-1 Experiments on atomic gas mixtures

The first manifestations of Efimov physics in gases of cold atoms were ob-
served byKraemer,Mark, et al. (2006) on a cesiumgas. Thiswas a homonu-
clear system, the theoretical description of which is more complicated than
that of themMM system considered so far. We therefore postpone the de-
scription of the results of Kraemer, Mark, et al. (2006) to Chapter 6 and con-
centrate here onmore recent experiments, carried out in Heidelberg (Pires,
Ulmanis, et al. 2014) and in Chicago (Tung, Jiménez-García, et al. 2014), in
which three branches of trimers were observed, with (approximately) the

THREE-BODY PROBLEM IN HETERONUCLEAR MIXTURES . . . PHYSICAL REVIEW A 81, 042715 (2010)

1/a*1/a

|E|
1/2

1/a

FIG. 2. (Color online) Dependence of the trimer energy on the
inverse scattering length 1/a in arbitrary units (dashed line). The
parameters a− and a∗ specify where the trimer state hits the three-atom
and atom-dimer thresholds, respectively.

positions of such resonances as a function of the scattering
length. The universality can thus be tested experimentally by
measuring the lifetime of a cold atomic gas as a function of
a. Ideally, in order to see the universal scaling, one needs to
detect more than one resonance in a single universal region,
that is, a region where the three-body parameter can be
assumed constant. This is believed to happen in a narrow
vicinity of a Feshbach resonance, where large variations of
a are accompanied by (assumed) much weaker variations of
the three-body parameter. We now discuss three-body loss
resonances in a heteronuclear mixture as predicted by the
universal theory.

A. Resonance positions

The mechanism of three-body losses and its relation to
the positions of Efimov levels in the heteronuclear case are
qualitatively the same as for three identical bosons. The
scattering-length dependence of the energy of a generic trimer
is illustrated in Fig. 2. On the negative side of a Feshbach
resonance, the trimer hits the three-body scattering threshold at
a = a− < 0, which leads to an enhanced probability of finding
three atoms at distances of the order of |a|. Such atoms can
then approach each other to distances of the order of !vdW and
recombine into a deeply bound dimer and a residual atom. The
released binding energy [of order h̄2/(2µ!2

vdW)] transforms
into the kinetic energy of the recombination products, which
hence leave the trap. On the positive side of the Feshbach
resonance there exists a weakly bound (shallow) dimer state
with binding energy Bd = h̄2/(2µa2). This formula taken
with a minus sign determines the atom-dimer threshold (solid
line in Fig. 2). By following the dashed line in Fig. 2
from negative to positive values of a, one can see that the
trimer crosses the atom-dimer threshold at a = a∗ > 0, where
one predicts an elastic atom-dimer resonance. At this point,
formation of deep dimer states (in this case called relaxation) in
atom-dimer collisions is also enhanced for the same reason as
above. According to [12], the atom-dimer scattering resonance
should be noticeable even in a purely atomic sample due to
rescattering processes. Indeed, before leaving the trap, shallow
dimers formed in the process of three-body recombination
can collide with other atoms. The recombination rate itself is
featureless around a = a∗, but the atom-dimer cross section
in the vicinity of this point is highly a dependent. Thus, at
a = a∗ the three-body recombination can be enhanced in the
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FIG. 3. (Color online) Solid line: a(n)
∗ /|a(n)

− | vs δ, where n is the
index of the Efimov state [see Eq. (1)]. Dashed line: a(n+1)

∗ /|a(n)
− | =

exp(π/s0)a(n)
∗ /|a(n)

− |.

sense that many more than three atoms are expelled from the
trap, leading to a measurable trap loss. We come back to this
issue in Sec. V.

The ratio of the two resonance positions, a∗/|a−|, is of
fundamental importance for studies of the universal three-body
physics as in the universal limit it does not depend on the
three-body parameter. In order to calculate this ratio we solve
the bound-state Eq. (9) for Bt = 0, a < 0, and for Bt = Bd ,
a > 0, with the same (arbitrary) cutoff $. The solid line in
Fig. 3 shows a

(n)
∗ /|a(n)

− | as a function of the mass ratio δ.
Here we use the index n introduced in Eq. (1) in order to
emphasize that the values of a∗ and a− are taken for one and
the same Efimov state (connected by the dashed line in Fig. 2).
The dashed line in Fig. 3 differs from the solid one by the
scaling factor exp(π/s0) and shows the ratio a

(n+1)
∗ /|a(n)

− |. Note
that the scaling factor rapidly increases with δ for δ >∼ 1 and
one can conclude that a sequence of Efimov resonances is more
likely to be seen in systems with smaller mass ratios.

B. Three-body recombination for a > 0

Let us now discuss the shapes of the inelastic loss
resonances and calculate the three-body rate constants in a
heteronuclear system. We first consider the case of positive
scattering length, a > 0, where the atoms can recombine into
the shallow dimer and into deep dimers. The recombination
into the shallow dimer can be related to the T -matrix element
shown in Fig. 4(a).

The event rate constant for inelastic scattering α is defined
by the rate equation

d

dt
n2 = 2

d

dt
n1 = −2αn1n

2
2, (10)

where ni denotes the atomic number densities of the corre-
sponding species.

(a) (b)

FIG. 4. Diagrammatic representation of (a) the three-body re-
combination amplitude and (b) the elastic three-body scattering. Line
patterns are the same as in Fig. 1.

042715-3

Figure IV.14. Red solid curve: variation of the ratio a(n)∗ /|a(n)− | (for n suffi-
ciently large) with the mass ratio δ ≡ m/M . For m/M = 1/20, we find
a
(n)
∗ /|a(n)− | ∼ 1/40 [cf. (30)]. Black dashed curve: ratio a(n+1)

∗ /|a(n)− |. Figure
taken from Helfrich, Hammer & Petrov (2010).

expected scaling ratio.
It should be noted that in addition to theHeidelberg and Chicago exper-

iments, which we will look at in detail, other mixtures have been studied in
search of physics related to the universality discovered by Efimov:

• Barontini, Weber, et al. (2009) [see also Barontini, Weber, et al. (2010)]
have published results tending to establish the formation of K–K–Rb
and K–Rb–Rb trimers related to “Efimovian” physics on the a < 0 side
(a− ?

= −246(14) a0). They studied a mixture of 41K and 87Rb (Fano–
Feshbach resonance at 38.4G). They also described a possible three-
body resonance on the a > 0 side (a∗ ?

= 667(1) a0).

• Bloom, Hu, et al. (2013) studied a very similarmixture (40K and 87Rb),
but they did not observe any resonance on the a < 0 side that could
have been attributed to an Efimov effect [see also Hu, Bloom, et al.
(2014)]. On the a > 0 side, they observed an Efimovian process in the
relaxation of an mM dimer colliding with anM atom, corresponding
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to a∗ = 230(10) a0, but this peak was not at the position of the reso-
nance predicted by Barontini, Weber, et al. (2009) [see also the more
recent work by Wacker, Jørgensen, et al. (2016) and Kato, Wang, et al.
(2017)].

• Williams, Hazlett, et al. (2009) observed a peak in the three-body re-
combination signal in a 6Li gaswith three equally populated spin com-
ponents. This same system was used by Lompe, Ottenstein, et al.
(2010) to highlight Efimov trimers formed by photoassociation.

• Maier, Eisele, et al. (2015) studied a 7Li–87Rb mixture and demon-
strated a resonance attributable to an Efimov effect.

3-2 Fano–Feshbach resonance for 6Li–133Cs

The Heidelberg and Chicago experiments were conducted with a mixture
of cesium atoms in the role of the heavy particle (M = 133) and lithium
in the role of the light particle (m = 6), giving a mass ratio of M/m =
22.2. This system exhibits several Feshbach resonances for the mM two-
body problem. The two groups worked at a magnetic field close to 840
gauss, for which a broad resonance occurs.

The detailed study of the parameters of this resonance is described by
Ulmanis, Häfner, Pires, Kuhnle, Weidemüller, et al. (2015). It is based on
a dimer photoassociation technique, as shown in figure IV.15. The dimer
binding energy is measured as a function of the magnetic field, and should
vanish at resonance. Near resonance, on the a > 0 side, this energy can
be approximated by −ℏ2/2mra

2, where mr ≈ 5.7 is the reduced mass of
the two-body system. The experimental result for the measurement of
this binding energy is shown in figure IV.16, with the simple prediction
−ℏ2/2mra

2 as well as the result of a more sophisticated model taking into
account several coupled collision channels. The result for the mM scatter-
ing length takes the “traditional” form

a = abg

Å
1− ∆

B −Bres

ã
(31)

with abg = −29.4 a0, ∆ = −58.21G and Bres = 842.829G.

belowour detection limit, indicates that the dimer association rate ismuch smaller than their loss rate. Assuming
a quasi-stationary state, inwhich each producedmolecule immediately gets lost through atom-dimer collisions,
the time dependent Li atom loss at a givenmagnetic field is governed by K M

2 and thus can be described through
the following equation

= −N N e , (1)n K t
Li Li

0 M
Cs 2

where NLi
0 is the initial number of Li atoms in the non-resonant state, nCs denotes the density of the Cs gas cloud,

t is the length of the applied rf pulse and K M
2 contains the functional form (see below) of themolecular

association rate.Here we neglect single-body losses and assume constant nCs, which is justified by the fact that
we are working in a low saturation limit of the rf transition. By solving the full systemof rate equationswe
estimate that this approximation, using the simple equation (1),may introduce aminor error on the fitted atom
loss amplitude, which does not exceed 10%. Since the number of produced LiCsmolecules at any given point
through the experimental cycle is insignificant, we do not include the loss terms associatedwith themolecule-
molecule recombination.

The two-body association rate K M
2 is determined by the energy-dependent wave-function overlap of the

scattering atompair with the finalmolecular state [32]. For a thermal ensemble it can be expressed as

∫ ε ε ε ε= + +γ
∞

( ) ( ) ( )K E C h F E L E E E( ) , , d , (2)M
r r b b r r2 rf

0
rf 0

where ε ∝ ε−h ( ) er
k Tr b is the number density of colliding atompairs with relative energy εr and temperatureT,

and

Figure 1.Radio-frequency association of LiCsmolecules. Themixture is initially prepared in the non-resonant scattering channel,
here ∣ − 〉 ⊕ ∣ 〉Li 1 2, 1 2 Cs 3, 3 , at amagnetic field close to the broad 843 G s-wave Feshbach resonance in the resonant scattering
channel ∣ 〉 ⊕ ∣ 〉Li 1 2, 1 2 Cs 3, 3 , which couples to the weakly boundmolecular state under study. Depending on the frequency of
the rf driving field either free–free (with the energy E0) or free-bound (with the energy +E Eb0 ) transitions can be studied. An
analogous scenario is implemented close to the second broad Li–Cs Feshbach resonance in the ∣ − 〉 ⊕ ∣ 〉Li 1 2, 1 2 Cs 3, 3 scattering
channel close to 889 G. In this case themixture is initially prepared in the ∣ 〉 ⊕ ∣ 〉Li 1 2, 1 2 Cs 3, 3 channel.

Figure 2.Remaining number of Li atoms after an rf association (free-bound) pulse of LiCsmolecules at amagneticfield of 842.04 G
and relative Li–Cs temperature of 400 nK. Each data point is an average of threemeasurements and the error bars represent the
standard error. The binding energy is determined from the fit of equation (1) to the data (solid line) and yields =E h 69.7(1.6) kHzb
and γ = 5(1) kHz for a pulse length =t 3 s. The vertical dashed line corresponds to thefitted binding energy.
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Figure IV.15. Photoassociation of mM dimers in a mixture of 6Li and 133Cs.
Figure taken from Ulmanis, Häfner, Pires, Kuhnle, Weidemüller, et al. (2015).

We show in figure IV.16 the result of Ulmanis, Häfner, Pires, Kuhnle,
Weidemüller, et al. (2015) for the measurement of the loss of Cs atoms in
the vicinity of the resonance. The authors conclude that these twomeasure-
ments are in relatively good agreement with each other, with the measure-
ment based on photoassociation giving results ten times more accurate.

3-3 The formation of trimers on the a < 0 side

The two 2014 experiments carried out in Heidelberg and Chicago focused
on the a < 0 side of the resonance (i.e. B > Bres). The principle is simple:
when the scattering length is close to one of the a(n)− thresholds correspond-
ing to the appearance of a trimer (figure IV.17), one observes a significant
loss of atoms linked to three-body recombination: the three atoms cou-
ple temporarily to form an Efimov state, which then decays into a strongly
bound dimer and an isolated atom. The energy released by the formation of
the dimer is converted into kinetic energy of the two partners, which escape
from the trap (D’Incao & Esry 2005b; D’Incao & Esry 2006b). The theoret-
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is the energy normalized Franck–Condon density between the scatteringwave function of a free Li–Cs atompair
and a bound Feshbach dimer with binding energyEb [12, 32]. ′Eb is defined through the Li–Cs reducedmass μ
and the non-resonant channel scattering length ′a as  μ′ = ′E a(2 )b

2 2 . The convolution of the spectroscopic line
shapewith the Lorentzian profile ε+ +γL E E E( , )b rrf 0 ofwidth γ accounts for the strong collisional
broadening, yielding an estimated lifetime of LiCsmolecules in themixture of around μ30 s. The prefactorC
contains all the numerical factors resulting from the integration of rate equations, and experimental parameters
that affect themolecule production rate, butwhich are approximately constant for a givenmagnetic field, as well
as species-dependent atom-dimer inelastic collision rates4. It also accounts for uncertainties in the
determination of the absolute gas densities, which, under realistic experimental conditions, can vary up to a
factor of two due to systematic errors inmeasurements of the trap frequencies, temperature and the exact
number of atoms.

The binding energy of the Feshbach dimers at a givenmagnetic field is extracted by fitting equation (1) to the
loss spectrumof Li atoms, as displayed infigure 2.We useEb, NLi

0 , γ, andC as free fitting parameters and set
′ = −a a28.5 0 [25–27]. Small variations in a′ that are of the order of a few of percent affect the fitted binding
energies on a permille level. The temperature of each species is determined in an independentmeasurement with
identical trapping parameters and is keptfixed during the fit. To exclude systematic effects associatedwith the
precise determination of relative temperature we verify that by increasing it by a factor of two the value of the
fitted binding energy does not change bymore than 1 kHz. By performing themeasurements and the fitting
procedure for different externalmagnetic fields, we record the binding energy dependence, which is displayed in
figure 3 for the two broadest FRs in the Li–Csmixture.

The extracted binding energy can be affected by several other systematic effects. One of them is themean-
field shift, which starts to dominate in the regimewhere the scattering length is comparable to the interparticle
spacing, i.e. ∼na 13 . For our experimental densities of ≈ −n 10 cm11 3 such shifts would become relevant at
magnetic field regionswith binding energies on the order of ≈E 1 kHzb , which is sufficiently far away from the
regionwhere the experiments were performed. Additionally, by changing the backgroundCs atomdensity we
checked that the observedmolecular association line shifts stay within the statistical uncertainties of the fit, and
therefore we do not include themean-field shift in the analysis.

Figure 3.Binding energies of LiCs Feshbachmolecules and atom losses. The left and right panels correspond to themagnetic field
regions near the 843 and 889 GFeshbach resonance, respectively. The blue crosses display the dimer binding energy −E hb that is
extracted from a fit of equation (1) to the rf association spectrum at the givenmagneticfield. The error bars represent one standard
deviation of the total error, which results from statistical and systematic uncertainties. The blue (solid) and red (dashed) lines show the
calculatedmolecular state energies from the coupled-channelsmodel and the universal binding energy  μ=E a(2 )b

2 2 with the
resonance parameters from table 1, respectively. The red shaded region corresponds to the uncertainty of the FR parameters. The
green squares show the remaining Cs atomnumber for a corresponding atom lossmeasurement. Here the error corresponds to one
standard error of themean. The systematicmagneticfield uncertainty for the atom lossmeasurements in thisfigure is 30mG. The
vertical dashed line displays the resonance pole position, and the gray shaded region corresponds to the uncertainty. The arrow in the
left panel shows the position of the second excited LiCsCs Efimov resonancewith scattering length −a (2).

4
The prefactorC depends on nCs and nLi. For atom losses, which do not exceed≈30%of the initial number of atoms, it does not change by

more than 5%.

4
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Figure IV.16. Blue crosses: binding energy of mM dimers in a mixture of 6Li
and 133Cs. Green squares: Cs atom loss signal. The shaded vertical band gives the
position of the resonance and its uncertainty (Bres = 842.829G). Figure taken
from Ulmanis, Häfner, Pires, Kuhnle, Weidemüller, et al. (2015).

ical description of the recombination process will be given in more detail
later in this course; in what follows, we simply assume that this process is
maximal when a is close to one of the a(n)− .

Several typical loss signals are shown in figure IV.18. This figure, corre-
sponding to data from the Chicago group, shows the decrease in the num-
ber of lithium atoms for two values of the magnetic field: B = 848.0G for
the top figure (i.e. relatively far from resonance), B = 842.7G for the bot-
tom figure (i.e. very close to resonance). These data were obtained for a
pure lithium gas (open symbols) and for a lithium–cesium mixture (filled
symbols). The data for pure lithium are almost independent of the value of
B, whereas those for the mixture show a spectacular increase in the decay
rate at short times for data acquired close to resonance.

Geometric Scaling of Efimov States in a 6Li-133Cs Mixture
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In few-body physics, Efimov states are an infinite series of three-body bound states that obey universal
discrete scaling symmetry when pairwise interactions are resonantly enhanced. Despite abundant reports of
Efimov states in recent cold atom experiments, direct observation of the discrete scaling symmetry remains
an elusive goal. Here we report the observation of three consecutive Efimov resonances in a heteronuclear
Li-Cs mixture near a broad interspecies Feshbach resonance. The positions of the resonances closely follow
a geometric series 1, λ, λ2. The observed scaling constant λexp ¼ 4.9ð4Þ is in good agreement with the
predicted value of 4.88.

DOI: 10.1103/PhysRevLett.113.240402 PACS numbers: 03.75.-b, 21.45.-v, 34.50.Cx, 67.85.-d

The emergence of scaling symmetry in physical phe-
nomena suggests a universal description that is insensitive
to microscopic details. Well-known examples are critical
phenomena, which are universal and invariant under
continuous scaling transformations [1]. Equally intriguing
are systems with discrete scaling symmetry, which are
invariant under scaling transformations with a specific
scaling constant [2]; a classic example is the self-similar
growth of crystals, as in snowflakes. Surprisingly, such
discrete scaling symmetry also manifests in the infinite
series of three-body bound states that Vitaly Efimov
predicted in 1970 [3].
In the Efimov scenario, while pairs of particles with

short-range resonant interactions cannot be bound, there
exists an infinite series of three-particle bound states. These
bound states have universal properties that are insensitive to
the details of the molecular potential and display discrete
scaling symmetry; the size Rn and binding energy En of the
Efimov state with the nth lowest energy scale geometrically
as Rn ¼ λRn−1 and En ¼ λ−2En−1, where λ is the scaling
constant. An alternative picture to understand discrete
scaling symmetry is based on renormalization group limit
cycles [4]. Away from the two-body scattering resonance,
Efimov states couple to the scattering continuum and
induce a series of three-body scattering resonances at
scattering lengths aðnÞ− < 0, which also follow the scaling
law aðnÞ− ¼ λaðn−1Þ− [5] (Fig. 1).
Ultracold atom systems are ideal to test Efimov scaling

symmetry given that their interatomic interactions can be
tuned over several orders of magnitude using Feshbach
resonances [6]. The first evidence of an Efimov state was
reported in ultracold Cs atoms [7]; subsequent observations
of Efimov resonances [8] in homonuclear systems were
also reported in 7Li [9,10], 39K [11], 85Rb [12], 133Cs
[13,14], and 6Li [15,16]. Despite these numerous obser-
vations, experimental confirmation of discrete scaling
symmetry remains a challenging goal.

The confirmation of universal discrete scaling symmetry
requires the observation of multiple Efimov resonances.
With two consecutive Efimov resonances, the scaling
symmetry can be tested through a comparison between
the ratio of the resonance positions and theory; with three or
more resonances one can perform a model-independent
test. The observation of multiple resonances is experimen-
tally challenging because higher order Efimov resonances
diminish when the scattering rate is unitarity limited
[7,17,18]. This challenge is acute in homonuclear systems
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FIG. 1 (color online). Discrete scaling symmetry of Efimov
states. A series of Efimov states (dashed curves) exists near a
Feshbach resonance located at B0. Away from the resonance, on
the side with scattering length a < 0, they merge into the three-
body scattering continuum (crosses). Physical observables in the
Efimov scenario—including the molecular size Rn, the binding
energies En, and the Efimov resonance positions at the scattering
length an (associated with the magnetic field Bn)—show discrete
scaling symmetry. The discrete scaling law is graphically
represented by the location of the resonances on the B axis
and the size of the spheres, respectively.
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Figure IV.17. Principle of Efimov trimer detection: we look for magnetic fields Bj

for which the scattering length is negative and equal to one of the threshold values
a
(n)
− for the appearance of a trimer. Note that the x axis is oriented in the direction

of increasing magnetic fields, and therefore decreasing values of 1/a, which is the
opposite of the convention used in figures IV.7, IV.10 and IV.12. Figure taken from
Tung, Jiménez-García, et al. (2014).

Note that the losses of cesium atoms are always very significant in this
magnetic field domain, independently of the presence of lithium atoms.
This is because the Cs–Cs scattering length is negative and of large absolute
value: |aCsCs| > 1000 a0.

When we plot the number of lithium atoms remaining in the trap after a
given time τ as a function of themagnetic field (and therefore of the scatter-
ing length aLiCs), we observe three successive resonances corresponding to
the three values of Bj shown in figure IV.17. Figure IV.19 shows the data
obtained in Chicago.

The detailed analysis of the experimental data from Heidelberg and
Chicago was carried out by Ulmanis, Häfner, Pires, Kuhnle, Weidemüller,
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with large scaling constant λ ≈ 22.7 [3], such that the
detection of an additional Efimov state demands a reduc-
tion of temperature by a factor of λ2 ≈ 515. Features from
excited Efimov states in homonuclear systems have been
observed in 6Li [19], 39K [11], 7Li [20], and 133Cs [14].
These results are consistent with the scaling prediction, but
do not provide an independent test of the scaling symmetry.
Heteronuclear systems consisting of one light atom

resonantly interacting with two heavy atoms can have a
scaling constant significantly lower than 22.7 [4,21–23];
however, experiments in heteronuclear systems are con-
siderably more challenging than those in homonuclear
systems. Before our work, observations of Efimov reso-
nances in heteronuclear systems were reported in K-Rb
mixtures [24,25]. Recently, in a Li-Cs mixture [26], two
Efimov resonances are found in the measurement of
three-body loss coefficients, and the number loss data hint
at the existence of a third Efimov resonance.
Here we report the observation of discrete scaling

symmetry of Efimov states in a Fermi-Bose mixture of
6Li and 133Cs. Taking advantage of the large mass ratio
between Li and Cs atoms, with a predicted scaling constant
λ ¼ 4.88 [21,23], we identify three consecutive Efimov
resonances near a wide, isolated s-wave interspecies
Feshbach resonance [27]. From the measured locations
of the resonances, we provide a model-independent proof
of the geometric scaling symmetry and determine a scaling
constant λexp ¼ 4.9ð4Þ.
Our experiment is based on a mixture of 6Li and 133Cs

atoms near quantum degeneracy in an optical dipole trap. In
our experiment, both species are prepared in their lowest
states, jF ¼ 1=2; mF ¼ 1=2i for Li and jF ¼ 3; mF ¼ 3i
for Cs, where F is the total angular momentum andmF is its
projection. We prepare mixtures with up to NLi ¼ 3.4 ×
104 Li atoms, and NCs ¼ 5.2 × 104 Cs atoms at temper-
atures in the range 190 nK < T < 800 nK [28]. Efimov
resonances manifest themselves as enhanced three-body
recombination losses. In such collisions three atoms res-
onantly couple to an Efimov state and then decay into
a deeply bound molecule and a free atom; the released
binding energy allows them to escape the trap. We measure
the Li and Cs atom numbers from which we infer atom loss
and identify the Efimov resonances.
The mixture of 6Li and 133Cs has two primary inelastic

collision pathways: three-body recombination of Cs-Cs-Cs
and Li-Cs-Cs. At low temperatures, Li-Li-Cs as well as
Li-Li-Li collisions are strongly suppressed by Fermi
statistics. We investigate Efimov resonances near the broad
Li-Cs Feshbach resonance located at 842.75 G with a width
of 61.6 G and a strength parameter sres of ∼0.7 [27]. The
Efimov resonances reported in this work are away from
p-wave Feshbach resonances [32], as well as Cs Feshbach
and Efimov resonances [13,33].
Around the magnetic field region probed in this work,

the Cs-Cs scattering length is large and negative, and

Cs-Cs-Cs recombination is the major competing loss proc-
ess, imposing a limitation on the lifetime of Cs. Away from
the Li-Cs Feshbach resonance, Cs decay is dominated by
Cs-Cs-Cs recombination collisions [Fig. 2(a)]; on the other
hand, Li decaysmuch faster in the presence of Cs, indicating
the dominance of interspecies collisional loss. Near the
Feshbach resonance [Fig. 2(b)] both decays of Li and Cs are
enhanced by interspecies collisions.
Ourmeasurements of atom loss and observation ofEfimov

resonances are summarized in Fig. 3. To eliminate the long-
term drift in atom number, we scale the atom number so
that it averages to unity over a fixed magnetic field range.
Each panel shows resonant loss features in the scaled atom
number. The main loss feature in both Li and Cs scans is
associated with a broad Li-Cs Feshbach resonance [27,32].
Loss features associated with excited Efimov resonances on
the negative scattering length side of the Feshbach resonance
are only evident in low temperature scans, and indicated
by arrows inFig. 3. Efimov features areweaker inCsdata due
to fast competing Cs-Cs-Cs recombination processes.
We determine the position of each Efimov resonance

by using both Lorentzian and Gaussian fits with a linear
background. Results from different fit functions and fit
ranges are analyzed and combined to determine the final
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FIG. 2 (color online). Atom number decay of single-species
and Li-Cs mixture samples. (a) At B ¼ 848.0 G, ∼5 G away from
the Li-Cs Feshbach resonance (aLiCs ¼−354a0, aCsCs ¼−1240a0)
Li loss increases significantly when Cs is introduced (left panel).
Cs loss is dominated by Cs-Cs-Cs recombination (right panel).
Sample temperature is T ¼ 390 nK. (b) Near the Li-Cs Feshbach
resonance B ¼ 842.7 G (aCsCs ¼ −1570a0), enhanced atom loss
is evident in both the Li and Cs atom number evolution when
both species are present. Sample temperature is T ¼ 340 nK.
Data in (a) and (b) are scaled to the initial atom numbers,
NLi ¼ 2 ∼ 3 × 104 and NCs ¼ 4 ∼ 5 × 104, obtained from double
exponential fits (continuous and dotted lines), which also serve
as guides to the eye.
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with large scaling constant λ ≈ 22.7 [3], such that the
detection of an additional Efimov state demands a reduc-
tion of temperature by a factor of λ2 ≈ 515. Features from
excited Efimov states in homonuclear systems have been
observed in 6Li [19], 39K [11], 7Li [20], and 133Cs [14].
These results are consistent with the scaling prediction, but
do not provide an independent test of the scaling symmetry.
Heteronuclear systems consisting of one light atom

resonantly interacting with two heavy atoms can have a
scaling constant significantly lower than 22.7 [4,21–23];
however, experiments in heteronuclear systems are con-
siderably more challenging than those in homonuclear
systems. Before our work, observations of Efimov reso-
nances in heteronuclear systems were reported in K-Rb
mixtures [24,25]. Recently, in a Li-Cs mixture [26], two
Efimov resonances are found in the measurement of
three-body loss coefficients, and the number loss data hint
at the existence of a third Efimov resonance.
Here we report the observation of discrete scaling

symmetry of Efimov states in a Fermi-Bose mixture of
6Li and 133Cs. Taking advantage of the large mass ratio
between Li and Cs atoms, with a predicted scaling constant
λ ¼ 4.88 [21,23], we identify three consecutive Efimov
resonances near a wide, isolated s-wave interspecies
Feshbach resonance [27]. From the measured locations
of the resonances, we provide a model-independent proof
of the geometric scaling symmetry and determine a scaling
constant λexp ¼ 4.9ð4Þ.
Our experiment is based on a mixture of 6Li and 133Cs

atoms near quantum degeneracy in an optical dipole trap. In
our experiment, both species are prepared in their lowest
states, jF ¼ 1=2; mF ¼ 1=2i for Li and jF ¼ 3; mF ¼ 3i
for Cs, where F is the total angular momentum andmF is its
projection. We prepare mixtures with up to NLi ¼ 3.4 ×
104 Li atoms, and NCs ¼ 5.2 × 104 Cs atoms at temper-
atures in the range 190 nK < T < 800 nK [28]. Efimov
resonances manifest themselves as enhanced three-body
recombination losses. In such collisions three atoms res-
onantly couple to an Efimov state and then decay into
a deeply bound molecule and a free atom; the released
binding energy allows them to escape the trap. We measure
the Li and Cs atom numbers from which we infer atom loss
and identify the Efimov resonances.
The mixture of 6Li and 133Cs has two primary inelastic

collision pathways: three-body recombination of Cs-Cs-Cs
and Li-Cs-Cs. At low temperatures, Li-Li-Cs as well as
Li-Li-Li collisions are strongly suppressed by Fermi
statistics. We investigate Efimov resonances near the broad
Li-Cs Feshbach resonance located at 842.75 G with a width
of 61.6 G and a strength parameter sres of ∼0.7 [27]. The
Efimov resonances reported in this work are away from
p-wave Feshbach resonances [32], as well as Cs Feshbach
and Efimov resonances [13,33].
Around the magnetic field region probed in this work,

the Cs-Cs scattering length is large and negative, and

Cs-Cs-Cs recombination is the major competing loss proc-
ess, imposing a limitation on the lifetime of Cs. Away from
the Li-Cs Feshbach resonance, Cs decay is dominated by
Cs-Cs-Cs recombination collisions [Fig. 2(a)]; on the other
hand, Li decaysmuch faster in the presence of Cs, indicating
the dominance of interspecies collisional loss. Near the
Feshbach resonance [Fig. 2(b)] both decays of Li and Cs are
enhanced by interspecies collisions.
Ourmeasurements of atom loss and observation ofEfimov

resonances are summarized in Fig. 3. To eliminate the long-
term drift in atom number, we scale the atom number so
that it averages to unity over a fixed magnetic field range.
Each panel shows resonant loss features in the scaled atom
number. The main loss feature in both Li and Cs scans is
associated with a broad Li-Cs Feshbach resonance [27,32].
Loss features associated with excited Efimov resonances on
the negative scattering length side of the Feshbach resonance
are only evident in low temperature scans, and indicated
by arrows inFig. 3. Efimov features areweaker inCsdata due
to fast competing Cs-Cs-Cs recombination processes.
We determine the position of each Efimov resonance

by using both Lorentzian and Gaussian fits with a linear
background. Results from different fit functions and fit
ranges are analyzed and combined to determine the final
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FIG. 2 (color online). Atom number decay of single-species
and Li-Cs mixture samples. (a) At B ¼ 848.0 G, ∼5 G away from
the Li-Cs Feshbach resonance (aLiCs ¼−354a0, aCsCs ¼−1240a0)
Li loss increases significantly when Cs is introduced (left panel).
Cs loss is dominated by Cs-Cs-Cs recombination (right panel).
Sample temperature is T ¼ 390 nK. (b) Near the Li-Cs Feshbach
resonance B ¼ 842.7 G (aCsCs ¼ −1570a0), enhanced atom loss
is evident in both the Li and Cs atom number evolution when
both species are present. Sample temperature is T ¼ 340 nK.
Data in (a) and (b) are scaled to the initial atom numbers,
NLi ¼ 2 ∼ 3 × 104 and NCs ¼ 4 ∼ 5 × 104, obtained from double
exponential fits (continuous and dotted lines), which also serve
as guides to the eye.
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Figure IV.18. Decay in the number of atoms in an optical trap initially containing
20 000 to 30 000 6Li atoms and (for solid symbols) 40 000 to 50 000 133Cs atoms.
The temperature of the cloud is of the order of 350 nK. Top: B = 848.0G, relatively
far from the resonance in aLiCs. Bottom: B = 842.7G, close to resonance. Figure
taken from Tung, Jiménez-García, et al. (2014).

resonance positions and uncertainties. Further details on
the fit and the determination of the resonance positions
and uncertainties are given in Ref. [28]. We determine
the positions of the three Efimov resonances to be
B1 ¼ 848.55ð12Þstatð3Þsyst, and B2 ¼ 843.82ð4Þstatð3Þsyst,
and B3 ¼ 842.97ð3Þstatð3Þsyst G, where ðÞstat denotes the
statistical uncertainty and the systematic uncertainty of
30 mG arises from the daily magnetic field drift.
A precise determination of the Feshbach resonance

position is crucial to check the scaling symmetry. Two
independent methods are developed here. First, we observe
that the strongest dip (Fig. 3) is ubiquitous in all measure-
ments, even at high temperatures where Efimov features
are indiscernible. This indicates that the strongest dip is
associated with the Feshbach resonance. Fits to the lowest
temperature data [Fig. 3(c)] locate the Feshbach resonance
at B0 ¼ 842.75ð1Þstatð3Þsyst G.
We convert our atom loss measurement into a spectrum

of the recombination loss coefficient, see Fig. 4, based on a
rate equation model [28]. The spectrum shows clearly three
Efimov resonance features and can be compared with
theoretical calculation. In addition, after comparing the
extracted K3 with a model that captures the steep rise of
K3 for a > 0 [28], we find the best agreement between the
experiment and themodel whenB0 ¼ 842.75ð1Þstatð3Þsyst G.
The results from both our methods to determine B0 agree
with each other.

The separations between the Efimov resonances and the
Feshbach resonance ΔBn ¼ Bn − B0 are ΔB1 ¼ 5.80ð12Þ,
ΔB2 ¼ 1.07ð4Þ, and ΔB3 ¼ 0.22ð3ÞG; the uncertainties
include both statistical and systematic errors. Remarkably,
they closely follow a geometric progression ΔB1∶ΔB2∶
ΔB3 ≈ 1∶1=5∶1=52 and provide direct evidence of the
discrete scaling symmetry. (Note that ΔBn ∝ −1=aðnÞ−
near the Feshbach resonance.) More precisely, using an
updated scattering model for the Li-Cs Feshbach resonance
[28], we determine the Efimov resonances in scattering
length to be að1Þ− ¼ −323ð8Þa0, að2Þ− ¼ −1635ð60Þa0, and
að3Þ− ¼ −7850ð1100Þa0, where a0 is the Bohr radius. Two
scaling constants are extracted: λ21 ¼ að2Þ− =að1Þ− ¼ 5.1ð2Þ
and λ32 ¼ að3Þ− =að2Þ− ¼ 4.8ð7Þ, which mutually agree within
uncertainty. The averaged scaling constant λexp ¼ 4.9ð4Þ is
in good agreement with the predicted value λ ¼ 4.88 for
LiCs2 Efimov states [21,23].
Even though the observed scaling ratios are consistent

with the predicted value, we would like to point out the
practical factors that could contribute to differences
between experiment and theory. The first Efimov resonance
can be shifted by finite-range corrections given that it
occurs at a scattering length near the van der Waals length
of Cs-Cs (rCsCs ¼ 101a0) and Li-Cs (rLiCs ¼ 45a0). The
location of the Efimov resonance can also be shifted by
finite temperature and finite trap size effects, which are
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FIG. 3 (color online). Observation of three Li-Cs-Cs Efimov resonances. (a) Scaled Li number versus magnetic field showing the first
Li-Cs-Cs Efimov resonance, from the average of 13 individual scans. Here, NLi ¼ 1.3 × 104 and NCs ¼ 2.7 × 104 with typical
temperature T ¼ 800 nK and hold time 225 ms. (b) Scaled Li and Cs [inset, (d)] numbers near the second and third Li-Cs-Cs Efimov
resonances, from the average of 68 scans with typical temperature T ¼ 360 nK and hold time 115 ms. The mean atom numbers
are NLi ¼ 1.4 × 104 and NCs ¼ 2.1 × 104. (c) Scaled Li and Cs [inset, (e)] numbers close to the third Li-Cs-Cs Efimov resonance and
the Li-Cs Feshbach resonance, from the average of 327 scans with typical temperature T ¼ 270 nK and hold time 115 ms. The mean
atom numbers are NLi ¼ 9.1 × 103 and NCs ¼ 1.4 × 104. The scaled atom numbers come from the average of the individual scans
divided by their respective mean values. The vertical dashed lines indicate the Feshbach resonance and arrows indicate the Efimov
resonances. The dashed curves correspond to an interpolation of the data and serve as a guide to the eye.
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Figure IV.19. Variation in the number of lithium atoms in the optical trap after
a waiting time τ , with τ = 225ms for the left-hand figure (T = 800 nK) and
τ = 115ms for the other two (T = 360 nK for the middle figure and T = 270nK
for the right-hand figure). Figure taken from Tung, Jiménez-García, et al. (2014).

et al. (2015), thanks to the precise determination of the position of the Fano–
Feshbach resonance in aLiCs obtained from figure IV.16. Table IV.1 summa-
rizes the results of this analysis. The expected universal value of the ratio
a
(n)
− /a

(n−1)
− [cf. eq. (23)] is λ = 4.9 (Braaten & Hammer 2006; D’Incao &

Esry 2006a). Note that this value is obtained from a complete numerical
calculation of the three-body problem (while continuing to neglect themM
interaction). The approximate value deduced from the Born–Oppenheimer
treatment described above is λBO = 5.6.

3-4 Discussions and extensions

In the above treatment, we have completely neglected the interaction be-
tween the two heavy atoms. This approximation is valid for certain mix-
tures (Li–Rb for example), but is highly questionable for the Li–Cs mixture
studied in Heidelberg and Chicago. The Cs–Cs scattering length is in fact
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This is not surprising, since the assumption of the scaling limit is not strictly justified for the ground state Efimov
resonance [28]. Several theoretical studies have demonstrated that the ground Efimov state can be subject to
largemodifications due to short range physics [41–45] and even three-body forces [46]. Furthermore, the recent
study of thefirst excited-state resonance inCs [47, 48] and the new analysis of 6Li data [49] not only hint at
deviations from the universal scaling, but also to shifts of the ground-state resonances due tofinite range effects.
The exact origin of the abovementioned deviation in the Li–Cs system still remains an open question. The
present analysis also does not consider Efimov resonance shifts arising from finite temperature. This is in
contrast to the recent studies in the homonuclear gases of Cs and Li atoms [47, 49, 50], which have shown that
such effects need to be taken into account in order to accurately determinate the Efimov resonance positions. At
the same time, the scaling factor of the second Efimov period lies well within the universal predictions, and
experimental demonstration of deviations from the universal law, if any, will require access to lower
temperatures and improved control over themagnetic field systematics.

5. Conclusion

In conclusion, we have precisely determined the resonance positions of all the s-wave FRs in the two
energetically lowest Li–Cs scattering channels in themagnetic field range between 800 and 1000 G. The present
work represents almost an order ofmagnitude improvement in accuracy and precision over the previous
determination. It was achieved by performing rf association of colliding Li–Cs atompairs intoweakly bound
dimers close to the broad FRs around 843 and 889 G and complementary atom lossmeasurements of a further
three narrow s-wave resonances. Based on themeasuredmagnetic field dependent binding energies and atom
losses precise singlet and tripletmolecular potential curves for the LiCs electronic ground state were constructed
with the help of a coupled-channels calculation. The obtained potentials were used tomap the Li–Cs scattering
length on the externalmagnetic field. The precise resonance parameters will be pivotal for future experiments in
the Li–Cs systems, where they can serve for the preparation and investigation of ultracold polarmolecules [51–
53], and controlled creation of strongly interactingmixtures and polarons [54–57], as well as enable access to the
Efimov physics in the universal regime [2, 28, 47].

Additionally, the accurate knowledge of the Li–Cs FRparameters has allowed us to re-evaluate the positions
of previously observed Efimov resonances.We have found a slight deviation from the predicted universal scaling
factor for the first period of LiCsCs Efimov trimers, while the scaling factor of the second period is consistent
with the universal law. This result is intriguing, since it approaches a regimewhere the applicability of few-body
theories to a realisticmass-imbalanced system can be tested quantitatively. To fully enter it, however, lower
temperatures will be necessary. Presently observed Efimov featuresmay be significantly influenced by the short
range interactions and the unitary limit, which obscure a clear observation of the second excited LiCsCs Efimov
resonance andmight have strong effect already on the first excited one. Thismay lead to shifts of the resonance
positions and requiremore sophisticatedmodels for accurate description of the three- andmore-body physics
near FRs.

Table 2.Positions and scaling factors of LiCsCs Efimov resonances near the 843 GFeshbach
resonance. The values in thefirst and second parenthesis always represent the statistical and sys-
tematic error of the Efimov resonance position determination, respectively. For −a i( ) and the scal-
ing factors − − −a ai i( ) ( 1) the error in the third parenthesis denotes the uncertainty arising from the
a B( )mapping through the Feshbach resonance parameters given in table 1.

i Magnetic field (G) −a i( ) a(10 )3
0 − − −a ai i( ) ( 1)

0 (ground) 848.90 (6)(3)a −0.311 (3)(1)(1) —

1 843.85 (1)(3)a −1.71 (2)(5)(4) 5.48 (7)(16)(10)
2 843.03 (5)(3)a −8.54 (2.12)(1.27)(97) 5.00 (1.24)(76)(46)

0 848.55 (12)(3)b −0.329 (6)(2)(1) —

1 843.82 (4)(3)b −1.76 (7)(5)(4) 5.35 (24)(16)(10)
2 842.97 (3)(3)b −12.2 (2.6)(2.6)(1.9) 6.93 (1.50)(1.48)(97)

a [28].
b [29].

7

New J. Phys. 17 (2015) 055009 JUlmanis et al

Table IV.1. Magnetic field values measured at Heidelberg (a) and Chicago (b)
for the appearance of Efimov trimers in a 6Li–133Cs mixture, on the a < 0 side of
the resonance. The resulting ratios a(i)− /a

(i−1)
− are close to the expected “univer-

sal” value. Table taken from Ulmanis, Häfner, Pires, Kuhnle, Weidemüller, et al.
(2015).

large in absolute value (> 1000 a0) over the entire magnetic field range ex-
plored around the resonance at 843G.

This problem has been tackled in detail by Petrov &Werner (2015) [see
also Wang, Wang, et al. (2012) and Mikkelsen, Jensen, et al. (2015)] who
have compared the two limiting cases aMM = 0 and aMM =∞. The result
is remarkable: the parameters underlying the Efimov scaling law, |s0| and
λ = eπ/|s0|, vary very little between the two cases. Petrov & Werner (2015)
find:

amM =∞, aMM = 0 : |s0| = 1.98277, λ = 4.87661 (32)
and [see also Yamashita, Bellotti, et al. (2013)]

amM =∞, aMM =∞ : |s0| = 2.00308, λ = 4.79887. (33)

On the other hand, Petrov & Werner (2015) show that the three-body loss
rate is considerably increased in the case of the Li–Cs mixture by the fact
that theMM interactions are quasi-resonant (cf. figure IV.20).

Petrov &Werner (2015) have also studied theoretically the effect of tem-
perature on the three-body loss signal. A typical result, comparing the
T = 0 and T = 400nK cases, is shown in figure IV.20. It can be seen that

D. S. PETROV AND F. WERNER PHYSICAL REVIEW A 92, 022704 (2015)

particle of mass mA. We write m for twice the reduced mass,

m = 2
mAmB

mA + mB
. (1)

The mass ratio is conveniently parameterized by the angle

sin φ = mB

mA + mB
. (2)

For further convenience we also define

θ = π

4
− φ

2
. (3)

We denote by aAB and aBB the AB and BB scattering lengths.
Universal properties, such as the Efimov discrete scaling

invariance, appear in the zero-range limit, which can be
described by a universal theory [1,23]. Accordingly, we
consider zero-range interactions between A and B particles,
while between B particles we assume no interactions in case i
and zero-range interactions in case ii. The validity conditions
for this universal zero-range theory are the following. In case i,
the characteristic interaction ranges and |aBB| should be much
smaller than |aAB| and the typical de Broglie wavelengths.
In case ii, the characteristic interaction ranges should be
much smaller than |aAB|, |aBB|, and the typical de Broglie
wavelengths.

The unitary limit is defined by

aAB = ∞ in case i,
aAB = aBB = ∞ in case ii. (4)

As usual, scattering length values +∞ and −∞ are equivalent.
At the unitary limit, the scattering length(s) does(do) not
introduce any length scale into the problem. Due to the Efimov
effect, there is no continuous scale invariance, but a discrete
one. In particular, the energies of Efimov trimers follow a
geometric series:

En+1/En = e−2π/s0 . (5)

Here s0 is the positive real solution of [24]

λ(s0,φ) = 1 in case i, (6)

1 − λ(s0,φ) − 2λ2(s0,θ ) = 0 in case ii, (7)

where

λ(s0,δ) ≡ 2 sinh(δs0)
s0 cosh(πs0/2) sin(2δ)

. (8)

Note that we do not consider here the case of a very high
mass ratio, where additional Efimovian sectors would appear in
nonzero total angular momentum subspaces. We thus assume
that mB/mA is smaller than the critical value $40, where an
additional Efimov effect appears in the angular momentum
L = 2 subspace [24].

The Efimov effect also implies that the interactions within
the universal zero-range theory are parameterized not only by
the scattering lengths, but also by a three-body parameter. For
this purpose we use a length parameter R0 defined modulo
multiplication by eπ/s0 . This parameter fixes a hyper-radial
node of the three-body wave function at small interparticle
distances and thus fixes all other three-body observables [see
Eq. (C6) for its relation to the spectrum of Efimov trimers].

0111.0
a- /a

1

10
2

10
4

 m
K

/h-
 a

-4

T=0

T=T0e
-4π/3s0

T=T0e
-2π/3s0

T=T0=h-
2
/kBma-

2

T=T0e
-2π/s0

FIG. 1. Event rate constant K (in units of !a4
−/m) versus a−/a

for the 6Li-87Rb-87Rb system for various temperatures with the
inelasticity parameter set to η = 0.2.

To account for recombination losses to deeply bound states in
the zero-range theory one allows the three-body parameter to
be complex, R0 → R0 e−iη/s0 , where η > 0 is the inelasticity
parameter [1]. A precise definition of R0 and η is given by the
three-body contact condition, Eq. (18), below.

Summarizing, the external parameters of the zero-range
theory are the scattering length aAB, three-body parameter R0,
and inelasticity parameter η, as well as the scattering length
aBB in case ii. Experimentally, all these parameters depend
on the magnetic field B. However, essential for universal
Efimov physics is only the resonant enhancement of aAB near
a Feshbach resonance. In its sufficiently narrow vicinity the
other parameters can be assumed constant since their B de-
pendence is smooth. It is important to note that the assumption
of constant R0 and η is not directly related to the applicability
conditions of the zero-range approximation mentioned above.
In particular, all our derivations and formulas remain valid
for B-dependent R0 and η. However, these parameters are
assumed constant in Figs. 1 and 2.

A. Loss rate constant

Our system of interest is a mixture of A and B atoms, in the
gaseous nondegenerate regime where the thermal wavelength
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FIG. 2. K vs −1/aCsLi at T = 0 and T = 400 nK including
and excluding the CsCs interaction. Three-body and inelasticity
parameters are set to R0 = 130aBohr and η = 0.6, respectively.

022704-2

Figure IV.20. Variation of the three-body loss rate in a Li–Cs mixture, with and
without the Cs–Cs interaction, and for two different temperatures, T = 0 and
T = 400 nK. Figure taken from Petrov & Werner (2015) (see that article for the
parameters of the calculation).

a non-zero temperature tends to smooth out the resonances of the loss sig-
nal, and can also shift them relative to the T = 0 case. Similar results have
been obtained independently by Mikkelsen, Jensen, et al. (2015). In the
Ulmanis, Häfner, Pires, Werner, et al. (2016) paper, the Heidelberg group
presents experimental data taken at lower temperatures (120 nK) than in
the original 2014 experiments, which confirm the trends just described.

Following the experimental publications by theHeidelberg andChicago
groups, the study of themMM Efimov effect has been the subject of numer-
ous theoretical studies, in particular to go beyond the description of inter-
actions in terms of contact potential. Finite range effects have been studied
in particular by Zinner & Nygaard (2015), Acharya, Ji, et al. (2016), and
Wu, Han, et al. (2016).

Ulmanis, Häfner, Pires, Kuhnle, Wang, et al. (2016) have added an in-
teresting measurement on the Li–Cs mixture by repeating the initial exper-
iments around another Feshbach resonance located nearB = 889G. Under
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these conditions, the scattering length aCsCs = 190 a0 is positive, which
means that weakly bound Cs2 dimers can play a significant role. This leads
to the disappearance of the resonance for the ground Efimov state and a
change in the scaling factor to λ = 4.0 (3) [see also Häfner, Ulmanis, et al.
(2017)]. A detailed theoretical treatment of three-body relaxation in this
configuration, in particular the line shape likely to appear (Fano profile),
was proposed by Giannakeas & Greene (2018) and Giannakeas & Greene
(2021).

The two Feshbach resonancesmentioned so far for the Li–Cs pair (843G
and 889G) are broad resonances, for which the description of the interac-
tion in terms of a scattering length (with no significant contribution from
the effective range) is appropriate. Johansen, DeSalvo, et al. (2017) com-
pared the results obtained for the resonance at 889G and another, much
narrower resonance2 at 893G. One of the main conclusions of this study is
a very significant shift of the position of the resonance with respect to the
“naive” prediction. A complementary theoretical analysis of a narrow reso-
nance for the Li–Cs–Cs problem has recently been proposed by Li, Yudkin,
et al. (2022).

4 The universal trimers of Kartavtsev &Malykh

4-1 Back to the case of fermions

Wenow return to the casewhere the heavy particles are polarized fermions,
so that their accessible states must involve only the odd relative angular
momentum channels.

As we indicated in § 1-4, when we place ourselves at resonance, i.e. a =
±∞, two cases are possible for a zero-rangemM interaction:

• ForM/m greater than the critical value 13.606 966 · · · , infinitely many
states can appear in the ℓ = 1 channel in the potential α/R2 (α < 0)
that emerges from the problem. As for bosons, we need to introduce a
three-body parameter, in our approach the hard core atR0, to prevent the

2The parameters characterizing these resonances are sres = 0.66 forB = 843G and 889G,
and sres = 0.05 for B = 893G (cf. the 2021 lecture series, Chapter 6).

“fall to the center” and to ensure that the system admits a ground state
of finite negative energy. Above this ground state, we find infinitely
many bound states, with energies forming, to a very good approxima-
tion, a geometric sequence En+1 = En/λ

2.
• For M/m smaller than the critical value 13.606 966 · · · , no three-body

bound state exists for a = ±∞.

Following a seminal work by Petrov (2003) on three-body recombina-
tion in these systems, Kartavtsev & Malykh (2007) took up this problem
from the a > 0 side of the resonance and showed that the effective inter-
action resulting from the exchange of the light particle [described by the
potential (5) in the Born–Oppenheimer approximation] could give rise to
bound trimers for a mass ratio below the critical value 13.6. These trimers
are called universal because it is not necessary to introduce a three-body
parameter to define their energy (we will come back to this point in § 4-3).
Their binding energy depends only on the scattering length a characteriz-
ing themM interaction (recall that anyMM interaction is neglected here).

Recall also that we are assuming here anmM interaction characterized
only by the scattering length a, which in practice corresponds to the case
of a broad Fano–Feshbach resonance. The case of a narrow resonance with
1/a = 0 is discussed by Castin & Tignone (2011a).

4-2 Born–Oppenheimer approach

At a semi-quantitative level, the result of Kartavtsev & Malykh (2007) can
be recovered using the Born–Oppenheimer approach followed so far. We
place ourselves in the case of a mass ratio below the critical value of the
a =∞ case [i.e.M/m < 14.0 for the Born–Oppenheimer treatment, cf. (15)]
and ask the following question: can there be a bound state in the effective
potential created by the light particle, including the centrifugal barrier for
the wave ℓ = 1? Let us recall the expression of this total potential for a < 0:

a < 0, R < |a| : Vtot(R) = −
ℏ2

2m

ñ
1

|a| −
W
(
eR/|a|)

R

ô2
+

2ℏ2

MR2

a < 0, R > |a| : Vtot(R) =
2ℏ2

MR2
(34)
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Figure IV.21. Total potential (in units of ℏ2/ma2) for the channel ℓ = 1 in the
case a < 0, calculated using the Born–Oppenheimer approximation. From top to
bottom,M/m = 6, 9, 12.

and for a > 0:

a > 0 : Vtot(R) = −
ℏ2

2m

ñ
1

a
+
W
(
e−R/a

)

R

ô2
+

2ℏ2

MR2
. (35)

For a < 0, this potential is plotted in figure IV.21 for different values of
M/m. It is always a decreasing function ofR, which rules out the existence
of a bound state in this potential. Note that this potential is in any case
always greater than the potential obtained in the case a = ±∞ for the same
value of the ratioM/m. Since we know that there is no bound state in the
case a = ±∞, there can be none in the case a < 0 either.

The interesting situation is obtained for a > 0. As can be seen in fig-
ure IV.22, the potential Vtot(R) is not always a monotonic function of R. It
can have an absolute minimum when the ratio M/m exceeds ∼ 7, while
retaining a limit Vtot(R)→ +∞ when R → 0. When R →∞, the potential
Vtot(R) tends to −ℏ2/(2ma2), which corresponds to the energy of themM
dimer when it is far from the otherM particle.

This form of the potential for a > 0 opens up the possibility of obtaining
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Figure IV.22. Total potential (in units of ℏ2/ma2) for the channel ℓ = 1 in the
case a > 0, calculated using the Born–Oppenheimer approximation. From top to
bottom,M/m = 5, 8, 11.

bound states, i.e. states whose energy is strictly less than the energy of the
dimer−ℏ2/(2ma2). It is possible to use the Born–Oppenheimer approach to
determine the threshold onM/m above which such a bound state appears.
However, the result is very sensitive to the shape of the potential and it
is safer to use a precise numerical method, as was done by Kartavtsev &
Malykh (2007).

Note that even when the threshold for the existence of a bound state is
not reached, the non-monotonic form of the potential, with a local mini-
mum likely to host a quasi-bound state, can give rise to a scattering reso-
nance. This phenomenon was observed by Jag, Zaccanti, et al. (2014) for a
6Li–40K mixture (mass ratioM/m = 6.7).

4-3 Kartavtsev–Malykh results and extensions

Kartavtsev & Malykh (2007) used a treatment of the three-body problem
similar to that we shall see in the next chapter, involving the solution of
hyper-radial equations [see also Petrov (2003)]. For the case a > 0, they
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Low-energy three-body dynamics in binary quantum gases 1435

-5

-3

-1

8 10 12
m/m1

λ1 λ2 λc

E

E2c

E1c
13 13.4

-1.00

-1.06

-1.12

λ2 λc

E2c

Figure 2. Dependences of the bound-state energies (in units of the two-body binding energy) on the
mass ratio m/m1. The arrows mark the mass ratios λi , for which the ith bound state emerges from
the two-body threshold, the critical mass ratio λc and the bound-state energies Eic for m/m1 = λc .
In the inset, the excited-state energy is shown on a large scale.
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Figure 3. Calculated ground-state and excited-state energies (diamonds) for m/m1 ! λc fitted to
the square-root dependence E − Ec ∝

√
λc − m/m1 (lines).

3. Three-body bound states and near-threshold resonances

The dependences of the three-body binding energies on the mass ratio are determined by
solving a system of HREs with the zero asymptotic boundary conditions, fn(ρ) → 0 as ρ →
∞. The results of the calculations are shown in figure 2 and in table 1; it turns out that there are
zero, one and two bound states for 0 < m/m1 < λ1, λ1 ! m/m1 < λ2 and λ2 ! m/m1 ! λc,
respectively. The binding energies increase as the mass ratio increases to the critical value
λc; in the limit m/m1 → λc the energies tend to the finite values Eic (i = 1, 2) following
a square-root dependence Ei − Eic ∝

√
λc − m/m1, which is demonstrated in figure 3.

Note that this mass-ratio dependence comes from the expansion γ 2
1 (0) ∝ λc − m/m1 as

m/m1 → λc.
For the mass ratios λi , at which the three-body bound states arise, there are true bound

states at the threshold energy E = −1, whose wavefunctions are square integrable with a
power fall-off at large distances. Thus, to calculate the precise values λi , a system of HREs is
solved for E = −1 by using the power dependence of the first-channel function, f1(ρ) ∼ ρ−2

Figure IV.23. Energies of the “universal” bound states for the mMM problem
in the case where the M particles are non-interacting polarized fermions and the
scattering length a characterizing themM interaction is positive. The energies E
are measured in units of ℏ2/(2mra

2), and the abscissa is the ratioM/m (denoted
m/m1 here). Figure taken from Kartavtsev & Malykh (2007).

arrived at the following conclusions when the particles M are polarized
fermions:

• ForM/m < λ1 = 8.173, there is no bound state for themMM problem.

• For λ1 = 8.173 < M/m < λ2 = 12.917, there is (in the absence of an
additional three-body parameter, see § 4-3) one and only one bound
state, of energy α1 ℏ2/(2mra

2), with the dimensionless coefficient α1

plotted in figure IV.23 andmr = mM/(m+M).

• For λ2 = 12.917 < M/m < λc = 13.607, there are two bound states,
of energies αj ℏ2/(2mra

2), with the coefficients αj , j = 1, 2, plotted in
figure IV.23.

• For 13.607 < M/m, there can be an arbitrarily large number of bound
states when 1/a → 0+: this is the Efimov effect. Determining the en-
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3. Three-body bound states and near-threshold resonances

The dependences of the three-body binding energies on the mass ratio are determined by
solving a system of HREs with the zero asymptotic boundary conditions, fn(ρ) → 0 as ρ →
∞. The results of the calculations are shown in figure 2 and in table 1; it turns out that there are
zero, one and two bound states for 0 < m/m1 < λ1, λ1 ! m/m1 < λ2 and λ2 ! m/m1 ! λc,
respectively. The binding energies increase as the mass ratio increases to the critical value
λc; in the limit m/m1 → λc the energies tend to the finite values Eic (i = 1, 2) following
a square-root dependence Ei − Eic ∝

√
λc − m/m1, which is demonstrated in figure 3.

Note that this mass-ratio dependence comes from the expansion γ 2
1 (0) ∝ λc − m/m1 as

m/m1 → λc.
For the mass ratios λi , at which the three-body bound states arise, there are true bound

states at the threshold energy E = −1, whose wavefunctions are square integrable with a
power fall-off at large distances. Thus, to calculate the precise values λi , a system of HREs is
solved for E = −1 by using the power dependence of the first-channel function, f1(ρ) ∼ ρ−2
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Note that this mass-ratio dependence comes from the expansion γ 2
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m/m1 → λc.
For the mass ratios λi , at which the three-body bound states arise, there are true bound

states at the threshold energy E = −1, whose wavefunctions are square integrable with a
power fall-off at large distances. Thus, to calculate the precise values λi , a system of HREs is
solved for E = −1 by using the power dependence of the first-channel function, f1(ρ) ∼ ρ−2

Figure IV.24. Same caption as for figure IV.23. Figure taken from Kartavtsev &
Malykh (2007).

ergies of these bound states requires the introduction of a three-body
parameter, for example the hard-core radius R0.

The states found in the range 8.173 < M/m < 13.607 have a total angu-
lar momentum L = 1. They are called universal since their energy depends
only on the two-body problem mM and does not require the introduction
of an additional parameter related to the three-body problem. An enlarge-
ment of the energy behavior of these states in the vicinity of the critical
point λc is shown in figure IV.24.

To date, Kartavtsev–Malykh trimers have not been observed experimen-
tally. As indicated by Endo, García-García, et al. (2016), a well-suited sys-
tem could be a mixture of 6Li and 53Cr, both fermionic withM/m = 8.8.

Note on the absence of a three-body parameter. ForM/m > 8.619, Kar-
tavtsev &Malykh (2016) showed that, for the zero-range model used here,
there is an ambiguity in the definition of the three-particle wave function,
since two independent solutions, each square-integrable, are available. This
ambiguity is already present in the one-body problem in the 1/R2 poten-
tial. We have seen that the equation u′′(R)− α

R2u(R) = 0 has two solutions
u(R) = Rs±+1 with s± = −1

2 ±
»
α+ 1

4 . For −1/4 < α < 3/4, both solu-
tions are acceptable on the simple criterion of integrability at R = 0.

Kartavtsev & Malykh (2016) then introduced an additional parameter,
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which we denote by B3, to fix the amplitude of the s− solution, which di-
verges at R = 0, relative to the s+ solution, which converges at R = 0. The
original article by Kartavtsev &Malykh (2007), whose results we described
above, corresponded to the implicit choice B3 = 0. The spectra expected
when non-zero values of B3 are taken into account are given by Kartavt-
sev & Malykh (2016), since a third trimer may appear in a small region of
parameter space.

This problem was taken up again by Endo, Naidon, et al. (2012), then
more recently byNaidon, Pricoupenko, et al. (2022)with a potentialVmM of
non-zero range b. In this model, Naidon, Pricoupenko, et al. (2022) showed
that the zero-range limit for VmM leads naturally to the choiceB3 = 0, thus
to the results of Kartavtsev & Malykh (2007).

Endo, Naidon, et al. (2012) have shown the existence of a continu-
ous transition (crossover) towards non-universal trimers when the param-
eter a/b is varied. This approach based on a non-zero mM potential also
makes it possible to specify the conditions underwhichKartavtsev–Malykh
trimers can be observed and leads to a very narrow range of suitable scat-
tering lengths: a ≳ 100b (Naidon, Pricoupenko, et al. 2022). Naidon, Pri-
coupenko, et al. (2022) also took into account a possible direct p-wave inter-
action3 forMM , and showed that it can lead to the formation of additional
trimers, potentially easier to observe.

Finally, it should be noted that Endo, García-García, et al. (2016) have
shown that the interaction between Kartavtsev–Malykh trimers is repulsive
at low energies: it is therefore possible to form a stable Fermi-liquid phase
with them if the m particle is itself a fermion, provided that M/m ≲ 9.5.
Blume (2012) has indeed found that beyond this value, the formation of an
mMMM tetramer (also universal) can become energetically favorable.

3The problem of three identical polarized fermions interacting only in the pwave has been
treated by Jona-Lasinio, Pricoupenko, et al. (2008).
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Chapter V

The Efimov problem for three identical bosons

In this chapterwe discuss the “real” Efimov effect, as studied in the orig-
inal publication by Efimov (1970). We consider three identical particles,
which we will assume to be of spin zero or polarized bosons, and we are
interested in the situation where only the binary interaction between par-
ticles is relevant. We assume that this interaction is characterized by the
scattering length a (positive or negative) and focus on the case where |a| is
very large compared with the range b of the potential.

In the following treatment, we will in fact take a potential of zero
range (the pseudo-potential), treating the interactions via the Bethe–Peierls
boundary conditions that we have already encountered in previous chap-
ters. The slightlymore general case of a separable binary potential is briefly
dealt with in the appendix.

The result found by Efimov is remarkable: for a = ±∞, while there is
no two-body bound state (at least in the pseudo-potential model), we find
infinitelymany three-body bound states, with energies forming a geometric
sequence. As already explained, this geometric sequencemust be truncated
on the side of very negative energies, since we require this system to have
a ground state. This requires the introduction of a three-body parameter
that we will call R0.

Once the three-body parameter is fixed, the entire spectrum of the prob-
lem can be deduced (figure V.1). On the a < 0 side, when we decrease
the value of |a|, we see the different trimer states disappear one after the
other because their binding energy vanishes. On the a > 0 side, when we

decrease the value of a, the trimer states enter into competition with the
“dimer plus free particle” state, and they too eventually disappear. Efi-
movian physics is therefore truly a physics of scattering resonance, in the
vicinity of the point a = ±∞.

Unlike the mMM case, for which the Born–Oppenheimer approxima-
tionmade it possible to carry out practically all the calculations analytically,
the case of three identical particles is much more complicated to deal with.
In what follows, we will first give details of the solution in the strictly reso-
nant case, whichwill allow us to return to the 1/r2 interaction that has been
the guiding principle throughout this year’s course. We will then outline
the treatment away from resonance, but without carrying out the explicit
calculations, which in any case require a substantial numerical effort if rea-
sonable accuracy is to be obtained.

In his work in the 1970s, Efimov envisaged an application of his model
to nuclear physics. In particular, he mentioned an assembly of three α par-
ticles (two protons, two neutrons) that could form an excited state of the
12C carbon nucleus. It turned out that the resonance conditions needed to
reach |a| ≫ b (where b is the range of the two-body potential) were not
met in this case. It was not until 1994 that the helium trimer was observed
(Schöllkopf & Toennies 1994), a state that (almost) qualifies as an Efimov
trimer, followed by experiments on gases of cold atomswith the pioneering
work of R. Grimm’s group in Innsbruck (Kraemer, Mark, et al. 2006).

As we wrote above, we will not carry out all the calculations here to ar-
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 E

1/a

a < 0 a > 0
a = ± ∞

trimère n

trimère n + 1 Edimère

a × 22.7

E/(22.7)2

Figure V.1. Schematic diagram of the spectrum of dimers and trimers, for a zero-
range interaction described by the scattering length a. The introduction of a three-
body parameter R0 is necessary to fix the position of the levels on the vertical axis
(1/a = 0). The rest of the diagram follows universally from this.

rive at the final energy diagram. These calculations can be found in several
review articles written over the last twenty years, including those used as
a basis for this chapter: Nielsen, Fedorov, et al. (2001), Braaten & Ham-
mer (2006), Naidon & Endo (2017), Greene, Giannakeas, et al. (2017) and
D’Incao (2018).

1 Parameterization of space

In all its generality, the three-body problem in three-dimensional space con-
sists of finding the eigenfunctionsΨ(r1, r2, r3) of theHamiltonian, depend-
ing on nine space variables. It is of course impossible to tackle such a prob-

lem head-on, and it is imperative to take into account the various symme-
tries of the system in order to simplify it.

To begin with, we can let ourselves be guided by the solution of the two-
body problem: starting from the six space variables {r1, r2}, the separation
into center-of-mass and relative variables

{r1, r2} −→ {R12, r12} (1)

with
R12 =

1

2
(r1 + r2) , r12 = r1 − r2, (2)

reduces the problem to the three components of r12, since themotion of the
center of massR12 is that of a free particle. Then, by taking into account the
rotational symmetry of the two-body interaction, the problem is reduced to
a one-dimensional one, involving only r12 = |r12|.

For the three-body problem, things are not so simple. Separating off
the motion of the center of mass allows us to go from nine to six variables,
but it is then difficult to simplify the general problem any further. We will
see in this section, however, that for a zero-range interaction described by
the Bethe–Peierls boundary condition, the nine-variable problem can be re-
duced to one with only two variables.

1-1 Bethe–Peierls boundary condition

We consider three particles of mass m interacting in pairs via the pseudo-
potential associated with the scattering length a. This interaction is taken
into account using the Bethe–Peierls boundary conditions, which impose
the behavior of the total wave functionΨ(r1, r2, r3)when two particles ap-
proach each other. For example, when the position of particle 3 is fixed as
well as the midpoint R12 of the segment (1-2), and when the distance r12
tends towards 0 (figure V.2), we impose:

r12 → 0 : Ψ(r1, r2, r3) =

Å
1

r12
− 1

a

ã
Φ(R12, r3) +O(r12). (3)

In an expansion in powers of r12, the Bethe–Peierls condition therefore im-
poses a relation between the first two coefficients of the expansion, that of

84



Chapter V – The Efimov problem for three identical bosons § 1. Parameterization of space

1 2

3

Figure V.2. An example of a situation where the Bethe–Peierls boundary condition
(3) comes into play.

(r12)
−1 and that of (r12)0, without constraining the subsequent coefficients

[terms in (r12)
n with n ≥ 1].

Once the Bethe–Peierls boundary condition has been imposed, the
Hamiltonian governing the evolution of the three particles is purely kinetic.
The search for eigenstates of the three-body system therefore involves solv-
ing the eigenvalue equation:

− ℏ2

2m

Ñ
3∑

j=1

∇2
rj

é
Ψ = E Ψ. (4)

1-2 Jacobi coordinates

Aswith the two-body problem, the total system is translationally invariant.
We can therefore separate the motion of the center of mass

R123 =
1

3
(r1 + r2 + r3) , (5)

which is that of a free particle of mass 3m, from the relative motion of the
three particles. There is no simple choice of relative coordinates that fully

O

R12

1

2

3

√
3
2 ρ3

r12

Figure V.3. One of the Jacobi coordinate systems for the three-body problem. We
have chosen here the one that singles out the (1, 2) pair.

respects the symmetry between the three particles. Here we will use the
Jacobi system (see figure V.3). By singling out particle 3 with respect to the
pair (1, 2), this system amounts to the change of variables

{r1, r2, r3} −→ {R123, r12,ρ3} (6)

whereR123 and r12 have already been defined above and where
√
3

2
ρ3 = r3 −R12. (7)

The reason for the coefficient
√
3/2will appear in a moment1.

1We have adopted the same coordinate system as Naidon & Endo (2017). There is also a
choice in the literature [see for example Greene, Giannakeas, et al. (2017)] corresponding to
a different “distribution” of this factor

√
3/2, which consists in setting

r̃12 =

Ç√
3

2

å1/2

(r1 − r2) ρ̃3 =

Ç√
3

2

å−1/2

(r3 −R12) , (8)

so that the Delves and Jacobi angles are unchanged, and the corresponding hyperradius reads
R̃2 = r̃212 + ρ̃23 =

√
3

2
R2 where R is defined in (29). For the term associated with the hyper-
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Once the coordinates have been chosen, we need to rewrite the eigen-
value equation (4). A simple calculation gives the sum of the Laplacians

3∑

j=1

∇2
rj

=
1

3
∇2

R123
+ 2
Ä
∇2

r12
+∇2

ρ3

ä
. (10)

The term in 1
3∇2

R123
corresponds to the kinetic energy of the center of mass.

Themotion of the center of mass is not affected by the Bethe–Peierls bound-
ary condition and its eigenfunctions are plane waves eiK·R123 of energy
ℏ2K2/6m. In all that follows, we assume that we have placed ourselves in
the frame of the center of mass of the three-body system, which amounts
to choosing K = 0, and we omit the contribution 1

3∇2
R123

. From now on,
we thus work with the unknown functionΨ(r12,ρ3), which is a solution of

−ℏ2

m

Ä
∇2

r12
+∇2

ρ3

ä
Ψ = E Ψ (11)

which must be solved taking into account the Bethe–Peierls boundary con-
ditions. Note the advantage of the factor

√
3/2 in the definition (7) of ρ3,

which yields a form of the Laplacian that is symmetric in the two variables
r12 and ρ3.

The three Jacobi coordinate systems. As we have said, there is no simple
choice of coordinate system that respects the symmetry between the three
particles. The choice {r12,ρ3} made above singles out particle 3. We can
of course make equivalent choices by singling out particle 1: {r23,ρ1}, or
particle 2: {r31,ρ2}. In what follows we will need the formulae for passing
from one of these coordinate systems to another (rotation angle ±2π/3):Å

r23
ρ1

ã
=

Ç
−1/2 −

√
3/2

+
√
3/2 −1/2

åÅ
r12
ρ3

ã
(12)

and Å
r31
ρ2

ã
=

Ç
−1/2 +

√
3/2

−
√
3/2 −1/2

åÅ
r12
ρ3

ã
. (13)

radius in the Hamiltonian [see for example (32)], we must then make the substitution:

−ℏ2

m

∂2

∂R2
−→ − ℏ2

2µ

∂2

∂R2
with µ = m/

√
3. (9)

When it comes to imposing the Bethe–Peierls boundary conditions, we will
have to take, for example, the limit r12 → 0, keeping R12 and r3 fixed,
which will lead to the following for the other two coordinate systems:

r23 → −
√
3

2
ρ3, ρ1 → −

ρ3

2
(14)

and
r31 →

√
3

2
ρ3, ρ2 → −

ρ3

2
. (15)

1-3 Faddeev components

Fixing a parameterization of space by one of the three sets of Jacobi coor-
dinates, (r12,ρ3) for example, and then looking directly for the eigenfunc-
tions Ψ(r1, r2, r3) ≡ Ψ(r12,ρ3) leads to difficult calculations, even for the
zero-range potential considered here. One reason for this is that this choice
of coordinates, which singles out particle 3, is not “democratic”, to use the
expression of Nielsen, Fedorov, et al. (2001). More prosaically, it does not
facilitate consideration of the Bethe–Peierls boundary conditions for each of
the three possible pairs. For the pair (1, 2), this boundary condition in the
coordinate system (R12, r12,ρ3) is of course very simple, since it involves
taking the limit (figure V.2):

Pair (1, 2) : r12 → 0 with R12, ρ3 constant. (16)

But taking into account the boundary condition for the pairs (2, 3) and (3, 1)
is less immediate.

To make it easier to take account of the three boundary conditions si-
multaneously, we will look for the Ψ function in the form:

Ψ(r1, r2, r3) = χ(r12,ρ3) + χ(r23,ρ1) + χ(r31,ρ2), (17)

where we have introduced the two Jacobi coordinate systems singling out
particle 1 and particle 2 respectively. The function χ(r,ρ) is called a Fad-
deev component and its precise construction is detailed in the appendix
to this chapter (§ 5). The structure of equation (17) has the merit of be-
ing symmetric by construction under exchange of the three particles, which
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is necessary since we are interested here in the problem of three identical
bosons2.

In this form, each of the three functions χ(rij ,ρk) appearing in (17)
“takes charge” of the short-range divergent behavior of the wave function
for the pair (i, j). Specifically, we impose

χ(r,ρ) diverges as 1

r
when r → 0. (18)

We will therefore use the expansion

r → 0 : χ(r,ρ) =
A(ρ)

r
+B(ρ) +O(r) (19)

with the coefficients of r−1 and r0 calculated from:

A(ρ) = lim
r→0

[r χ(r,ρ)] B(ρ) = lim
r→0

ï
∂ (r χ(r,ρ))

∂r

ò
. (20)

Aswe indicated above, the Bethe–Peierls boundary condition relates the
dominant term in 1/rij to the next order of the expansion, the constant term
in −1/a. More precisely, in the limit r12 → 0:

Term in (r12)
−1

: lim
r→0

[r χ(r,ρ3)] (21)

and for the term in (r12)
0:

lim
r→0

ï
∂ (r χ(r,ρ3))

∂r

ò
+ χ(−

√
3

2
ρ3,−

1

2
ρ3) + χ(+

√
3

2
ρ3,−

1

2
ρ3) (22)

where we have used the limit on the various Jacobi coordinates given in
(14-15).

For our problem, the Bethe–Peierls boundary condition therefore reads,
for any value of ρ,

lim
r→0

ï
∂ [rχ(r,ρ)]

∂r

ò
+ χ(−

√
3

2
ρ,−1

2
ρ) + χ(+

√
3

2
ρ,−1

2
ρ) = −1

a
lim
r→0

[rχ(r,ρ)]

(23)
2There may exist situations in which each Faddeev component is well defined, but

χ(r12,ρ3) + χ(r23,ρ1) + χ(r31,ρ2) = 0. One then speaks of spurious solutions (Nielsen,
Fedorov, et al. 2001). We will not encounter any here.

Furthermore, the function χ(r,ρ) satisfies an eigenvalue equation identical
to (11):

−ℏ2

m

(
∇2

r +∇2
ρ

)
χ(r,ρ) = E χ(r,ρ) (24)

which corresponds, as already mentioned, to a purely kinetic energy since
interactions are taken into account here via the boundary condition (23).

1-4 Hyperradius and Delves angle

At this stage, equation (11), or its counterparts for the other two Jacobi co-
ordinate systems, is an equation in six space variables, which can be param-
eterized in many ways once a Jacobi coordinate system has been adopted.
We will use the following choice3 which specifies the size and shape of the
triangle formed by the three particles and then defines the orientation of
this triangle in three-dimensional space:

• The hyperradius R, defined by

R2 = r212 + ρ23 =
2

3

(
r212 + r223 + r231

)
, (29)

3Another choice commonly used in the literature to deal with non-zero-range potentials is
to use R, the three Euler angles, and the two angles θ and φ defining the coordinates rij [see
for example Greene, Giannakeas, et al. (2017)]:

rij =
R√
2
[1 + sin θ sin(φ+ νij)]

−1/2 (25)

with νij = −π/6,−5π/6,+π/2 for (i, j) = (1, 2), (2, 3), (3, 1). The kinetic energy operator
then reads Ĥkin = T̂R + T̂1 + T̂2 + T̂3, with T̂R unchanged with respect to (32) and

T̂1 = − 4ℏ2

mR2

1

sin(2θ)

∂

∂θ
sin(2θ)

∂

∂θ
(26)

T̂2 = − 2ℏ2

mR2

1

sin2(θ)

Å
i
2∂

∂φ
− 1

2ℏ
cos θĴz

ã2
(27)

T̂3 =
2Ĵ2

x

mR2(1− sin θ)
+

2Ĵ2
y

mR2(1 + sin θ)
+

2Ĵ2
z

mR2
. (28)

where Ĵ is the total angular momentum of the system. In the angular momentum subspace
J = 0, the dependence on the Euler angles disappears and the eigenstates of the Hamiltonian
are functions of the three variables R, θ, φ (D’Incao & Esry 2005a).
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provides information about the nature of the grouping of the three par-
ticles: R becomes large as soon as one particle moves away from the
other two; a small value of the hyperradius is therefore obtained if,
and only if, the three particles are close to each other. Note that the
hyperradius (29) is identical for the three Jacobi coordinate systems,
since it makes the three variables r1, r2, r3 play identical roles.

• The Delves angle α is defined by
r12 = R sinα, ρ3 = R cosα, 0 ≤ α ≤ π/2. (30)

Strictly speaking, we should denote this Delves angle by α3, since it
gives information about the position of particle 3 relative to the pair
1–2. We can of course also define α1 and α2, but we will not need them
in what follows4. The Delves angle indicates whether we are dealing
with a rather elongated triangle (small values ofα) or a rather flattened
triangle (α close to π/2). More precisely, if α ≡ α3 is close to 0, particle
3 is far from the pair 1–2; if α is close to π/2, particle 3 is close to the
midpoint of 1–2 (see figure V.4). On the other hand, when α is close to
π/4, the shape of the triangle is not well defined: it may be elongated
if particle 3 is close to 1 or 2, or quasi-equilateral.

• The Jacobi angle β = (r̂12, ρ̂3) (which should also have an index 3 to
remove any ambiguity). Knowing the hyperradius and the two angles
α and β makes it possible to completely specify the size and shape of
the triangle formed by the three particles (figure V.5).

• The three remaining angular parameters correspond to the three Euler
angles needed to specify the orientation of this triangle in space.

Once we have defined the coordinate system (R,α,Ω), whereΩ denotes
collectively the Jacobi angle β and the three Euler angles, we can write the
kinetic Hamiltonian −(ℏ2/m)

(
∇2

r +∇2
ρ

) involved in (24) in a relatively
compact form (Pack & Parker 1987; Yuen 2020):

Ĥkin = T̂R + T̂α + T̂Ω (31)
with, for the hyperradial part,

T̂R = −ℏ2

m

1

R5

∂

∂R
R5 ∂

∂R
, (32)

4Note the remarkable relation sin2 α1 + sin2 α2 + sin2 α3 = 3/2.
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2

3

1

2

α = π/12

α = π/4

α = 5π/12

Figure V.4. Three possible configurations for the same hyperradiusR and different
Delves angles α. The positions of particles 1 and 2 are not completely determined
by the knowledge of R and α: we only know that they lie on the dotted circle, dia-
metrically opposite each other.
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Figure V.5. Determining the shape of the triangle formed by the three particles
from the parameters R,α, β.

and for the Delves angle part:

T̂α = − ℏ2

mR2

1

sin2(2α)

∂

∂α
sin2(2α)

∂

∂α
. (33)

We will not write here the explicit form of T̂Ω as a function of the angle β
and the Euler angles, but we simply give its structure in terms of the two
operators L̂ and Ĵ , where L̂ denotes the angular momentum of the dimer
aligned along r and Ĵ the total angular momentum of the three bodies:

T̂Ω =
1

mR2

[ (Ĵ − L̂)2

cos2 α
+

L̂
2

sin2 α

]
. (34)

When the interactions between the particles are described by any binary
potential V (rij), the distances rij involve R, α and β. The same applies to
the eigenstates of the total Hamiltonian (kinetic plus interactions), so that
the three terms T̂R, T̂α and T̂Ω all give a non-trivial contribution. In the case
of an interaction described by the pseudo-potential, since the Hamiltonian
is purely kinetic, we can immediately place ourselves in the eigensubspace
corresponding to J = L = 0, which is the only one to give rise to the Efimov
effect.

We therefore restrict the search for functions χ(r,ρ) to functions of R
and α only (or equivalently of r = R sinα and ρ = R cosα only). Further-
more, given the structure of T̂R and T̂α, it is convenient to make the change

of function
χ(r, ρ) =

Φ(R,α)

R5/2 sin(2α)
(35)

and we arrive at the eigenvalue equation:

−ℏ2

m

ï
∂2R +

1

R2

Å
∂2α +

1

4

ãò
Φ(R,α) = E Φ(R,α) (36)

We still need to specify the boundary conditions to be imposed on Φ(R,α).
First of all, it should be noted that the change of function (35) requires

the behavior of Φ(R,α) to be clearly defined at the zeros of sin(2α) in the
denominator, i.e. at α = 0 and α = π/2:

• When α → 0 at constant R, the variable r = R sinα tends to 0 and
we know that χ(r, ρ) must diverge as 1/r. It is therefore sufficient to
require Φ(R,α) to be regular at α = 0; it need not vanish at this point.

• When α → π/2 at constant R, the variable ρ = R cosα tends to 0,
whichmeans that particle 3 comes to sit at themidpoint of the segment
1–2 (figure V.4). The function χ(r, ρ) is regular at this point5, and it is
therefore necessary to require that the numerator of (35) vanish at least
linearly in α− π/2 at this point:

Φ(R,
π

2
) = 0 (37)

Moreover, the boundary condition (23) translates intoï
∂Φ(R,α)

∂α

ò
α→0

+
8√
3
Φ
(
R,

π

3

)
= −R

a
Φ(R, 0) (38)

The contribution of α = 0 corresponds to the case where particles 1 and 2
move towards each other (figure V.6, left), and the contribution α = π/3
corresponds to the case where particle 3 can come into contact with either
particle 1 or particle 2 (figure V.6, right).

5Unless R → 0, but this case, in which the three particles coincide, is “of zero measure”.
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1 2

3

α→ 0
1 2

3

α = π/3

Figure V.6. The two values of the Delves angle α that can bring one particle on top
of another, and thus enter the Bethe–Peierls boundary condition (38).

2 The solution in the resonant case

2-1 Separation of variables for a = ±∞

The structure of the eigenvalue equation (36) lends itself well to the search
for eigenfunctions in factorized form of the type g1(R) × g2(α). But the
boundary condition (38) is generally not compatible with this factoriza-
tion. There are nevertheless two cases where this factorization is possible,
the resonant case a = ±∞ and the non-interacting case a = 0. We will con-
centrate here on the resonant case and then check that the non-interacting
case gives the expected (trivial) result.

Let us place ourselves in the resonant case and look for a solution of
(36-37-38) in the form

Φ(R,α) = ϕ(R) F (α). (39)

Thanks to the choice a =∞, the boundary conditions (37-38) do not involve
the unknown function ϕ(R), but only F (α):

F (π/2) = 0 (40)

and ï
dF

dα

ò
α→0

+
8√
3
F (π/3) = 0. (41)

The eigenvalue equation (36) reads

−
ï
d2ϕ

dR2
+
ϕ(R)

4R2

ò
F (α)− ϕ(R)

R2

d2F

dα2
=
mE

ℏ2
ϕ(R) F (α). (42)

The procedure is then standard. One first solves the eigenvalue equation
for one of the unknown functions, in this case F (α):

−d2F

dα2
= s2 F (α) (43)

where the (real) eigenvalue s2 must be chosen so as to satisfy the boundary
conditions (40-41). The result obtained is then inserted into (42) to deter-
mine the solution for the hyperradius:

− d2ϕ

dR2
+
s2 − 1/4

R2
ϕ(R) = ϵϕ(R) with ϵ =

mE

ℏ2
(44)

Here again we find a one-dimensional Schrödinger equation in the 1/r2
potential! The question we address in the next section is whether the co-
efficient s2 can be negative, so that this potential is attractive and can give
rise to bound states.

2-2 Angular equation and the Efimov effect

The solution of the eigenvalue equation for the angular variable,F ′′+s2F =
0with s2 real (positive, negative or zero), compatible with the first bound-
ary condition F (π/2) = 0, reads, up to a multiplicative constant,

F (α) = sin
[
s(
π

2
− α)

]
. (45)

We insert this form into the second boundary condition (41):

s cos(sπ/2) =
8√
3
sin(sπ/6) (46)
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Figure V.7. Left: search for the solutions of (46) with s2 < 0, with this equation
rewritten in the form (48) for the variable |s|; it has a unique solution given by
(47). Right: search for the solutions of (46) with s2 > 0. On each graph, the blue
and red curves correspond respectively to the left- and right-hand sides of equations
(46) and (48).

where s is real or pure imaginary.
The numbers s satisfying (46) come in pairs (s, −s), the solution s = 0

having to be discarded, since it leads to an identically vanishing function
F (α). A simple numerical study shows that equation (46) has two types of
solution (see also the graphical solution in figure V.7):

• A pair of purely imaginary solutions

s0 = ±i |s0| with |s0| = 1.00624 · · · (47)

equation (46) then being rewritten as

|s0| cosh(|s0|π/2) =
8√
3
sinh(|s0|π/6) (48)

where all the quantities are real. The equation for the hyperradius then
reads

− d2ϕ

dR2
− |s0|

2 + 1/4

R2
ϕ(R) = ϵ ϕ(R) (49)

• An infinite family of solutions ±sj with sj real and positive, j ≥ 1.

Aswe have seen several times in previous chapters, the condition for the
eigenvalue equation (44) on the variable R to admit a bound state, i.e. an
eigenvalue ϵ < 0, is that the coefficient of the term in 1/R2, here s2−1/4, be
strictly less than −1/4. Hence s2 must be negative, which selects one and
only one type of solution, s0 = ±i|s0|, leading to the eigenvalue equation
(49).

Once this solution has been identified, the whole procedure developed
in the previous chapters applies withoutmodification. From equation (49),
we know that:

• It is necessary to introduce a boundary condition at small values of R,
for example a hard core at R0, to prevent the “fall to the center”. We
thus obtain a ground state of energy E0 < 0, whose wave function
ϕ(R) has no node other than at R0.

• Once this condition has been imposed, we obtain infinitely many
bound states whose energies form, to a very good approximation, a
geometric sequence

En

En+1
≈ λ2 with λ = eπ/|s0| ≈ 22.7, λ2 ≈ 515 (50)

• The zero-energy wave function is log-periodic:

ϕ(R) = sin [|s0| ln(R/R0)] (51)

andwe find this structure for the bound states as well, as long as we re-
strict ourselves to values ofR small compared with their outer turning
point.

Note that the angular wave function F (α) found in (45), which can be
rewritten as sinh

[
|s0|(π2 − α)

] in the Efimovian case, is relatively sharply
peaked around α = 0, which indicates that the trimers obtained in this case
have the shape of an elongated triangle, as shown in figure V.8 (Naidon &
Endo 2017).
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Figure V.8. A typical configuration of an Efimov trimer, corresponding to a small
value of the Delves angle α, and therefore an elongated triangle. The state of the
three particles is invariant under rotation, which is represented by the red halo.
The three blue dots represent a possible (and relatively probable, given a global
rotation) result of a measurement of the positions.

2-3 Consistency check: the case without interaction

Wewere able to solve the eigenvalue problem (36-37-38) in the case a =∞
because it was possible to find the solutions in a factorized form. There is
another situation where this is also the case: a = 0. We will now check that
the expected results are obtained in the absence of interaction.

When the scattering length vanishes (or, more precisely, tends to 0 from
below), i.e. when the particles do not interactwith each other, the boundary
condition (38) imposes

a = 0 ⇒ Φ(R, 0) = 0. (52)
Here again we look for the solutions of (36) in the factorized form

Φ(R,α) = ϕ(R) F (α) (53)
with boundary conditions (37-53):

F (0) = 0, F (π/2) = 0. (54)

Here too, the function F (α) must be a solution of the eigenvalue equation
F ′′ + s2F = 0, and the boundary conditions (54) lead immediately to

F (α) = sin(sα) with s = 2j, j ∈ N∗. (55)

We insert this form into (36) to deduce the equation satisfied by ϕ(R):

− d2ϕ

dR2
+

4j2 − 1/4

R2
ϕ(R) = ϵ ϕ(R). (56)

This corresponds to a Schrödinger equation for the repulsive (centrifugal-
type) potential (4j2 − 1/4)/R2. All the eigenvalues ϵ are therefore non-
negative, and there is no bound state in this case. This is of course the
expected result in the absence of interaction.

3 The solution in the general case

3-1 Separation of angular and radial variables

When the scattering length a is neither zero nor infinite, taking into account
the boundary condition (38) requires the manipulation of two-variable
functions, which is numerically complicated.

In practice, a powerful approach is to assume, in a first step, that R is
a fixed parameter in order to solve the angular problem described by the
variable α, and then, in a second step, to insert the result into the equation
for R. The underlying physical idea is that the Delves angle α is a fast vari-
able and the hyperradius a slow variable, which allows the corresponding
approximations to be made in the second step.

Mathematically, this approach is made possible by the fact that the
boundary condition (38) is local in R, i.e. it involves only the values of
the function Φ(R,α) at a given point R, but not its partial derivatives with
respect to R.

We therefore seek to solve (36) with boundary conditions (37-38) by
writing the solution in the form

Φ(R,α) =
∑

i

ϕi(R) Fi(α;R) (57)
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where Fi are functions of α at R fixed, solutions of the eigenvalue equation

−d2Fi(α;R)

dα2
= s2i (R) Fi(α;R) (58)

and satisfying the boundary conditions (37-38), always at fixed R.
Once the set of eigenfunctions Fi and eigenvalues s2i is known, we insert

the form (57) into the eigenvalue equation (36) and obtain an infinite set
of coupled equations for the ϕi(R):

−d2ϕi
dR2

+
s2i (R)− 1/4

R2
ϕi(R) +

∑

j

Ôij(R)ϕj(R) = ϵ ϕi(R). (59)

The operators Ôij(R) have a structure which is usual in the adiabatic ap-
proximation formalism; they involve the scalar products of the functions
Fi(α;R) andFj(α;R) and their derivativeswith respect toR. They describe
the “rotation” of the basis vectors on which the expansion is performed, i.e.
the R dependence of the angular functions Fi. The term i = j corresponds
to a geometric potential (scalar and vector) that adds to the hyperspherical po-
tential [s2i (R)− 1/4]/R2 appearing in the evolution (59) of the wave func-
tion ϕi(R). The off-diagonal terms i ̸= j describe couplings between the
different channels.

We will not discuss in this chapter the form of the operators Ôij(R) [see
for example Braaten & Hammer (2006), eqs. (114)-(116) for a detailed ex-
pression], but we will come back to it in the next chapter when discussing
the value of the three-body parameter for a van der Waals interaction.

At resonance, or for zero interaction (see the previous section), the func-
tions Fi(α;R) are in fact independent of R, and all the Ôij(R) then vanish.
Away from these particular values of the scattering length a, the operators
Ôij(R) are non-zero and, depending on the accuracy required in the nu-
merical calculation, a certain number of them can be taken into account.
To lowest order, the hyperspherical adiabatic approximation consists in ne-
glecting all the operators Ôij(R) and keeping only

−d2ϕi
dR2

+
s2i (R)− 1/4

R2
ϕi(R) ≈ ϵ ϕi(R) (60)

All the physics of the problem—at least for the zero-angular-momentum
states towhichwe have restricted ourselves—is then contained in the eigen-
values s2i (R) of the angular problem, which define the hyperspherical po-
tentials.

3-2 Hyperspherical potentials

The search for eigenvalues s2i (R) and eigenfunctions Fi(α;R) for the eigen-
value equation (58) with boundary conditions (37-38) is carried out in the
same way as for the resonant case in § 2. We look for the eigenfunction at
fixed R in the form

F (α;R) = sin
[
s(R)

(π
2
− α

)]
(61)

which automatically ensures that F is a solution of F ′′ + s2F = 0 with
the boundary condition F (π/2;R) = 0. Taking into account the boundary
condition (38) imposes:

−s cos(sπ/2) + 8√
3
sin(sπ/6) = −R

a
sin(sπ/2) (62)

which is solved numerically for each value of R/a.
Here we are interested in the smallest eigenvalue s2min(R) of (58):

• For a > 0, this eigenvalue is negative for all values of R, so smin(R) is
pure imaginary.

• For a < 0, s2min(R) is negative for small values of R (R ≲ |a|) and
s2min(R) is positive for larger values.

The variation of s2min(R) in these two cases is shown in figure V.9 (top)
[see also figures 4 and 5 in Nielsen, Fedorov, et al. (2001)]. Note that the
two solutions for a > 0 and a < 0 tend to −|s0|2 when R ≪ |a| with |s0| =
1.00624 · · · , which recovers the case a = ±∞ discussed in the previous
section andwhich gives rise to the Efimov effect. Whenwe take the opposite
limitR≫ |a| for a < 0, we find the result s = 2 corresponding to the lowest
value of the casewithout interaction [cf. (55)]. WhenR≫ awith a > 0, the
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Figure V.9. Top: the first eigenvalue s2min(R) for a > 0 (solid blue curve) and for
a < 0 (dashed red curve). The two dotted lines indicate the zero-interaction limit
(s = 2, see (55)) and the resonant case s0 = i× 1.00624. Bottom: the associated
hyperspherical potential Vhyp(R) = [s2min(R)− 1/4]/R2, in units of ℏ2/ma2. In
the case a > 0, we recover the dimer energy−ℏ2/ma2 in the limitR→∞ (dotted
line).

value s2min(R) tends to −∞, corresponding to the formation of the bound
state of the dimer.

Figure V.9 (bottom) shows the associated hyperspherical potentials:

Vhyp(R) =
ℏ2

m

s2min(R)− 1/4

R2
(63)

For R ≪ |a|, the fact that s2min(R) tends to −(1.00624)2 means that we re-
cover the potential in 1/R2 of the resonant case. At large values of R, V (R)
tends to 0 for a < 0 and to the energy of the bound state of the dimer,
−ℏ2/ma2, for a > 0.

We have concentrated here on the smallest eigenvalue s2min(R) of (58).
All the other eigenvalues are strictly positive (whatever the sign of a) and
they lead forR≪ a to a repulsive hyperspherical potential varying as 1/R2

(Braaten & Hammer 2006). Consequently, only the potential associated
with the lowest eigenvalue can give rise to “universal” three-body bound
states.

3-3 Universality for the three-boson problem

Once we have fixed the three-body parameter which regularizes the prob-
lem for a = ±∞, we can use the hyperspherical formalism to determine the
variations with a of the eigenstates of the system.

The general form of this variation is very similar to that found in the
previous chapter in the Born–Oppenheimer approximation for the mMM
problem. We find a series of energy branches corresponding to the different
bound states of the trimer. As in the mMM case, the diagram possesses a
remarkable scale invariance: the knowledge of one branch in the (1/a,E)
plane allows us to deduce all the others by a simple homothety with center
(0, 0). The only difference from themMM case is that the homothety ratio
is now fixed, and determined by λ = eπ/|s0| with |s0| = 1.00624, whereas it
was a function ofM/m in the previous case.

We have plotted in figure V.10 this energy branch for one of the trimer
states, in the (

√
1/|a|, |E|1/4) coordinate system already used in Chap-

ter 4 for the mMM problem. The solid curve is the result of an accu-
rate numerical calculation (Braaten, Hammer & Kusunoki 2003; Naidon
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Figure V.10. Solid curve: accurate numerical calculation of the energy branch
E(n) of the nth Efimov trimer as a function of 1/a. Dotted line: solution of the
one-channel Schrödinger equation (60) for the hyperspherical potential (63). The
scattering length a and the energy E(n) are defined here up to a multiplicative con-
stant, which depends on the three-body parameterR0. The red line on the a > 0 side
represents the dimer of energy E = −ℏ2/ma2. The energy branch of the (n+1)th
trimer can be deduced from this curve by a homothety of center O and ratio 1/λ.
The solid curve was plotted using the parameterization provided byNaidon& Endo
(2017) [their equation (2.40)].
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Figure V.11. The energies of the Efimov trimers in the vicinity of a resonance as a
function of 1/a. The red line on the a > 0 side represents the dimer with energy
E = −ℏ2/ma2.

& Endo 2017). The dotted curve represents the solution of the one-channel
Schrödinger equation (60), taking into account only the hyperspherical po-
tential Vhyp(R) of the lowest channel given in (63) and plotted in figure V.9.
We can see that this one-channel approximation, which amounts to neglect-
ing the contributions of all the Oij operators, is excellent for our model of
a zero-range binary interaction.

Figure V.11 also shows a representation of the stacking of the different
branches. Let us summarize the main features of these two diagrams:

• On the a < 0 side of the resonance, we find the thresholds a(n)− ,
n = 0, 1, · · · , for the appearance of the trimers, which form a geometric
sequence of common ratio λ ≈ 22.7. For each threshold, we predict
a peak in the three-body recombination rate L3 in an atomic gas, to
which we will return in the next chapter.

• At resonance, the energies of the trimers form a geometric sequence of
common ratio λ2 ≈ 515 [cf. (50)].

• On the a > 0 side of the resonance, the energy of the nth trimer meets

95



Chapter V – The Efimov problem for three identical bosons § 4. A first example: the helium trimer

that of the dimer (plus a free atom at rest) at a value a(n)∗ . A reso-
nance in the inelastic atom–dimer relaxation rate βAD is expected at
these points a(n)∗ . The values of a(n)∗ also form a geometric sequence of
common ratio λ.

• The values of a(n)− and a(n)∗ (on either side of the resonance) are related
by [see for example Braaten &Hammer (2006) and Xie, Van de Graaff,
et al. (2020) and figure V.10]:

a
(n)
−

a
(n)
∗
≈ 21.3 ⇐⇒ a

(n−1)
−

a
(n)
∗

≈ 0.94 (64)

The value of a(n)− and the wave number at resonance κ(n)∞ , defined by
E

(n)
∞ = −ℏ2

Ä
κ
(n)
∞
ä2
/m, are related by (Naidon & Endo 2017):

a
(n)
− κ(n)∞ ≈ 1.51 (65)

As in themMM case, these scaling laws are better satisfied the larger n is.

4 A first example: the helium trimer

Following Efimov’s predictions, physicists searched for systems in which
the required conditions could be achieved, with both atoms and nuclei. The
interactions had to occur essentially at low energy, describable by s-wave
scattering, and the associated scattering length a had to be large compared
with the range b of the potentials involved, which is a priori an exceptional
situation: we usually have a ∼ b.

Quantum gases, with their Fano–Feshbach scattering resonances, are of
course ideal candidates for testing this physics, since they make it possi-
ble to achieve arbitrarily large scattering lengths at temperatures several
orders of magnitude below the energy scale ℏ2/mb2. In the next chapter,
we will describe in detail a number of experiments carried out with these
gases since 2005. In this section, we will present the results for an atom that
quickly appeared very promising: helium (Lim, Duffy, et al. 1977).

Figure V.12. The interaction potential between two helium atoms in their ground
state. The numberN indicates the order of the calculation in a multipole expansion
of the interaction [see the 2021 lecture series, Chapter 1, for more details]. Figure
taken from Tang & Toennies (2003).

4-1 A good candidate: the helium atom

The interaction potential between two helium atoms is well known. We
described it in the 2021 lecture series. Its range, characterized by the van der
Waals lengthRvdW, is 0.27 nm and the scattering length a = 9.04nm is≈ 30
times greater. This potential well, plotted in figure V.12, admits one and
only one bound state, which was observed for the first time by Schöllkopf
& Toennies (1994) in an atom interferometry experiment that we briefly
recall below. The binding energy of this dimer (∼ 10−7 eV) is much lower
than the depth of the potential well between the two atoms (∼ 10−3 eV),
indicating that it is only very marginally bound (Grisenti, Schöllkopf, et al.
2000). The average distance between the two atoms is ∼ 5nm, comparable
to the scattering length and much greater than RvdW.

In the experiment by Schöllkopf & Toennies (1994), a supersonic beam
of helium is formed from a high-pressure container (15 bar) with a hole
5 microns in diameter. The beam leaving this hole propagates in a vac-
uum, cools as a result of the supersonic expansion and thus becomes quasi-
monokinetic (∆v/v ≲ 5%). The wavelength associated with each type of
particle (atom, dimer, trimer), λdB = h/mv, is then well defined. Thus, for
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Figure V.13. Experimental setup using matter-wave diffraction by a grating to
detect the presence of helium dimers and trimers in a supersonic beam of atomic
helium. Figure taken from Schöllkopf & Toennies (1994).

a temperature of 30K, we have λdB = 0.18nm for He atoms.
This beam is collimated by two 10micronwide slits, located 47 cm apart,

and then passes through a periodic grating on which the particles can be
diffracted (figure V.13). The grating period is d = 200nm and diffraction
peaks are expected to be observed at angles θn ≈ nλdB/d.

An example of the signal is shown in figure V.14. It shows a main peak
on the left, corresponding to non-diffracted particles. On the right, for an
angle θ1, the large peak corresponds to the first order (n = 1) diffraction of
the atoms. Between these two large peaks is the signal of interest. We see
two peaks at θ2 = θ1/2 and θ3 = θ1/3, which correspond to particles whose
wavelengths are respectively 2 and 3 times shorter than those of the atoms.
These are the dimer and the trimer respectively, which travel at the same
speed as the atoms, owing to collisions at the exit of the source, but have
masses 2 and 3 times larger.

0 1 Θ  [mrad]

Figure V.14. Angular distribution of the particles diffracted by the grating. Since
the beam is monokinetic, comparison of the diffraction angles gives a direct indica-
tion of the mass of the diffracted particles. The large peak on the left corresponds to
the non-diffracted beam, and the large peak on the right to the first order of diffrac-
tion for helium atoms. The two small intermediate peaks reveal the existence of He2
dimers and He3 trimers. Figure taken from Schöllkopf & Toennies (1994).

4-2 The ground state of the He3 trimer

The Schöllkopf & Toennies (1994) experiment therefore reveals the exis-
tence of a He3 bound trimer. The very good knowledge of the interac-
tion potential between two helium atoms provides a good understanding
of the structure of this trimer. Its size is of the order of a nanometer—much
smaller than that of the dimer—and its structure is close to an equilateral
triangle.

Figure V.15 shows the usual curve giving the binding energy of the
trimer in the (1/a,E) plane. This curve was obtained by taking the true
potential (leading to the scattering length a = 9.04nm) and multiplying it
by a dimensionless factor ζ. We observe the following elements (Braaten &
Hammer 2006):

• For ζ = 1 (the “true” potential), we expect two bound trimers: one of
energy −131.84mK and size ∼ 1nm [the one observed by Schöllkopf
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1

Ground state trimerFirst excited trimer

Figure V.15. Helium dimer and trimer: energy diagram calculated for the two-body
interaction potential ζV (r). For ζ = 1, we obtain the “true” He–He interaction
potential. The scattering resonance a = ±∞ is obtained for ζ = 0.97. Figure
adapted from Kunitski, Zeller, et al. (2015).

& Toennies (1994)], and another, muchmore weakly bound, of energy
E = −2.65mK and size ∼ 8nm.

• When ζ is decreased, the scattering length becomes infinite for ζ =
0.97. The dimer state then disappears and there are infinitely many
trimer states. The ratio between the energies of the ground-state trimer
and the first excited trimer is 570 (to be compared with the factor 515
expected for the zero-range model).

• The branch of the ground-state trimer disappears for ζ ≈ 0.9.
• When ζ is increased above 1, we see that unlike in the case of the zero-

range potential, the branch of the ground-state trimer does not join the
dimer branch, whereas the branch of the excited trimer does.

This raises the question of the Efimovian nature of the ground-state
trimer. As pointed out by Braaten & Hammer (2006), the fact that going
from a = 9nm to a = ∞ gives “almost” the right ratio between the ener-
gies of the ground-state trimer and the first excited trimer argues in favor

1

Trimère fondamentalPremier trimère excité

Figure V.16. Distribution of atoms in a helium trimer. By convention, the two
atoms furthest apart are placed in the bottom left and right corners. The color en-
codes the probability density for finding the third atom. Left: theoretical prediction
for the ground-state trimer. Right: theoretical prediction for the excited trimer. Fig-
ure adapted from Kunitski, Zeller, et al. (2015).

of a positive answer. However, the behavior at ζ > 1 is different from that
expected: the scattering length a∗ does not exist.

Perhaps more problematically, the geometry of this trimer is not what
would be expected for an Efimov trimer, namely an elongated isosceles tri-
angle. This “defect” is illustrated in figure V.16, left. To produce this fig-
ure, the two atoms furthest apart within the trimer are placed in the bottom
left and right corners. The probability density for finding the third atom is
shown in false color. For an elongated Efimov-type trimer, we expect to
find this third atom close to one of the two bottom corners. For the ground-
state trimer, a very different distribution is observed. For the excited trimer,
on the other hand, the predicted distribution corresponds well to that ex-
pected for an Efimov trimer (figure V.16, right). This point naturally led
the experimenters to try to identify this excited trimer.

4-3 The excited He3 trimer

In the search for the excited He3 trimer, an initial series of experiments
was carried out in the Göttingen group. One strategy that was explored
is shown in figure V.17. It consists in carrying out the diffraction experi-
ment with the grating tilted, so as to take advantage of a “sieve” effect. If
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Matter Wave Diffraction from an Inclined Transmission Grating:
Searching for the Elusive 4He Trimer Efimov State
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The size of the helium trimer is determined by diffracting a beam of 4He clusters from a 100 nm period
grating inclined by 21!. Because of the bar thickness the projected slit width is roughly halved to 27 nm,
increasing the sensitivity to the trimer size. The peak intensities measured out to the eighth order are
evaluated via a few-body scattering theory. The trimer pair distance is found to be hri " 1:1#0:4

$0:5 nm in
agreement with predictions for the ground state. No evidence for a significant amount of Efimov trimers is
found. Their concentration is estimated to be under 6%, less than expected.

DOI: 10.1103/PhysRevLett.95.063002 PACS numbers: 36.40.Mr, 03.75.Be, 21.45.+v, 33.15.2e

In 1970 Vitali Efimov found a remarkable unexpected
property in the notoriously difficult three-body problem
[1]. According to Efimov a weakening of the two-body
interaction in a system of three identical bosons can lead to
the appearance of an infinite number of bound levels,
instead of dissociation as one would expect from classical
mechanics. This effect is related to the divergence of the
atomic scattering length a with decreasing binding energy
Eb between two of the particles [2]. In nuclear physics,
despite extensive searches, no example for the Efimov
effect has been found up to now [3]. At present the most
promising candidate is the 4He trimer [4], although there
have been recent attempts to identify Efimov molecules in
ultracold collisions of Cs atoms [5].

Because of their very weak binding, the existence of the
4He dimer and trimer could only recently be established
experimentally by a new technique involving matter wave
diffraction [6]. A beam of clusters formed in a cryogenic
free jet expansion is directed at a nanostructured d "
100 nm period SiNx transmission grating. Since the cluster
de Broglie wavelength ! is inversely proportional to the
cluster mass, first order Bragg diffraction peaks for differ-
ent masses are observed at different angles # % !=d,
thereby identifying the clusters uniquely. This technique
can also be used to measure the spatial extent of the clus-
ters. From an analysis of the 4He dimer diffraction pattern
the slit function of the grating could be determined. After
accounting for the van der Waals interaction, the slit width
reduction was equal to 1

2 hri [7,8], from which the mean
bond length was found to be hri " 5:2& 0:4 nm [7]. This
extremely large distance is due to the weak binding energy
which was estimated to be only jEbj " 1:1#0:3

$0:2 mK [7].
For the helium trimer, theory predicts one Efimov state

with a similarly weak binding energy of jEej " 2:3 mK in
addition to the ground state with jEgj " 126 mK with
corresponding pair distances (bond lengths) hri "
7:97 nm and 0.96 nm, respectively [9]. These two s states
are expected to be distinguishable by their sizes. However,
experiments similar to those for the dimer did not yield

conclusive results which, ultimately, was attributed to an
insufficient resolution. The present experiment overcomes
this limitation by rotating the grating by an angle !0
around an axis parallel to the slits as seen in Fig. 1. At
!0 " 21!, due to the thickness of the bars, the projected
slit width is more than halved to s? " 26:9 nm, providing
a good compromise between the improvement in both the
ratio hri=s? and the resolution at the expense of total
transmission. The apparatus used is otherwise similar to
the one described in detail in Ref. [10]. For the trimer
measurements the cryogenic source temperatures T0
and pressures P0 were varied between 'T0; P0( "
'6:7 K; 1 bar( and (40 K, 50 bar) to produce optimal trimer
mole fractions of up to 7% [11]. The collimated beam with
a velocity spread "v=v ) 2% has a spatial lateral coher-
ence greater than the exposed 100 grating slits. For both
atom and trimer measurements the mass spectrometer

α
ξ

x

ηy

a) b)

Θ0k
Θ

y

dt β

s0S 0 s⊥

FIG. 1. Diffraction geometry at non-normal incidence: (a) a
single slit of width s0 in a plate of thickness t with a wedge angle
" has a projected slit width of s?. Both the angle of incidence
!0 and the angle ! are measured relative to the plate normal.
The hypothetical thin plate drawn along the # direction with a
slit of width S0 "

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

's0 # t tan"(2 # t2
p

at an angle $ "
arcsin't=S0( relative to the thick plate along the y direction casts
the same geometrical shadow as the thick plate. (b) Transmission
grating of period d along the y direction.
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Figure V.17. Diffraction experiment carried out with an inclined grating, to filter
the size of the diffracted objects. Figure taken from Brühl, Kalinin, et al. (2005).

the object to be diffracted is too large, it is unlikely to be transmitted by the
diffraction grating and a drop in the signal should be observed.

Brühl, Kalinin, et al. (2005) concluded from their experiment that the
size of the trimer they observed was always compatible with the size of the
ground-state trimer, which was significantly smaller than the size of the
dimer. Theywere thus able to place an upper limit of the order of 6% on the
proportion of excited trimers, whereas they were expecting a proportion
of at least 10%. Their conclusion was as follows: “We feel that the difference
between the expectation of 10% and the experimental upper limit of 6% is sufficient
to entertain the possibility that the 4He3 Efimov state does, in fact, not exist despite
the over 40 theory publications which have appeared since 1977.”

The search for the excited trimer was taken up in a different way by Ku-
nitski, Zeller, et al. (2015). After selecting the trimers using a matter-wave
diffraction experiment like that of Schöllkopf & Toennies (1994), they ion-
ized the three atoms with a very short laser pulse (30 fs) and characterized
the Coulomb explosion that followed this ionization. Once the three ions
had been detected with position resolution, solving the classical equations
of motion made it possible to determine the initial spatial distribution of
the atoms (figure V.18).

Kunitski, Zeller, et al. (2015) observed a bimodal distribution, corre-

demonstrating that the notion of equilibrium structure for this
molecular system is ill defined3. This is, however, only true for the
mono-isotopic 4He3. In fact, the shape of the isotope-mixed
3He4He2 (Fig. 2b) is very different. The angle at the 3He corner is
much smaller than the angle in the 4He corners of this triangle.
The two 4He atoms are closer together and the lighter 3He is
mainly found in the tunnelling region beyond the classical
turning point. The mixed trimer thus forms an acute triangle.

The He trimers studied here are few-body systems at the brink
of universality. In the universality limit, the wave function of a few-
body system does not depend anymore on the details of the
potential and becomes scale invariant. As this limit is approached,
a larger and larger part of the wave function is situated in the
classically forbidden spatial region, which a particle can only access
by quantum mechanical tunnelling. While for 4He3 the fraction of
the wave function in this region is only small, the light isotope in
3He4He2 has already the biggest part of its probability density in
the tunnelling region. Thus, we propose that 3He4He2 becomes a
quantum halo state, similar to states that are well known in nuclear
physics14,28,29. Because of the scale invariance, such few-body
systems are important in nature across all the differently energy
scales from nuclear physics to the physics of cold atoms. The
imaging technology applied here opens a completely new
observation window into this world of universal few-body systems.

Methods
Experiment. Figure 4 gives an overview of the present experiment. We combine
mass selection by matter wave diffraction as pioneered by Toennies and
Schöllkopf15 with laser Coulomb explosion imaging using cold target recoil ion
momentum spectoscropy (COLTRIMS)23,24.

The clusters are produced in a free-jet gas expansion30,31 of pure 4He
(respectively, a mixture of 99% 3He, 1% 4He) source gas. A nozzle of 5 mm diameter
was cooled down to 12 K at a driving pressure of 3 bar. This resulted in around

Random cloud
60

40

20

0

–20

–40

–60

P
os

iti
on

 y
 (

at
om

ic
 u

ni
ts

)

–60 –40 –20 0 20 40 60

Position x (atomic units)

1,000

800

600

400

200

0

Experiment 4He3
4

3.5

3

2.5

2

1.5

1

0.5

0
–2 –1.5 –1 –0.5 0 0.5 1 1.5 2 –2 –1.5 –1 –0.5 0 0.5 1 1.5 2

45

40

35

30

25

20

15

10

5

0

Random cloud

P
os

iti
on

 ⊥
 (

ar
bi

tra
ry

 u
ni

ts
)

P
os

iti
on

 ⊥
 (

ar
bi

tra
ry

 u
ni

ts
)

P
os

iti
on

 ⊥
 (

ar
bi

tra
ry

 u
ni

ts
)

Position ll (arbitrary units)

Position II (arbitrary units) Position II (arbitrary units)

4

3.5

3

2.5

2

1.5

1

0.5

0
–2 –1.5 –1 –0.5 0 0.5 1 1.5 2

90

80

70

60

50

40

30

20

10

0

90

80

70

60

50

40

30

20

10

0

QMC-theory
4

3.5

3

2.5

2

1.5

1

0.5

0

Figure 3 | Density distributions. (a) Density distribution of He atoms in a random cloud projected into the x– y plane. (b–d) Density distributions of the
third particle in the case where the first two are fixed at the positions of the red dots. The random cloud model (b) yields, with an exception of the
areas very close to the first and second particle, a distribnution that is very similar to the experimetal one (c) and to the one of the QMC calculations (d).
The grey cross marks the position of the third particle for the case of a hypothetical equilateral triangle.

E-field

Slit

Nozzle

Skimmer

Grating

Figure 4 | Experimental set-up. Helium is expanded at 12K at a driving
pressure of 3 bar through a 5-mm nozzle to produce clusters. These are
seperated by a 100nm transmission diffraction grating. Behind the grating the
first-order diffraction of the trimers is displayed in blue, the dimers in green.
First-order monomers and the zero-order diffracted jet are shown in grey and
illustrated on the screen in green. Dimers and trimers are not displayed
on the screen because of their low intensity. Mass-selected clusters get
ionized in a B20! 20! 200mm3 laser focus. Fragments are guided on a
position and time-sensitive detector by a homogeneous electric field.
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Figure V.18. Coulomb explosion of a helium trimer. Figure taken from Voigts-
berger, Zeller, et al. (2014).

sponding to the sum of two radically different distributions. The weight of
the two components varies strongly with the pressure of the supersonic
beam (figure V.19). At relatively high pressure, only the ground-state
trimer is formed. Since it corresponds to closely spaced atoms, a large en-
ergy (∼ 5 eV) is released when the atoms are suddenly ionized. At low
pressure, by contrast, there is a significant contribution from the excited
trimer, which gives rise to a much lower Coulomb energy (∼ 0.57 eV). This
unexpected variation in the fraction of excited trimers with beam pressure
explains the negative result of the Brühl, Kalinin, et al. (2005) experiment.
Forty years after its existence was predicted by Lim, Duffy, et al. (1977), the
excited helium trimer was finally observed!
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Figure V.19. Top: bimodal distribution of the energy released during the Coulomb
explosion of Efimov trimers. The black curve was obtained in the low-pressure
regime, P = 0.33 bar, for which both trimers are present. The blue curve was
obtained in the high-pressure regime, where only the ground-state trimer is formed.
The red dots represent the difference between the black and blue curves. Bottom:
contributions of the ground-state and excited trimers as a function of the helium
beam pressure. Figure taken from Kunitski, Zeller, et al. (2015).

5 Appendix: Skorniakov–Ter-Martirosian eq.

5-1 Definition of Faddeev components

Let us consider a three-body wave function Ψ(r1, r2, r3) solution of the
Schrödinger equation Ä

Ĥ0 + V̂
ä
|Ψ⟩ = E |Ψ⟩ (66)

where Ĥ0 is the kinetic energy operator for the three particles and V̂ is the
sum of the three binary potentials.

V̂ = V̂12 + V̂23 + V̂31. (67)

At this stage, we consider regular potentials, andwe can take the zero-range
limit later. The function Ψ, solution of (66), satisfies

|Ψ⟩ = Ĝ0

∑

(ij)

V̂ij |Ψ⟩ with Ĝ0 =
1

E − Ĥ0

. (68)

We restrict ourselves here to solutions of negative energy (bound states),
so that there is no problem associated with possible poles of Ĥ0.

The Faddeev components introduced in § 1-3 are defined as

|χ1⟩ = Ĝ0V̂23|Ψ⟩ |χ2⟩ = Ĝ0V̂31|Ψ⟩ |χ3⟩ = Ĝ0V̂12|Ψ⟩ (69)

According to (68), we therefore have
|Ψ⟩ = |χ1⟩+ |χ2⟩+ |χ3⟩ (70)

and the three Faddeev components satisfy

Ĥ0|χ3⟩+ V̂12 (|χ1⟩+ |χ2⟩+ |χ3⟩) = E|χ3⟩ (71)

and the two equations deduced from it by circular permutation. Equation
(71) can also be written as

|χ3⟩ = Ĝ0V̂12|χ3⟩+ Ĝ0V̂12 (|χ1⟩+ |χ2⟩) (72)

and we will use this expression in § 5-3 to deal with the case of a separable
potential.
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5-2 Separable one-body potential

A one-body potential is said to be separable when its action on a state |ψ⟩ is
that of a projector, up to a multiplicative factor [see the 2021 lecture series,
Chapter 5, § 3]:

V̂ = V0 |ϕ0⟩⟨ϕ0|, (73)
i.e. in the position representation6

V̂ ψ(r) = αV0 ϕ0(r) with α =

∫
ϕ∗0(r)ψ(r) d

3r (76)

and in terms of momentum (or rather wave vector, to avoid factors of ℏ):

V̂ ψ̃(q) = αV0 ϕ̃0(q) with α =

∫
ϕ̃∗0(q) ψ̃(q)

d3q

(2π)3
. (77)

The state |ϕ0⟩ is chosen to be normalized:
∫
|ϕ0(r)|2 d3r = 1

∫
|ϕ̃0(q)|2

d3q

(2π)3
= 1. (78)

Note that a separable potential is in general non-local, since V̂ ψ(r) de-
pends on the values of ψ at all points in space through the scalar product
α. An exception corresponds to the choice |ϕ0⟩ = |r0⟩, which corresponds
to a contact interaction at the point r0.

The search for possible bound states (E < 0) of a separable potential
is very simple in the momentum representation. Let us take V0 < 0 and
define for a particle of massmr

V0 = −ℏ2k20
2mr

E = −ℏ2κ2

2mr
. (79)

6We use the conventions
⟨r|q⟩ = eiq·r , ⟨r|r′⟩ = δ(r − r′), ⟨q|q′⟩ = (2π)3 δ(q − q′), (74)

so that the closure relations in momentum and position space read

1̂ =

∫
|q⟩⟨q| d3q

(2π)3
=

∫
|r⟩⟨r| d3r. (75)

The Schrödinger equation
Ä
Ĥ0 + V̂

ä
|ψ⟩ = E |ψ⟩with Ĥ0 = p̂2/2mr gives:

ℏ2q2

2mr
ψ̃(q) + αV0 ϕ̃0(q) = E ψ̃(q) (80)

which leads to
ψ̃(q) = α

k20
q2 + κ2

ϕ̃0(q) (81)

For this solution to be acceptable, we need to check that it is self-consistent,
i.e. that it gives back the correct scalar product α. This selects the only
possible energy, as the solution of

1

k20
=

∫ |ϕ̃0(q)|2
q2 + κ2

d3q

(2π)3
(82)

5-3 Three-body problem and separable potentials

A binary potential V̂12 is said to be separable if its action on the relative
variable is as described above, while leaving the center-of-mass variable
untouched. We assume here that the three-body potential V̂ is a sum of
separable binary potentials V̂ij . It is then possible to simplify considerably
the search for the energies of the bound states of the three-body problem
[see for exampleNaidon, Endo&Ueda (2014), Naidon& Endo (2017), and
Greene, Giannakeas, et al. (2017)].

Let us consider equation (72), which we now put into a readily usable
form. The state |χ3⟩ is defined as a function of the two Jacobi coordinates
r12,ρ3:

⟨r12,ρ3|χ3⟩ = χ(r12,ρ3). (83)
To exploit the separability of V̂12, we write (72) in momentum space. The
conjugate momenta of a given set of Jacobi coordinates, for example

r12 = r2 − r1 ρ3 =
2√
3

ï
r3 −

1

2
(r1 + r2)

ò
, (84)

are written as

q12 =
1

2
(k2 − k1) Q3 =

1√
3

ï
k3 −

1

2
(k1 + k2)

ò
. (85)
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We define the Fourier transform of χ(r12,ρ3) with respect to the two
variables r12,ρ3:

χ̃(q12,Q3) =

∫
e−i(q12·r12+Q3·ρ3) χ(r12,ρ3) d

3r12 d3ρ3 (86)

and we use the expression for Ĥ0 in terms of these variables:

Ĥ0 = −ℏ2

m

Ä
∇2

r12
+∇2

ρ3

ä
. (87)

We set
E = −ℏ2κ2

m
V0 = −ℏ2k20

m
, (88)

and we can write (72) as

χ̃(q12,Q3) =
−m/ℏ2

q212 +Q2
3 + κ2


(3)⟨q12,Q3|V̂12|χ3⟩+

∑

j=1,2

(3)⟨q12,Q3|V̂12|χj⟩




(89)
In the expression above, and in the rest of this section, we use a superscript
(k) to specify the coordinate system i = 1, 2, 3 used for each ket |qij ,Qk⟩.
The first term in the bracket can be calculated directly

(3)⟨q12,Q3|V̂12|χ3⟩ = V0
(3)⟨q12,Q3|

î
(|ϕ0⟩⟨ϕ0|)(12) ⊗ 1̂3

ó
|χ3⟩

= V0 ϕ̃0(q12) ⟨ϕ0,Q3|χ3⟩

= V0 ϕ̃0(q12)

∫
ϕ̃∗0(q

′) χ̃(q′,Q3)
d3q′

(2π)3
. (90)

The other two terms in the bracket require a little more work. Let us start
by noting that these two contributions are equal because of the symmetry
of the problem. For example, let us look at the contribution of i = 2, for
which we introduce a closure relation for the Jacobi coordinates associated
with i = 2:

(3)⟨q12,Q3|V̂12|χ2⟩ =
∫

(3)⟨q12,Q3|V̂12|q′
31,Q

′
2⟩(2) χ̃(q′

31,Q
′
2)

d3q′31 d3Q′
2

(2π)6
.

(91)
To calculate the matrix element appearing in this expression, we need to

go from the momenta (q31,Q2) to the momenta (q12,Q3). One can check

that
q12 = −1

2
q31 +

√
3

2
Q2 Q3 = −

√
3

2
q31 −

1

2
Q2 (92)

from which we deduce

|q′
31,Q

′
2⟩(2) = | −

1

2
q′
31 +

√
3

2
Q′

2 , −
√
3

2
q′
31 −

1

2
Q′

2 ⟩(3) (93)

The matrix element appearing in (91) then reads

(3)⟨q12,Q3|V̂12|q′
31,Q

′
2⟩(2) = V0 ϕ̃0(q12) ϕ̃

∗
0

Ç
−1

2
q′
31 +

√
3

2
Q′

2

å
× (2π)3 δ

Ç
Q3 +

√
3

2
q′
31 +

1

2
Q′

2

å
. (94)

The integral over q′
31 in (91) drops out because of the presence of the Dirac

distribution, and we arrive at
(3)⟨q12,Q3|V̂12|χ2⟩ =

2√
3
V0 ϕ̃0(q12)×

∫
ϕ̃∗0

ï
1√
3
(Q3 + 2Q′

2)

ò
χ̃

ï−1√
3
(2Q3 +Q′

2),Q
′
2

ò
d3Q′

2

(2π)3
. (95)

We now look for the solution χ(q12,Q3) in a form directly inspired by
the solution (81) of the two-body problem:

χ̃(q12,Q3) =
k20

q212 +Q2
3 + κ2

ϕ̃0(q12) F
Å

2√
3
Q3

ã
(96)

where F is the function to be determined. To simplify the notation, we
assume that the function ϕ0(r) is rotationally invariant, so that ϕ̃0(q) is also
rotationally invariant and depends only on q = |q|. Substituting the form
(96) into the set of equations (89,90,95) and setting Q = 2Q3/

√
3, Q′ =

2Q′
2/
√
3, we arrive at the equation of Skorniakov & Ter-Martirosian (1957):

A(Q, κ) F(Q) = 2

∫
B(Q,Q′, κ) F(Q′)

d3Q′

(2π)3
(97)

with
A(Q, κ) = 1

k20
−
∫ |ϕ̃0(q)|2
q2 + 3

4Q
2 + κ2

d3q

(2π)3
(98)
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and
B(Q,Q′, κ) =

ϕ̃∗0
(∣∣Q′ + 1

2Q
∣∣) ϕ̃0

(∣∣Q+ 1
2Q

′∣∣)

Q2 +Q′2 +Q ·Q′ + κ2
. (99)

We have therefore reduced the three-body problem to the determination of
the function F(Q), solution of the integral equation (97).

We can recover the case of a contact potential by taking |ϕ0⟩ = |r0 =
0⟩, which amounts to taking ϕ̃0(q) independent of q in the above. Note
that it is then necessary to introduce an ultraviolet cutoff—equivalent to
the three-body parameter—to regularize the integrals appearing in (97),
see for example the appendix to the review article byNaidon&Endo (2017)
as well as Pricoupenko (2012) and Petrov (2012).
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Chapter VI

The Efimov effect explored with gases of cold atoms

This final chapter is devoted to a description of the main experimental
manifestations of the Efimov effect in ultracold atomic gases. This detailed
exploration has been made possible by the use of scattering resonances,
known in this context as Fano–Feshbach resonances, which allow the scat-
tering length a to be adjusted to a value considerably larger (in absolute
value) than the range b of the interatomic potentials.

In these experiments, Efimov trimers are characterized essentially by a
signal of atom or dimer losses. The loss rate goes through a maximum or a
minimum at very specific points of the energy diagram E(a) shown in fig-
ureVI.1. Wewill describe in detail the processes at play in § 1 and showhow
it has been possible to observe the main characteristics of Efimov physics
on either side of the resonance, which amounts to linking the physics for
a < 0 to that for a > 0 (§ 2).

It should be noted that it is also possible to use spectroscopic meth-
ods (incoherent or coherent) based on a photo-association process to study
different aspects of the Efimov effect. We will not go into this here, and
refer the interested reader to Lompe, Ottenstein, et al. (2010), Nakajima,
Horikoshi, et al. (2011), Machtey, Shotan, et al. (2012), Yudkin, Elbaz, Gi-
annakeas, et al. (2019), and Yudkin, Elbaz & Khaykovich (2020).

Experiments carried out between 2006 and 2010 on gases of cold atoms
have revealed an unexpected property. The three-body parameter R0 was
expected to take a priori randomvalues, at least in the zero-range interaction
model. In fact, for the van der Waals interactions in −C6/r

6 that are domi-

nant in this low-temperature domain, one finds that the three-body param-
eter is closely related to the van der Waals radius, RvdW = 1

2

(
mC6/ℏ2

)1/4.
We will discuss the origin of this link using the formalism of the hyper-
spherical approach (§ 3).

The last part (§ 4) will be devoted to the presentation of some effects
going beyond the one initially considered by Efimov. We will be partic-
ularly interested in the case of fermions, possibly accompanied by an ad-
ditional particle to bind them. Our presentation will be far from exhaus-
tive; we therefore refer readers with a specific interest in the quantum few-
body problem to the special issue of the Comptes Rendus de Physique de
l’Académie des Sciences of January 2011 and to recent review articles by
Naidon & Endo (2017), Greene, Giannakeas, et al. (2017), and D’Incao
(2018).

1 The three-body recombination rate

1-1 Scaling laws for the coefficient L3

Most of the experiments carried out to date on cold atomic gases use an
atom loss signal to detect the thresholds for the appearance of Efimov
trimers. These losses occur in particular when three atoms (assumed here
to be identical bosons) are next to each other, with the possibility of forming
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 E

1/a

a < 0 a > 0
a = ± ∞

trimer n

trimer n + 1 Edimer

e2π/|s0|

eπ/|s0|

Figure VI.1. Schematic representation of the energies E of the Efimov trimers as
a function of 1/a (not to scale). The purely imaginary number s0 has modulus
|s0| = 1.00624 (see Chapter 5).

a molecule. For a uniform atomic gas of average density ρA, the decrease
in the number of atoms NA obeys the law

dNA

dt
= −g

(3)

3!
L3ρ

2
ANA. (1)

In this equation, the factor g(3) accounts for the bosonic bunching that
must be taken into account if the gas is non-degenerate (Hanbury Brown
and Twiss effect): it corresponds to the sum of the different contribu-
tions linked to the exchange symmetry of the three bosons and is there-
fore g(3) = 3! = 6. For a pure condensate, there are no density-density
correlations and g(3) = 1. See Kagan, Svistunov, et al. (1985) and Söding,
Guéry-Odelin, et al. (1999) for more details.

A simple dimensional analysis, possibly supplemented by amore quan-

1

the measured a− values should begin to deviate from the
universal a− ¼ −9.7rvdW value; see Fig. 1. However, this
conclusion is only tentative due to large experimental
uncertainties in the measured a− [17], unexpected temper-
ature dependence [45], and large systematic uncertainties in
the parameters of the underlying two-body Feshbach
resonance [17,37,38,43]. Although there are intriguing
experimental [15,46–55] and theoretical [52,56–58] results
for the heteronuclear cases, the possible influence of many
additional parameters (mass ratio, quantum statistics, and
inter- and intraspecies scattering lengths) makes the ques-
tion of universality in those systems a topic for an entirely
separate investigation.
In this Letter, we present a precise test of van der Waals

universality near a Feshbach resonance with sres ¼ 2.57
[19], which is intermediate between the narrow (sres ≪ 1)
and broad (sres ≫ 1) regimes. Specifically, we accurately
determine the value of a− by having precise control of
critical experimental parameters such as temperature,
density, and scattering length. Because of our tight control
of both systematic and statistical errors, ours is the first
measurement of a compelling nonuniversal a− value in a
homonuclear Efimov resonance.
A thorough characterization of the Feshbach resonance

and an accurate map of the scattering length are required
for precise determination of the a− value. Accordingly, we
perform high-precision spectroscopy on a pure gas of

Feshbach dimers and accurately determine their binding
energies. This measurement enables us to refine our two-
body model and accurately predict the scattering length in
our Efimov measurements [19]. In other Feshbach reso-
nance studies, methods based on number loss or thermal-
ization rate have occasionally given inconsistent results. By
contrast, dissociation spectroscopy of Feshbach dimers
isolates two-body physics and accurately determines res-
onance properties [59–62].
Precision molecular spectroscopy requires long inter-

rogation times under unperturbed conditions. We stabilize
the magnetic field to the milligauss-level and eject all
unpaired atoms, whose presence affects dimer lifetimes and
complicates the spectroscopy. A pure molecular sample is
prepared by starting with∼105 atoms confined in an optical
dipole trap and a temperature of ∼300 nK. We transfer a
fraction of atoms in the jF ¼ 1; mF ¼ −1i hyperfine state to
the dimer state bymagnetoassociation [63]. Subsequently, all
residual unpaired atoms are blasted away by multiple radio-
frequency (rf) and optical pulses, leaving a pure sample of
∼104 molecules. Lastly, the magnetic field B is ramped to
various values, corresponding to different binding energies,
where we perform rf spectroscopy.
We dissociate molecules by transferring one atom of the

pair from the jF ¼ 1; mF ¼ −1i interacting state to the
jF ¼ 1; mF ¼ 0i imaging state. The final state being nearly
noninteracting enables us to directly probe the dimer
binding energy. Additionally, the transition being magneti-
cally less sensitive near B values of interest allows long
molecular interrogation times, limited only by dimer life-
times, to achieve high spectral resolution. We scan the rf
frequency and measure the transferred fraction, keeping the
pulse energy low to limit saturation effects and dissociate a
maximum 50% of molecules. We fit the measured spectrum
to a functional form given by the Franck-Condon factor of
the bound-free transition [59], and we extract the molecular
binding energy Eb [19,64]. We repeat this procedure to
determine Eb at different magnetic field values, as depicted
in Fig. 2.
The universal expression Eb ¼ ℏ2=ðma2Þ is always

accurate for large enough a. A more refined expression
Eb ¼ ℏ2=½mða − āÞ2%, which introduces the mean scatter-
ing length ā ≈ 0.956rvdW [66], is valid at smaller values of
a as long as a ≫ rvdW=sres [65]. However, such treatments
are inadequate for narrow and intermediate resonances.
To better compare to our experimental data, we developed a
coupled-channel model [19] capable of describing our
high-precision Eb data. We fine-tune the model’s param-
eters, the singlet and triplet scattering potentials, to accu-
rately match most of our measurements to within 1%, as
depicted in Fig. 2’s inset. As a result, we determine a
particular linear combination of the singlet and triplet
scattering lengths of 0.2470aS þ 0.9690aT ¼ 1.926ð2Þa0
[19], further constraining the previously reported values
of aS ¼ 138.49ð12Þa0 and aT ¼ −33.48ð18Þa0 [67,68].
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FIG. 1. Survey of experimental a− values in homonuclear
systems, inspired by [15]. Previous results (blue circles)
[3,17,37,41–45] show a tentative dependence of the a− value
on the Feshbach resonance strength parameter sres. Our meas-
urement (red star; red band in the inset) is the strongest evidence
of departure from the −9.7' 15%rvdW value (dashed line and
gray area) predicted by van der Waals universality [4,5,7,9]. The
inset shows calculations for a− based on a single van der Waals
potential [7] with N ¼ 1 − 7 s-wave two-body bound states
(green squares) and results from our multichannel model [19]
with N ¼ 2 − 5 (black triangles).
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between r and rþ dr in regions of high local velocity@kLðrÞ, which is proportional to [mdr=@kLðrÞ] (m being
the particle mass), the time spent classically in that interval
dr (see Ref. [26]). It is possible that there could be an
additional suppression as well, through quantum reflection
from a potential cliff [27]. Systems supporting many bound
states, such as the neutral atoms used in ultracold experi-
ments with their strong van der Waals attraction, clearly
exhibit this suppression. In general, a finite-range two-
body potential that supports many bound states decreases
steeply with decreasing interparticle distance r, starting
when r=rvdW & 1, at which point the potential cliff plays
a role analogous to a repulsive potential for low-energy
scattering. We demonstrate this fact by showing that the
three-body parameter in the presence of many two-body
bound states roughly coincides with that for a 100% re-
flective two-body model potential, where the two-body
short-range potential well is replaced by a hard sphere.

The starting point for our investigation of the universal-
ity of the three-body parameter is the adiabatic hyper-
spherical representation [18,28]. This representation
offers a simple and conceptually clear description by re-
ducing the problem to the solution of the ‘‘hyperradial’’
Schrödinger equation:

!
$ @2
2!

d2

dR2þW"ðRÞ
"
F"ðRÞþ

X

"0!"

W""0ðRÞF"0ðRÞ¼EF"ðRÞ:

(1)

Here, the hyperradius R describes the overall size of the
system; " is the channel index; ! ¼ m=

ffiffiffi
3

p
is the three-

body reduced mass for particle masses m; E is the total
energy; and F" is the hyperradial wave function. The
nonadiabatic couplings W""0 drive inelastic transitions,
and the effective hyperradial potentials W" support bound
and resonant states. To treat problems with deep two-body
interactions—necessary to see strong inside-the-well sup-
pression—requires us to solve Eq. (1) for two-body model
interactions that support many bound states, a challenge for
most theoretical approaches. Using our recently developed
methodology [29], however, we have treated systems with
up to 100 two-body rovibrational bound states and have
solved Eq. (1) beyond the adiabatic approximation. Here,
the universality of the three-body parameter is analyzed for
a number of model potentials, one of then being the usual
Lennard-Jones potential:

va
#ðrÞ ¼ $C6

r6
ð1$ #6=r6Þ; (2)

where # is adjusted to give the desired value of a and
number of bound states. The other short-ranged potential
models used here, namely, vsch, v

b
# and v

hs
vdW, can be found

in Ref. [26].
Figure 1(a) shows the adiabatic potentialsU" at jaj ¼ 1

obtained using the potential va
# above supporting 25 dimer

bound states. At first glance, it is difficult to identify any
universal properties of these potentials. Efimov physics,
however, occurs at a very small energy scale near the

FIG. 1 (color online). (a) Full energy landscape for the three-body potentials at a ¼ 1 for our va
# model potential. (b) Effective

diabatic potentials W" relevant for Efimov physics for va
# with an increasingly large number of bound states (#&

n is the value of # that
produces a ¼ 1 and n s-wave bound states). The W" converge to a universal potential displaying the repulsive barrier at R ' 2rvdW
that prevents particles’ access to short distances. (c)–(e) demonstrate the suppression of the wave function inside the potential well
through the channel functions !"ðR; $; ’Þ for R fixed near the minima of the Efimov potentials in (b). (c) shows the mapping of the
geometrical configurations onto the hyperangles $ and ’. (d) and (e) show the channel functions, where the ‘‘distance’’ from the origin
determines j!"j1=2, for two distinct cases: in (d) when there is a substantial probability to find two particles inside the potential well
(defined by the region containing the gray disks) and in (e) with a reduced probability—see also our discussion in Fig. 2. In (d) and (e),
we used the potentials vsch and va

#, respectively, both with n ¼ 3.

PRL 108, 263001 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
29 JUNE 2012

263001-2
Figure VI.2. Three-body recombination assisted by the intermediate formation of a
near-zero-energy Efimov state on the a < 0 side of the resonance (a ≈ a

(n)
− ). The

final state contains a strongly bound dimer not described by the pseudo-potential
approach.

titative treatment (Fedichev, Reynolds, et al. 1996), shows that, for zero-
range interactions, the loss coefficient L3 reads

L3 = 3C(a)
ℏa4

m
(2)

In this expression, the coefficient C is a dimensionless number depending
on the ratio a/R0, where R0 is the three-body parameter needed to regu-
larize the problem near the origin. In the absence of any Efimovian effect,
Fedichev, Reynolds, et al. (1996) had predicted C = 3.9.

When we take into account the effects linked to Efimov physics, the
processes involved in this three-body recombination differ depending on
whether we are interested in the a < 0 or a > 0 part, and we will therefore
describe them in detail in what follows.

Note that the measurement of L3 in a gas of trapped cold atoms is gen-
erally affected by temperature. In particular, the limit ∼ ℏa4/m is replaced
by ∼ ℏλ4/m when the thermal wavelength λ becomes less than a. We will
not discuss these finite-temperature effects here, and refer the interested
reader for example to Rem, Grier, et al. (2013) and Eismann, Khaykovich,
et al. (2016), in which the heating that accompanies these recombination
processes is taken into account in the gas dynamics.
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1-2 Part a < 0 of the resonance

On this side of the resonance, trimers formdirectly from a collision between
three free atoms (figure VI.2). At the formation threshold, where the scat-
tering length approaches one of the a(n)− , these trimers have almost zero
energy and a large spatial extent, and therefore a strong overlap with the
wave function of the free atoms. Once such a trimer has formed, it can de-
cay, releasing a free atom and a strongly bound dimer (not described by the
pseudo-potential approach, but present in real interatomic potentials). We
therefore expect an increase in L3 around each value a = a

(n)
− .

This effect was originally predicted by Esry, Greene, et al. (1999a) and
detailed references can be found in recent review articles byNaidon&Endo
(2017), Greene, Giannakeas, et al. (2017) and D’Incao (2018). Analysis
of three-body recombination and the formation of strongly bound dimers
leads to the following expression1 for the coefficientL3 (Braaten&Hammer
2004):

a < 0 : C(a) ≈ C ′ sinh(2η)

sin2
î
|s0| ln(a/a(0)− )

ó
+ sinh2 η

(3)

with C ′ ≈ 4590. This result depends on an adjustable parameter, the di-
mensionless number η, called the inelasticity parameter.

The physical meaning of the parameter η is relatively simple: to take
three-body losses into account and establish the result (3), we solve the
Schrödinger equation for the hyperradial wave function ϕ(R), modifying
the boundary condition at short distances. So far, we have assumed for
R≪ |a|, k−1:

ϕ(R) ∼ 1√
R

sin [|s0| ln(R/R0)] ∼
1√
R

î
ei|s0| ln(R/R0) − e−i|s0| ln(R/R0)

ó
(4)

where the two terms inside the bracket can be interpreted as the outgoing
and incomingwaves in a three-body collision: in this collision, the hyperra-
dius initially has a large value compared with all the characteristic lengths

1The structure of this expression is very similar to that giving the transmission of a Fabry–
Perot optical cavity, known as the Airy function. This similarity is not accidental, of course, as
the two problems are formally similar.

of the problem. It decreases towards values of the order of the range of
the potentials, which corresponds to the physical situation where the three
particles are relatively close to each other. It then returns to infinity, which
means that at least one of the three particles is far from the other two. An
inelastic collision is described by requiring that the outgoing flux from the
collision be strictly smaller than the incoming flux, which amounts to the
boundary condition

ϕ(R) ∼ 1√
R

î
e−2η ei|s0| ln(R/R0) − e−i|s0| ln(R/R0)

ó
. (5)

The determination of (3) from this new boundary condition is described
by Braaten & Hammer (2004) and Braaten & Hammer (2006).

The parameter η varies with the atomic species and with the strength
of the transitions leading to the strongly bound dimers. We check in figure
VI.3 that this coefficient L3 (normalized by the “bare” value 3ℏa4/m) goes
through a maximum whenever a equals one of the a(n)− (the argument of
the sine is then a multiple of π).

The recombination length is defined as (Esry, Greene, et al. 1999a):

ρ3 = (µL3/ℏ)1/4 (6)

where µ = m/
√
3 is the reduced three-body mass. We expect the reso-

nances described above to be clearly visible only if this length is smaller
than the thermal wavelength of the particles, which means that we have to
work with sufficiently cold gases (see for example figure VI.9). This con-
dition is more difficult to fulfill for the excited trimers than for the ground
state n = 0, since L3 increases with n (the expression for L3 involves a4).

1-3 Part a > 0 of the resonance

In this case, the existence of the weakly bound dimer of energy −ℏ2/ma2
opens up a new pathway for three-body recombination (figure VI.4): three
colliding free atoms can give rise to one of these dimers, with the third
atom flying off on its own. Such a process can be analyzed entirely within
the framework of our pseudo-potential approach, since it does not involve
strongly bound states. The result of the calculation of the coefficient L3
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Figure VI.3. Normalized three-body recombination loss coefficient, C(a) ≡
L3/(3ℏa4/m), on the a < 0 side of the resonance with η = 0.1 (solid blue line),
η = 0.3 (dashed red line) and η = 1 (dashed black line).

therefore does not involve an adjustable parameter (unlike the case a <
0 where η is involved) and we find (Esry, Greene, et al. 1999b; Bedaque,
Braaten, et al. 2000; Petrov 2004; Braaten & Hammer 2007a; D’Incao 2018):

a > 0 (weakly bound dimers) : C(a) ≈ C ′′ sin2
[
|s0| ln

(
a

a
(1)
+

)]
(7)

with2

a
(0)
+ ≈ 0.20 a

(1)
∗ C ′′ ≈ 67.1. (8)

The vanishing of this rate for the values a(n)+ = a
(0)
+ enπ/|s0| can be inter-

preted as a destructive interference effect between the different paths lead-
ing to the production of the dimer during a collision of three atoms. In such

2In this case, we locate a(0)+ relative to a
(1)
∗ rather than to a

(0)
∗ . Indeed, when we go beyond

the zero-range limit and consider a true potential of the van der Waals type, the branch of the
n = 0 trimer does not cross the dimer branch, which means that the point a(0)∗ is pushed to
infinity (see the discussion at the end of § 2-1).

1

the measured a− values should begin to deviate from the
universal a− ¼ −9.7rvdW value; see Fig. 1. However, this
conclusion is only tentative due to large experimental
uncertainties in the measured a− [17], unexpected temper-
ature dependence [45], and large systematic uncertainties in
the parameters of the underlying two-body Feshbach
resonance [17,37,38,43]. Although there are intriguing
experimental [15,46–55] and theoretical [52,56–58] results
for the heteronuclear cases, the possible influence of many
additional parameters (mass ratio, quantum statistics, and
inter- and intraspecies scattering lengths) makes the ques-
tion of universality in those systems a topic for an entirely
separate investigation.
In this Letter, we present a precise test of van der Waals

universality near a Feshbach resonance with sres ¼ 2.57
[19], which is intermediate between the narrow (sres ≪ 1)
and broad (sres ≫ 1) regimes. Specifically, we accurately
determine the value of a− by having precise control of
critical experimental parameters such as temperature,
density, and scattering length. Because of our tight control
of both systematic and statistical errors, ours is the first
measurement of a compelling nonuniversal a− value in a
homonuclear Efimov resonance.
A thorough characterization of the Feshbach resonance

and an accurate map of the scattering length are required
for precise determination of the a− value. Accordingly, we
perform high-precision spectroscopy on a pure gas of

Feshbach dimers and accurately determine their binding
energies. This measurement enables us to refine our two-
body model and accurately predict the scattering length in
our Efimov measurements [19]. In other Feshbach reso-
nance studies, methods based on number loss or thermal-
ization rate have occasionally given inconsistent results. By
contrast, dissociation spectroscopy of Feshbach dimers
isolates two-body physics and accurately determines res-
onance properties [59–62].
Precision molecular spectroscopy requires long inter-

rogation times under unperturbed conditions. We stabilize
the magnetic field to the milligauss-level and eject all
unpaired atoms, whose presence affects dimer lifetimes and
complicates the spectroscopy. A pure molecular sample is
prepared by starting with∼105 atoms confined in an optical
dipole trap and a temperature of ∼300 nK. We transfer a
fraction of atoms in the jF ¼ 1; mF ¼ −1i hyperfine state to
the dimer state bymagnetoassociation [63]. Subsequently, all
residual unpaired atoms are blasted away by multiple radio-
frequency (rf) and optical pulses, leaving a pure sample of
∼104 molecules. Lastly, the magnetic field B is ramped to
various values, corresponding to different binding energies,
where we perform rf spectroscopy.
We dissociate molecules by transferring one atom of the

pair from the jF ¼ 1; mF ¼ −1i interacting state to the
jF ¼ 1; mF ¼ 0i imaging state. The final state being nearly
noninteracting enables us to directly probe the dimer
binding energy. Additionally, the transition being magneti-
cally less sensitive near B values of interest allows long
molecular interrogation times, limited only by dimer life-
times, to achieve high spectral resolution. We scan the rf
frequency and measure the transferred fraction, keeping the
pulse energy low to limit saturation effects and dissociate a
maximum 50% of molecules. We fit the measured spectrum
to a functional form given by the Franck-Condon factor of
the bound-free transition [59], and we extract the molecular
binding energy Eb [19,64]. We repeat this procedure to
determine Eb at different magnetic field values, as depicted
in Fig. 2.
The universal expression Eb ¼ ℏ2=ðma2Þ is always

accurate for large enough a. A more refined expression
Eb ¼ ℏ2=½mða − āÞ2%, which introduces the mean scatter-
ing length ā ≈ 0.956rvdW [66], is valid at smaller values of
a as long as a ≫ rvdW=sres [65]. However, such treatments
are inadequate for narrow and intermediate resonances.
To better compare to our experimental data, we developed a
coupled-channel model [19] capable of describing our
high-precision Eb data. We fine-tune the model’s param-
eters, the singlet and triplet scattering potentials, to accu-
rately match most of our measurements to within 1%, as
depicted in Fig. 2’s inset. As a result, we determine a
particular linear combination of the singlet and triplet
scattering lengths of 0.2470aS þ 0.9690aT ¼ 1.926ð2Þa0
[19], further constraining the previously reported values
of aS ¼ 138.49ð12Þa0 and aT ¼ −33.48ð18Þa0 [67,68].
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FIG. 1. Survey of experimental a− values in homonuclear
systems, inspired by [15]. Previous results (blue circles)
[3,17,37,41–45] show a tentative dependence of the a− value
on the Feshbach resonance strength parameter sres. Our meas-
urement (red star; red band in the inset) is the strongest evidence
of departure from the −9.7' 15%rvdW value (dashed line and
gray area) predicted by van der Waals universality [4,5,7,9]. The
inset shows calculations for a− based on a single van der Waals
potential [7] with N ¼ 1 − 7 s-wave two-body bound states
(green squares) and results from our multichannel model [19]
with N ¼ 2 − 5 (black triangles).
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between r and rþ dr in regions of high local velocity@kLðrÞ, which is proportional to [mdr=@kLðrÞ] (m being
the particle mass), the time spent classically in that interval
dr (see Ref. [26]). It is possible that there could be an
additional suppression as well, through quantum reflection
from a potential cliff [27]. Systems supporting many bound
states, such as the neutral atoms used in ultracold experi-
ments with their strong van der Waals attraction, clearly
exhibit this suppression. In general, a finite-range two-
body potential that supports many bound states decreases
steeply with decreasing interparticle distance r, starting
when r=rvdW & 1, at which point the potential cliff plays
a role analogous to a repulsive potential for low-energy
scattering. We demonstrate this fact by showing that the
three-body parameter in the presence of many two-body
bound states roughly coincides with that for a 100% re-
flective two-body model potential, where the two-body
short-range potential well is replaced by a hard sphere.

The starting point for our investigation of the universal-
ity of the three-body parameter is the adiabatic hyper-
spherical representation [18,28]. This representation
offers a simple and conceptually clear description by re-
ducing the problem to the solution of the ‘‘hyperradial’’
Schrödinger equation:

!
$ @2
2!

d2

dR2þW"ðRÞ
"
F"ðRÞþ

X

"0!"

W""0ðRÞF"0ðRÞ¼EF"ðRÞ:

(1)

Here, the hyperradius R describes the overall size of the
system; " is the channel index; ! ¼ m=

ffiffiffi
3

p
is the three-

body reduced mass for particle masses m; E is the total
energy; and F" is the hyperradial wave function. The
nonadiabatic couplings W""0 drive inelastic transitions,
and the effective hyperradial potentials W" support bound
and resonant states. To treat problems with deep two-body
interactions—necessary to see strong inside-the-well sup-
pression—requires us to solve Eq. (1) for two-body model
interactions that support many bound states, a challenge for
most theoretical approaches. Using our recently developed
methodology [29], however, we have treated systems with
up to 100 two-body rovibrational bound states and have
solved Eq. (1) beyond the adiabatic approximation. Here,
the universality of the three-body parameter is analyzed for
a number of model potentials, one of then being the usual
Lennard-Jones potential:

va
#ðrÞ ¼ $C6

r6
ð1$ #6=r6Þ; (2)

where # is adjusted to give the desired value of a and
number of bound states. The other short-ranged potential
models used here, namely, vsch, v

b
# and v

hs
vdW, can be found

in Ref. [26].
Figure 1(a) shows the adiabatic potentialsU" at jaj ¼ 1

obtained using the potential va
# above supporting 25 dimer

bound states. At first glance, it is difficult to identify any
universal properties of these potentials. Efimov physics,
however, occurs at a very small energy scale near the

FIG. 1 (color online). (a) Full energy landscape for the three-body potentials at a ¼ 1 for our va
# model potential. (b) Effective

diabatic potentials W" relevant for Efimov physics for va
# with an increasingly large number of bound states (#&

n is the value of # that
produces a ¼ 1 and n s-wave bound states). The W" converge to a universal potential displaying the repulsive barrier at R ' 2rvdW
that prevents particles’ access to short distances. (c)–(e) demonstrate the suppression of the wave function inside the potential well
through the channel functions !"ðR; $; ’Þ for R fixed near the minima of the Efimov potentials in (b). (c) shows the mapping of the
geometrical configurations onto the hyperangles $ and ’. (d) and (e) show the channel functions, where the ‘‘distance’’ from the origin
determines j!"j1=2, for two distinct cases: in (d) when there is a substantial probability to find two particles inside the potential well
(defined by the region containing the gray disks) and in (e) with a reduced probability—see also our discussion in Fig. 2. In (d) and (e),
we used the potentials vsch and va

#, respectively, both with n ¼ 3.
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Figure VI.4. Three-body recombination assisted by the intermediate formation of
a near-zero-energy Efimov state on the a > 0 side of the resonance. The final state
involves the weakly bound dimer of energy −ℏ2/ma2. The normalized recombi-
nation rate C(a) exhibits minima (a(n)+ ) and maxima (a(n)p ) corresponding to an
interference process between the different channels leading to this final state. Un-
like the case of a < 0, the calculation of this rate can be done entirely within the
framework of the pseudo-potential model and does not require the introduction of
an additional parameter (apart from R0).

a process, the hyperradius is initially very large, decreases and then returns
to infinity. Several channels corresponding to the hyperspherical potentials
can simultaneously make a significant contribution and the sin2[· · · ] term
in (7) can be understood as a Stückelberg oscillation, resulting from the
coupling between these different channels. The review article by D’Incao
(2018) provides a detailed description of these different pathways.

Note that in the literature we also find the notation a(n)p for the max-
imum of the function sin2[· · · ] involved in (7). Each maximum a

(n)
p lies

halfway (in logarithmic coordinates) between two successive minima a(n)+

and a(n+1)
+ , so that

a(n)p = a
(n)
+

√
22.7 ≈ a

(n+1)
∗ . (9)

The variation of C(a) for a > 0 is plotted in figure VI.5.

1-4 Link between the two sides of the resonance

In the universal regime, we can relate the remarkable points on the a < 0

side, i.e. the threshold values a(n)− for the existence of a trimer, and the
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Figure VI.5. Normalized three-body recombination loss coefficient, C(a) ≡
L3/(3ℏa4/m), on the a > 0 side of the resonance. The value of a(n)+ is≈ 4.5 a

(n)
∗ ≈

0.20 a
(n+1)
∗ , where a(n)∗ denotes the crossing point between the dimer and the nth

branch of the trimer. In themodel that leads to this prediction, recombination occurs
only into the weakly bound dimer that exists on this side of the resonance.

remarkable points on the a > 0 side, i.e. the “dimer–trimer” crossing a(n)∗ ,
or the minimum of the three-body recombination rate a(n)+ . The result of
Braaten & Hammer (2006) [their equations (200) and (201)], refined by
Gogolin, Mora, et al. (2008) [their equation (19)], gives

a
(n)
−

a
(n)
∗
≈ −21.31 (10)

which means that a(n)− is actually close (in absolute value) to a(n+1)
∗ :

a
(n)
−

a
(n+1)
∗

≈ −0.939 = − 1

1.065
. (11)

From this relation we deduce the link between a− and a+, which are the
quantities most easily accessible from a measurement of the three-body re-

In this Letter, we instead work with an intermediate-
strength Feshbach resonance in 39K, centered at 33.5820
(14) G and with width 54.772 G [31]. Too weak to obey van
der Waals universality, our resonance gives rise to a
correspondingly smaller re, and a larger magnitude að0Þ−
[31]. The Efimov features hence tend to occur at higher
values of jaj=re, away from the yellow zone. We have
carefully characterized four distinct triatomic Efimov
features associated with a single Feshbach resonance, an
unprecedented achievement. For each measured feature, we
study the temperature dependence of its location in order to
extract a T → 0 value, thus minimizing the hazard repre-
sented by the purple zone. These four locations yield three
independent ratios which give a measure of redundancy
(see Fig. 1). We identify three of these features which are
arranged in Efimov universal ratios and one (the one at the
lowest value of jaj) which is distinctly nonuniversal.
Further confidence in our experimental observables comes
from excellent agreement with our theoretical analysis,
performed using a complete two-body coupled-channel
model and a realistic three-body model built upon hyper-
spherical adiabatic representation, which incorporates the

proper hyperfine structure and a variable number of singlet
and triplet two-body bound states [31–33].
The Efimov feature for a < 0 (the triatomic resonance)

was studied in our previous work [31]. Here, for a > 0, we
first discuss the atom-dimer scattering resonance, which
manifests as enhanced atom-dimer inelastic decay rate,
βAD. After the evaporative cooling in a pancake-shaped
crossed dipole trap, we end up with a spin-polarized cloud
at various temperatures. An admixture of atoms and dimers
is generated by magnetoassociation of the dimers and
followed by a step to precisely control the atom density.
We then hold the samples at different magnetic fields and
track the populations of the dimers as they either break
apart on their own or react with free atoms. The dimers in
nonground Zeeman sublevels are known to dissociate
spontaneously and spin flip into d-wave exit channels
[44,45]. This decay process contributes to a background
loss of dimers as shown in Fig. 2(a). The pure dimer
lifetime shows a peak around a ¼ 65a0. We calculate this
lifetime using coupled-channel methods [46–48] and find
that the position and height of the peak are very sensitive
to interference between different d-wave decay paths.

FIG. 1. Efimov universality. The bottom panel shows trimer (EðnÞ
t ) and dimer (Ed) energies as a function of a−1, with energy levels

distorted to make clearer the resonance locations. The nth trimer is resonant with three free atoms at a ¼ aðnÞ− , and with the dimer at
a ¼ aðnÞ$ . The middle panel depicts the rate coefficients for inelastic collisions. The three-body recombination coefficient L3 peaks at
each value of aðnÞ− , while the atom-dimer relaxation coefficient βAD peaks at each value of aðnÞ$ . The entire structure is log-periodic with
period 22.7. For a > 0, L3=a4 shows quantum interference, with each local maximum aðnÞp spaced from the corresponding local
minimum aðnÞþ by

ffiffiffiffiffiffiffiffiffi
22.7

p
. Each value of aðnÞp is related to the corresponding aðnÞ− by a factor of exactly −1, but is offset from the nearest

value of a$ by 6.5%. Going from relative to absolute values of a requires a single absolute scale indicated by the oval circle. All these
ratios are for the zero-range limit; the dashed curves suggest the possibility of perturbations as jaj enters the region, indicated by yellow
shading, where it is not large compared to the effective range re. The range of the yellow zone may be “adjusted” by choosing atomic
species with different re. The purple shading represents regions of large jaj that are prone to systematic effects such as those caused by
finite temperature and density.

PHYSICAL REVIEW LETTERS 125, 243401 (2020)

243401-2

Figure VI.6. Links between the a < 0 and a > 0 sides for the main characteristics
of Efimov physics. Figure taken from Xie, Van de Graaff, et al. (2020).

combination rate between atoms of the gas:

a
(n)
−

a
(n)
+

= −4.7 (12)

These main relations are summarized in figure VI.6, taken from Xie, Van
de Graaff, et al. (2020).

2 Observation of some main features

2-1 First observation on cesium

In the field of cold atomic gases, the first clear demonstration of an Efi-
mov effect was made by Kraemer, Mark, et al. (2006). The experiment
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Fig. 2 Calculated magnetic field B dependence of the two-body s-wave scattering length a in the absolute ground state |F =
3, m F = 3〉 in 133Cs. Main panel Overview of the s-wave scattering length in the accessible experimental region. Only contri-
butions from molecular states with zero angular momentum are considered. I–IV Zoom in of the relevant magnetic field regions
including s-, d- and g-wave bound states. I Feshbach resonance at −12.3 G gives rise to a strong variation of a(B) in the low
magnetic field region. Several high order resonances sit both on positive and negative values of scattering length. II Four d-wave
resonance deeply shape the region around 500 G, the broadest ones is centered at about 495 G. III The two overlapping s and g
resonances near 550 G. IV The region between 800 G and 900 G is dominated by the broad s-wave resonance centered at 787.16 G
and by the broad d-wave resonance at 820.37 G. Letters in the different panels refer to the orbital angular momenta of the narrow
resonances

Gauss. An important additional feature is a broad d-wave resonance near 820 G, which occurs at a very large
and negative background scattering length of about −4200 a0.

3 The Efimov Effect

The Efimov effect [1] is a fascinating and counterintuitive phenomenon occurring in a resonantly interacting
three-body system. For extensive review on Efimov physics and related universal phenomena the reader may be
referred to Refs. [23,25]. Here we present the basic elements of Efimov’s scenario and we discuss its particular
impact on experiments with ultracold gases.

3.1 The Efimov scenario

Figure 3 illustrates the Efimov scenario, consisting of a geometric series of trimer states for large values of the
scattering length a. The ladder of three-body bound states is plotted versus the inverse scattering length 1/a.
Zero energy corresponds to the tri-atomic threshold, and for positive energy (E > 0) the system consists of
three free atoms with nonzero kinetic energy. Below the tri-atomic threshold (E < 0), one can identify two
different regions. For a >0, the pair-wise potential supports a universal weakly-bound dimer state with binding
energy given by Eq. (4). The corresponding threshold in the three-body picture is the atom-dimer threshold.
The a <0 region is called the Borromean region, where counter-intuitively a series of three-body bound states
can form although the two-body sub-systems are unbound. For a <0 the n-th trimer state crosses the tri-atomic
threshold at a(n)

− and for a >0 the states merge with the atom-dimer threshold at a(n)
∗ , where n ≥ 0 is an integer

number. With this convention, the Efimov state with largest binding energy is referred to as the first state and
it is labelled with n = 0. While this state crosses the tri-atomic threshold at a(0)

− , within Efimov’s window of
universality3, it may leave this window at the a > 0 side, therefore losing its Efimov character. In this case,

3 Efimov’s window of universality corresponds to the region 1/|a|%1/r0 and Eb % h̄2/(mr2
0 ).

Figure VI.7. Theoretical prediction for the scattering length a(B) of a cesium gas
in the |f = 3,mf = 3⟩ state, when only the couplings to zero-angular-momentum
dimers are taken into account. Figure taken from Ferlaino, Zenesini, et al. (2011).

was carried out on a cesium gas prepared in its lowest hyperfine state3
|f = 3,mf = 3⟩ around a Feshbach resonance. The cesium atom lends
itself well to this type of experiment for two reasons:

• The “background” scattering length abg, i.e. its value well away from
any resonance [cf. the 2021 lecture series], is large compared with the
rangeRvdW: a ≈ 2200 a0 ≈ 20RvdW, which ensures that wewill gener-
ally be dealing with broad resonances, for which the universality asso-
ciated with the pseudo-potential description is guaranteed. When we
take into account only the couplings tomolecular states of zero angular
momentum, we arrive at the a(B) diagram of figure VI.7.

• As cesium is a heavy element, relativistic effects play an important role
in the dynamics of electronic coupling. This adds significant coupling
with molecular states of non-zero angular momentum, and thus en-
riches the a(B) diagram. A zoom on the low-magnetic-field region
(marked by the symbol I in figure VI.7) is shown in figure VI.8.

Kraemer, Mark, et al. (2006) studied the variation of the three-body
recombination rate around B = 7.5G, where a takes large absolute and
negative values. Their main result is shown in figure VI.9. For the low-
temperature points (10 nK), there is a sharp increase of the three-body re-

3Recall that the 133Cs nucleus has spin i = 7/2, so that the hyperfine coupling with the
spin 1/2 of the valence electron gives rise to two states, f = 3 and f = 4.
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Fig. 2 Calculated magnetic field B dependence of the two-body s-wave scattering length a in the absolute ground state |F =
3, m F = 3〉 in 133Cs. Main panel Overview of the s-wave scattering length in the accessible experimental region. Only contri-
butions from molecular states with zero angular momentum are considered. I–IV Zoom in of the relevant magnetic field regions
including s-, d- and g-wave bound states. I Feshbach resonance at −12.3 G gives rise to a strong variation of a(B) in the low
magnetic field region. Several high order resonances sit both on positive and negative values of scattering length. II Four d-wave
resonance deeply shape the region around 500 G, the broadest ones is centered at about 495 G. III The two overlapping s and g
resonances near 550 G. IV The region between 800 G and 900 G is dominated by the broad s-wave resonance centered at 787.16 G
and by the broad d-wave resonance at 820.37 G. Letters in the different panels refer to the orbital angular momenta of the narrow
resonances

Gauss. An important additional feature is a broad d-wave resonance near 820 G, which occurs at a very large
and negative background scattering length of about −4200 a0.

3 The Efimov Effect

The Efimov effect [1] is a fascinating and counterintuitive phenomenon occurring in a resonantly interacting
three-body system. For extensive review on Efimov physics and related universal phenomena the reader may be
referred to Refs. [23,25]. Here we present the basic elements of Efimov’s scenario and we discuss its particular
impact on experiments with ultracold gases.

3.1 The Efimov scenario

Figure 3 illustrates the Efimov scenario, consisting of a geometric series of trimer states for large values of the
scattering length a. The ladder of three-body bound states is plotted versus the inverse scattering length 1/a.
Zero energy corresponds to the tri-atomic threshold, and for positive energy (E > 0) the system consists of
three free atoms with nonzero kinetic energy. Below the tri-atomic threshold (E < 0), one can identify two
different regions. For a >0, the pair-wise potential supports a universal weakly-bound dimer state with binding
energy given by Eq. (4). The corresponding threshold in the three-body picture is the atom-dimer threshold.
The a <0 region is called the Borromean region, where counter-intuitively a series of three-body bound states
can form although the two-body sub-systems are unbound. For a <0 the n-th trimer state crosses the tri-atomic
threshold at a(n)

− and for a >0 the states merge with the atom-dimer threshold at a(n)
∗ , where n ≥ 0 is an integer

number. With this convention, the Efimov state with largest binding energy is referred to as the first state and
it is labelled with n = 0. While this state crosses the tri-atomic threshold at a(0)

− , within Efimov’s window of
universality3, it may leave this window at the a > 0 side, therefore losing its Efimov character. In this case,

3 Efimov’s window of universality corresponds to the region 1/|a|%1/r0 and Eb % h̄2/(mr2
0 ).

Figure VI.8. Theoretical prediction for the scattering length a(B) of a cesium gas
in the |f = 3,mf = 3⟩ state, when couplings to dimers of non-zero angular
momentum are added. The x axis indicates the magnetic field, expressed in gauss.
Figure taken from Ferlaino, Zenesini, et al. (2011).

combination rate in the vicinity of a(0)− = −872 (22) a0, corresponding to
the threshold for the appearance of the ground state Efimov trimer. The
red solid line in figure VI.9 corresponds to a fit by the theoretical predic-
tion (3) for η = 0.10 (3).

It is interesting to compare the properties of the trimer observed byKrae-
mer, Mark, et al. (2006) and those of the ground-state trimer He3 observed
by Schöllkopf & Toennies (1994) (see previous chapter). As shown by Lee,
Koehler, et al. (2007), these two trimers have in common the fact that their
energy branch, extended on the side of small and positive a values, never
crosses the dimer branch [see also Bruch & Sawada (1973) and Yudkin, El-
baz & Khaykovich (2020)]. From this point of view, neither the He3 trimer
nor the Cs3 trimer of Kraemer, Mark, et al. (2006) satisfies all the criteria
that can be imposed on an Efimovian structure. On the other hand, the state
observed by Kraemer, Mark, et al. (2006) is undoubtedly a Borromean state
since it exists in a zone a < 0 for which there is no dimer in a weakly bound
state (there are of course strongly bound Cs2 dimers, but that is a different
matter). By comparison, He3 was observed for a > 0, i.e. in a zone where
the weakly boundHe2 dimer exists: it was therefore not a Borromean state.

It should also be noted that the Kraemer, Mark, et al. (2006) experiment
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Fig. 4 Recombination length ρ3calculated within effective field theory for (a) negative and (b) positive values of the scattering
length according to Eqs. (9a) and (9b), respectively. For the free parameters a−(+) and η−(+), we have chosen the values corre-
sponding to the Cs Efimov features [2]; see Table 2. The solid grey lines result from setting the sin2-terms to 1. The unitarity
limited recombination length is also shown for 100, 10, 1 and 0.1 nK (from light to dark regions)

field theory, and need to be experimentally determined [42]. As we will discuss in the next section, Eqs.(8),
(9a), and (9b) are commonly used to fit the experimentally measured values for the recombination rate, with
all the four quantities a−, a+, η− and η+ being left as free parameters5.

For ultralow, but finite temperatures the three-body recombination length is unitarity limited [43] to

ρmax
3 = 5.2

h̄√
mkB T

. (10)

The unitarity limit imposes an upper value for the measurable recombination length. At T =10 nK, this limit
corresponds to ρmax

3 =6 × 104 a0 and at T =100 nK it is about a factor of three lower. As shown in Fig. 4, the
unitarity limit also sets the number of Efimov features that can be realistically observed in the experiments.
While the first Efimov maximum is visible even for comparatively high temperatures (T $ 100 nK), the next
maximum requires a temperature of about a factor of 500 lower to be observable. Such a low temperature
is hardly accessible in current experiments. This limitation clarifies the reason why none of the experiments
on Efimov physics was able to unambiguously observe two consecutive maxima6, although two neighboring
minima have been successfully revealed [6,9]; see Sect. 6.

The above discussion has focused on the three-body behavior at the tri-atomic threshold. Similar argu-
ments apply to the atom-dimer threshold (a > 0). When an atom-dimer system resonantly couples to an
Efimov trimer the scattering rate resonantly increases. Here the dominant loss mechanism is collisional relax-
ation, also known as vibrational quenching. During an atom-dimer collision, the dimer can relax into a more
deeply bound two-body state and the binding energy is converted into kinetic energy. This two-body process
is described by the rate equation ṅD = ṅA = −βnDnA, where nD(A) is the dimer (atom) density and β is the
relaxation-rate coefficient. At the atom-dimer Efimov resonance position a =a∗ the relaxation rate exhibits a
resonant increase. Effective field theory provides a universal formula for the relaxation-rate coefficient β at
zero temperature [44–46]

β = CAD(a)
h̄a
m

, (11)

where CAD(a) incorporates the typical log-periodic oscillator behavior of the Efimov effect and reads as

CAD(a) = 20.3 sinh(2η∗)
sin2 [s0 ln(a/a∗)] + sinh2 η∗

. (12)

5 To analyze experiments the data for a > 0 and a < 0 are often fitted independently. The comparison of the results for a−
and a+ then provides a test for the universal relation.

6 Using an updated scattering length determination [11] the second maximum observed in Ref. [9] may be interpreted as
resulting from the pole of the Feshbach resonance and not from an Efimov state.
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(9a), and (9b) are commonly used to fit the experimentally measured values for the recombination rate, with
all the four quantities a−, a+, η− and η+ being left as free parameters5.

For ultralow, but finite temperatures the three-body recombination length is unitarity limited [43] to
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The unitarity limit imposes an upper value for the measurable recombination length. At T =10 nK, this limit
corresponds to ρmax

3 =6 × 104 a0 and at T =100 nK it is about a factor of three lower. As shown in Fig. 4, the
unitarity limit also sets the number of Efimov features that can be realistically observed in the experiments.
While the first Efimov maximum is visible even for comparatively high temperatures (T $ 100 nK), the next
maximum requires a temperature of about a factor of 500 lower to be observable. Such a low temperature
is hardly accessible in current experiments. This limitation clarifies the reason why none of the experiments
on Efimov physics was able to unambiguously observe two consecutive maxima6, although two neighboring
minima have been successfully revealed [6,9]; see Sect. 6.

The above discussion has focused on the three-body behavior at the tri-atomic threshold. Similar argu-
ments apply to the atom-dimer threshold (a > 0). When an atom-dimer system resonantly couples to an
Efimov trimer the scattering rate resonantly increases. Here the dominant loss mechanism is collisional relax-
ation, also known as vibrational quenching. During an atom-dimer collision, the dimer can relax into a more
deeply bound two-body state and the binding energy is converted into kinetic energy. This two-body process
is described by the rate equation ṅD = ṅA = −βnDnA, where nD(A) is the dimer (atom) density and β is the
relaxation-rate coefficient. At the atom-dimer Efimov resonance position a =a∗ the relaxation rate exhibits a
resonant increase. Effective field theory provides a universal formula for the relaxation-rate coefficient β at
zero temperature [44–46]

β = CAD(a)
h̄a
m

, (11)

where CAD(a) incorporates the typical log-periodic oscillator behavior of the Efimov effect and reads as

CAD(a) = 20.3 sinh(2η∗)
sin2 [s0 ln(a/a∗)] + sinh2 η∗

. (12)

5 To analyze experiments the data for a > 0 and a < 0 are often fitted independently. The comparison of the results for a−
and a+ then provides a test for the universal relation.

6 Using an updated scattering length determination [11] the second maximum observed in Ref. [9] may be interpreted as
resulting from the pole of the Feshbach resonance and not from an Efimov state.
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The parameter η∗ is again related to the trimer lifetime. Within effective field theory η∗ =η− =η+, while for
convenience all these three parameters are treated as independent when fitting the theoretical expression to
experimental results.

4 Efimov Resonances in Ultracold Quantum Gases of Cs Atoms

In summer 2005, an Efimov trimer state was observed in experiments performed by our group in Innsbruck
[2]. These experiments, conducted on optically trapped ultracold gases of Cs atoms, provided signatures of
both a tri-atomic Efimov resonance and a recombination minimum. Later experiments showed the appearance
of an atom-dimer Efimov resonance [58]. Figure 5 summarizes the main observations of Efimov resonances
in Cs for both the a < 0 and the a > 0 side.

All these experiments were based on the magnetically tunable interaction properties of Cs atoms in a mag-
netic field range between 0 and 150 G, henceforth referred to as the low-field region (region I in Fig. 2). The
accessible magnetic field range was technically limited by our previous magnetic coil setup, restricting the
tunability of the s-wave scattering length a to a range between −2500 a0 and 1600 a0. In 2010, we performed
a major upgrade of our setup, which now allows us to produce magnetic fields of up to 1.4 kG. With this new
setup, we have studied Efimov physics in the 550 region and in the 800 G region [19], henceforth referred
to as the high-field region, where two broad s-wave Feshbach resonances allow for a wide tunability of the
scattering length [31].

In this Section, we first present our observations on the tri-atomic Efimov resonances in both the low-
field and the high-field region (Sect. 4.1) and on the atom-dimer Efimov resonance observed in the low-field
region (Sect. 4.2). We then describe further Efimov resonances observed on other Feshbach resonances in Cs
(Sect. 4.3), and we discuss the behavior of the three-body parameter in our observations (Sect. 4.4).

4.1 Triatomic Efimov Resonances

To reveal the Efimov resonances at the tri-atomic threshold, we prepare an optically trapped thermal sample
of up to 5 × 104 Cs atoms at temperatures ranging from 10 to 250 nK. Our experimental procedure is based on
an all-optical cooling approach as presented in Refs. [47–49]. The atoms are prepared in their lowest internal
spin state (F = 3, m F = 3), where three-body recombination collisions are the dominant loss mechanism.
We measure the three-body loss rate L3 by recording the time evolution of the atom number N and the atom
temperature T for different magnetic field values in the region of interest [2,40]. In the following, we discuss
separately the recombination results obtained in the low- and high-field region.
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Fig. 5 Efimov resonances observed in ultracold cesium at low magnetic fields. a Observation of a triatomic Efimov resonance
in measurements of three-body recombination. The recombination length ρ3 is plotted as a function of the scattering length a.
The squares and the empty triangles show the experimental data for initial temperatures around 10 nK, and 200 nK, respectively
[2]. The solid curve represents the analytic model from effective field theory [23], where the scattering-length to magnetic-field
conversion is from [19]. The inset shows an expanded view for small positive scattering lengths with a minimum near 210 a0. The
displayed error bars refer to statistical uncertainties only. b Two-body loss rate coefficient β measured for inelastic atom-dimer
collisions [58] at two different temperatures, 40 nK (open triangles) and 170 nK (filled squares). Here a prominent atom-dimer
Efimov resonance shows up for a > 0. The solid lines represent fits based on universal effective field theory

Figure VI.9. Three-body recombination length [defined in (6)] measured by Krae-
mer, Mark, et al. (2006). The red squares (resp. black triangles) correspond to a
temperature of 10 nK (resp. 200 nK). Figure adapted from Ferlaino, Zenesini, et al.
(2011).

continuously explored a magnetic field zone leading to scattering lengths
on either side of a = 0. In addition to the remarkable peak shown in figure
VI.9 obtained for a < 0, the authors also observed peaks on the a > 0 side.
However, it is important to point out that a universal relation between the
two domains is not expected in this case. These universal relations hold
between the a < 0 and a > 0 regions flanking an a = ±∞ resonance, not a
zero of a.

2-2 Connecting the regions a < 0 and a > 0

In 2009, several experimental groups announced that they had succeeded
in connecting the two domains a > 0 and a < 0 located around a resonance

Compared to other atomic species currently available for
laser cooling techniques, lithium has the smallest range of
van der Waals potential, r0 ! 31a0. In addition, a number
of Feshbach resonances available for different Zeeman
sublevels of the jF ¼ 1i hyperfine state makes 7Li an
appropriate candidate for study of Efimov physics. In this
experiment, we work with a spin polarized sample in the
jF ¼ 1; mF ¼ 0i state, which is the one but lowest Zeeman
state [14]. In principle, two-body losses are possible from
this state; however, they are not large, as could be the case
for heavier atoms. For instance, 133Cs experiences large
dipolar losses caused by the second-order spin-orbit inter-
action [15]. We calculated the dipolar relaxation rate co-
efficients as a function of magnetic field via a coupled-
channels calculation by using recent interaction potentials
[16] and found them to be#3 orders of magnitude smaller
than the corresponding measured rate coefficients, if the
experimental losses were treated as purely two-body re-
lated. Moreover, the field-dependent profile of the calcu-
lated rates is qualitatively very different from the observed
rates. As a result, we exclude two-body losses and deter-
mine that the loss processes in the region of interest are
related to three-body recombination.

The jF ¼ 1; mF ¼ 0i state possesses two Feshbach
resonances, a narrow and a wide one, which we experi-
mentally detect by atom loss measurement at 845.8(7) G
and 894.2(7) G, respectively. The position of the wide
resonance is independently measured at 894.63(24) G by
molecule association technique [17]. These positions are in
agreement with theory within the uncertainty of the mag-
netic field calibration ($ 0:5%). In Fig. 1, two collision
properties are shown as a function of magnetic field: the
scattering length a and the effective range Re. These
quantities are extracted from the scattering phase shift
!ðkÞ at small relative wave numbers k by using the effec-
tive range expansion k cot!ðkÞ ¼ '1=aþ Rek

2=2 [18].
The region of universality strongly depends on the width

of the Feshbach resonance which is inversely proportional
to the effective range close to the resonance’s center

[19,20]. As a measure for the influence of the effective
range, the resonance strength sres ¼ 2r0=jRej has been
introduced [7,21]. In this way, a narrow or ‘‘closed-channel
dominated’’ resonance is characterized by sres ) 1 and has
a very narrow region of universality, for which jaj * jRej.
In this case, Re comes on a similar footing as and in
addition to the three-body parameter to determine the
short-range physics [19,22]. In contrast, a wide or ‘‘open-
channel dominated’’ resonance is characterized by sres *
1. Here, the universal region spans over a broad range of
magnetic field strengths for which a * r0 and the scatter-
ing problem can be described in terms of an effective
single-channel model [7].
The effective range is very large in the vicinity of the

narrow resonance which signifies its ‘‘close-channel domi-
nated’’ character while around the wide resonance, the
effective range is small and crosses zero near the pole of
the resonance (Fig. 1). This is a clear demonstration of an
‘‘open-channel dominated’’ resonance which expects to
provide a wide region of universality extended to tens of
Gauss around the resonance where sresðBÞ * 1.
In the experiment, we perform measurements of three-

body recombination loss as a function of magnetic field
near the wide Feshbach resonance. Each loss rate coeffi-
cient is calculated from a fit of a lifetime measurement
to the solution of the atom loss rate equation: _N ¼
'K3hn2iN ' !N, where K3 and ! are the three- and
single-body loss rates, respectively. ! is determined in-
dependently by measuring a very long decay tail of a low
density sample. This simplified model does not include
effects such as saturation of K3 to a maximal value Kmax

due to finite temperature (unitarity limit) [23], recombina-
tion heating and ‘‘anti-evaporation’’ [24]. The first and the
second effects can be neglected for K3 values which are
much smaller than Kmax. In our case, the highest measured
K3 values are at least an order of magnitude smaller than
Kmax, and therefore this assumption is reasonable. As for
the latter, we treat the evolution of our data to no more than
#30% decrease in atom number for which ‘‘anti-
evaporation’’ is estimated to induce a systematic error of
#23% towards higher values ofK3. This effect is evaluated
not to limit the accuracy of the reported results.
Our experimental setup is described in details elsewhere

[14]. In brief, we load atoms directly from a magneto-
optical trap into a single-beam far-detuned optical dipole
trap and perform a preliminary forced evaporation at the
wing of the narrow resonance at 824 G. During a second
evaporation step, we add a second beam which intersects
with the first, and the atoms are loaded into a tightly
confined crossed-beam dipole trap. A final evaporation
step is performed at a slightly higher magnetic field of
832 G. Evaporation at this step can proceed all the way to
the Bose-Einstein condensation (BEC) threshold but it is
interrupted before a degeneracy is reached. A transition to
the magnetic field of interest in which a lifetime measure-
ment will be taken is performed in two main steps. The first
is a rapid change in magnetic field over the position of the

FIG. 1 (color online). The scattering length a (solid line) and
the effective range Re (dashed line) as a function of magnetic
field near the two Feshbach resonances of the jF ¼ 1; mF ¼ 0i
state.

PRL 103, 163202 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

16 OCTOBER 2009

163202-2

Figure VI.10. Scattering length and effective range for the 7Li Feshbach resonance.
Figure extracted from Gross, Shotan, et al. (2009).

a =∞: Knoop, Ferlaino, et al. (2009), Gross, Shotan, et al. (2009), Zaccanti,
Deissler, et al. (2009) and Pollack, Dries, et al. (2009). For the last two, one
may also consult the partial re-analysis of the data in Roy, Landini, et al.
(2013) and Dyke, Pollack, et al. (2013).

Herewe shall concentrate on theGross, Shotan, et al. (2009) experiment.
It was carried out on a gas of 7Li atoms (bosons) prepared in the state that
connects to |f = 1,m = 0⟩ at zero field (the ground level of the 7Li atom is
split into two hyperfine sublevels, f = 1 and f = 2). Two Feshbach reso-
nances, at 846G and 894G, come into play (figure VI.10), giving a region in
which a diverges while the effective range re keeps a relatively small value
(broad resonance). This configuration is therefore well suited to the search
for Efimovian universality.

Figure VI.11 shows the result obtained by Gross, Shotan, et al. (2009)
for the measurement of the L3 coefficient on either side of the resonance.

• On the a < 0 side (corresponding to the large values of B), L3 goes
through a maximum at a(0)− = −264 (11) a0, and a fit of the measure-
ments to (3) gives η− = 0.236 (42). This result gives |a(0)− | ∼ 8.5 re,
so that the universal regime has been reached. The temperature of the
gas (1µK) does not allow us to observe the next resonance, expected
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Feshbach resonance to avoid strong inelastic losses. The
second is an adiabatic approach to the target magnetic
field. After different waiting times, the remaining atoms’
number is determined by in situ absorption imaging.

For measurements in the positive scattering lengths, we
cut the evaporation at T ! 2 !K and "105 atoms with
peak density of"5# 1012 cm$3. We then shift rapidly to a
magnetic field of 858 G in less than 1 ms while crossing the
narrow resonance and wait for 500 ms to let the system
relax. Then, we ramp the magnetic field in 25 ms to 880 G,
roughly in the center of the region of interest, and wait
there for another 100 ms before the last move to the final
magnetic field (in 5 ms) where the measurements of life-
time and temperature are performed. For the negative
scattering lengths, we cut the evaporation at T ! 1 !K,
just on the verge of a BEC. A fast jump is then made to a
magnetic field of 930 G, far beyond the position of the wide
resonance. After a relaxation time, we slowly move to
915 G and wait there again before a last ramp to the final
magnetic field is performed.

For the treatment of three-body recombination loss in
the domain of universality, we adopt the language of
Refs. [4,5]. The convenient form to represent the theoreti-
cally predicted loss rate coefficient is K3 ¼ 3C&ðaÞ@a4=m
where m is the atomic mass and where & hints at the
positive (þ) or negative ($) region of the scattering
length. In that form, an a4 dependence [25] is separated
from the additional log-periodic behavior C&ðaÞ ¼
C&ð22:7aÞ which reflects the Efimov physics of infinite
series of weakly bound trimers. An effective field theory
provides analytic expressions for C&ðaÞ that we use in the
form presented in Refs. [4,5] to fit our experimental results.
For a > 0, CþðaÞ includes oscillations on log scale be-
tween the maximum recombination loss of CþðaÞ " 70
and the minimum which in an ideal system can be vanish-

ingly small [1]. For a < 0, C$ðaÞ displays resonance be-
havior each time an Efimov trimer state hits the continuum
threshold. The free parameters of the theory are a& which
are connected to the unknown short-range part of the
effective three-body potential and "& which describe the
unknown decay rate of Efimov states. Moreover, a$ de-
fines the resonance position in the decay rate and "& are
assumed to be equal.
Our experimental results are shown in Fig. 2. For posi-

tive scattering lengths, we observe a pronounced minimum
in the three-body recombination rate at a scattering length
of a ! 1160a0 which is much larger than r0 and in that
sense occurs deep within the universal region [26]. The
upper limit for universality, due to finite temperature, is
estimated to be at a ! 2800a0 (Kmax ! 6# 10$21 cm6=s)
[23]. Adjacent minima are expected at 1160a0=22:7 !
50a0, which is too close to the nonuniversal region, and
at 1160a0 # 22:7 ! 26000a0, well above the finite tem-
perature limit. Our measurements are fitted remarkably
well with the analytical expression of CþðaÞ for a large
range of scattering lengths as shown by a solid line in
Fig. 2. For lower scattering lengths, K3 saturates at
"130a0 (870 G). Interestingly, it occurs when sresðBÞ !
0:4, and it roughly corresponds to the position where the
effective range ReðBÞ starts to diverge due to the presence
of the scattering length’s zero crossing (see Fig. 1), and its
absolute value is about the same as that of the scattering
length [ReðB ¼ 870 GÞ ! $170a0]. From the fit, we ob-
tain aþ ¼ 243ð35Þa0,"þ ¼ 0:232ð55Þ. The upper limit for
the three-body recombination rate (dashed line in Fig. 2) is
represented by CþðaÞ ! 54:7, which is smaller than the
commonly known value of CþðaÞ ! 70 due to the rela-
tively large value of "þ.
Measurements of three-body recombination rates for

negative scattering lengths reveal a region of significant

FIG. 2 (color online). Three-body loss coefficient K3 is shown as a function of magnetic field and scattering length (insets). The solid
lines represent fittings to the analytical expressions of universal theory. The dashed lines represent the upper (lower) limit of K3 for
a > 0 (a < 0). The error bars consist of two contributions: the uncertainty in temperature measurement ("20%) which affects the
estimated atom density and the fitting error of the lifetime measurement.
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Figure VI.11. Three-body loss rate through a Feshbach resonance for a 7Li gas.
Figure extracted from Gross, Shotan, et al. (2009).

at a value of |a| 22.7 times larger.

• On the a > 0 side (corresponding to small values of B), we see the
start of the oscillating behavior expected for L3 [cf. (7)]. In particular,
we find a pronounced minimum of L3 around a(1)+ = 1160 a0, corre-
sponding to the destructive interference mentioned in § 1-3.

We stated in § 1-4 the link between the two sides of the resonance:

a
(n)
−

a
(n)
+

= −4.7 or equivalently a
(n)
−

a
(n+1)
+

= − 4.7

22.7
= −0.21. (13)

The values found experimentally a(0)− = −264 a0 and a(1)+ = 1160 a0 lead to
the ratio −0.23, close to that expected if we assume that the two measure-
ments refer to two consecutive trimers. As Gross, Shotan, et al. (2009)write
in their conclusion, “This seems like an observation of the long hunted universal
behavior of a three-body observable in a physical system with resonantly enhanced
two-body interactions”!

Let us also indicate the result obtained byZaccanti, Deissler, et al. (2009)
and Pollack, Dries, et al. (2009) after the reanalysis mentioned above and
explained by Naidon & Endo (2017):

• The Zaccanti, Deissler, et al. (2009) experiment, carried out on 39K, led
to a−/a+ = −3.1 (0.3) [value before re-analysis −6.7 (0.6)].

• The Pollack, Dries, et al. (2009) experiment, carried out on 7Li, led to
a−/a+ = −2.8 (0.3) [value before re-analysis −2.5 (0.6)].

These results lie significantly further from the universal limit, probably
owing to effects related to the effective range re, which was relatively large
in these experiments. See the detailed discussion in Xie, Van de Graaff, et
al. (2020).

2-3 Efimov’s geometric sequence

The observation of two successive loss resonances on the same side of the
Feshbach resonance makes it possible to test directly the scaling factor 22.7
of Efimov’s theory. Zaccanti, Deissler, et al. (2009) and Pollack, Dries, et
al. (2009) carried out initial measurements to test this law on 39K and 7Li
atoms [see also Williams, Hazlett, et al. (2009) for the observation of an
excited trimer].

Here we describe a more recent experiment carried out in Innsbruck by
Huang, Sidorenkov, et al. (2014) on 133Cs. In this experiment, particular
care was taken to evaluate finite-temperature effects and to extrapolate the
measured quantities to zero temperature. The experiment was carried out
on a Feshbach resonance at a much higher field (around 800G) than that
used by Kraemer, Mark, et al. (2006). This broad resonance, coupled with
good control of the gas temperature in the nanokelvin range, makes it pos-
sible to achieve large scattering lengths, up to 105 a0.

In the Huang, Sidorenkov, et al. (2014) experiment, the gas is prepared
close to quantum degeneracy in a hybrid trap (magnetic plus optical), at
a temperature between 7 and 10 nK. The ground-state size of the trap is
∼ 5µm, to be comparedwith the expected size of the second trimer,∼ 1µm:
there is enough room for this trimer, but the next one (22.7 times larger)
would not fit into this trap. . .

Figure VI.12 shows the main result of Huang, Sidorenkov, et al. (2014)
with a sharp peak in the three-body loss coefficient around a = −17 000 a0.
The ground-state trimer had previously been observed by the same group
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with the two resonance parameters, position að0Þ− ¼ −963a0
and decay parameter ηð0Þ− ¼ 0.10 [32], independently
derived from previous measurements on the first Efimov
resonance. For the temperature we use Tavg ¼ 8.65 nK,
which is the mean value for the two sets. The agreement
between our present results and the prediction [black solid
line in Fig. 1(a)] is remarkable, and highlights the discrete
scaling behavior of the Efimov scenario.
The measurements on the “shoulder” of the resonance

[−104a0=a > 1.2 in Fig. 1(a)] show a broad increase of the
effective L3 as compared to the expectation from the three-
body loss theory [black solid line in Fig. 1(a)]. Since similar
enhanced loss features were observed previously near the
first Efimov resonance [7,25,36–38] and were explained by
the presence of four- or five-body states associated with an
Efimov state, we attribute this feature to higher-order decay
processes. To check this, we fit set B [39] with Eq. (1) as
discussed above, while now using α as an additional free
parameter. The fit results for α are shown in Fig. 1(b). In the
region close to the Efimov resonance (white region II),
where we expect dominant three-body behavior, the value
of α is relatively close to 3 [40]. On the shoulder of the
Efimov peak (gray-shaded region III), a significant increase
of α, compared to the resonance region, confirms the
existence of higher-order decay processes. It is interesting
to note that the relatively broad shoulder that we observe
for the higher-order features is in contrast to the narrow
features observed in 7Li [7,25]. On the other side of the
Efimov resonance (gray-shaded region I), we also observe
an enhancement of α, which is likely to be caused by
similar higher-order decay features associated with highly
excited N-body cluster states.
The temperature uncertainty plays an important role in

the interpretation of our results. The measured values of L3

depend sensitively on the temperature, with a general
scaling ∝ T3 according to the volume V in Eq. (1). The
theoretical L3 values also depend strongly on the temper-
ature. The gray-shaded area in Fig. 1(a) demonstrates the
variation between 7.7 and 9.6 nK, which correspond to Tavg
for sets A and B, respectively. It may be seen that the
temperature uncertainty results mainly in an amplitude
error rather than an error in the peak position.
To analyze the observed resonance in more detail, and

especially to study the possible small deviation of að1Þ− from
a predicted value of 22.7að0Þ− , we now fit the results in the
resonance region (0 < −104a0=a < 1.2 in Fig. 2) with the
finite-temperature model to extract an experimental value
for að1Þ− . Here, because of the large effect of the temperature
uncertainty, we use the temperature T as an additional
parameter in the fits. The results (blue dashed and red
dotted lines in Fig. 2 for sets A and B) are summarized in
the upper part of Table I and yield a mean að1Þ− value
of −20270ð680Þa0.
The fitted results for the temperature, 8.7(2) nK for set A

and 10.0(2) nK for set B, are somewhat larger than the
independently determined temperatures Tavg, but they are

consistent with Tavg within the error range. The higher
temperatures also imply a rescaling of the measured L3

values because of the temperature dependence of the
volume V. With these corrections, Fig. 2 shows that the
measurements of set A, taken at a lower temperature, now
produce larger L3 values than those of set B.
Uncertainties in L3 might also arise from errors in the

atom number calibration, resulting from imaging imper-
fections and errors in trap frequency measurements. To
account for these effects, we follow an alternative fitting
strategy and introduce an additional parameter λ as an
amplitude scaling factor for L3 into the finite-temperature
model, while fixing the temperature at the measured Tavg.
The resulting parameters for each set are given in the lower
part of Table I. Remarkably, this alternative approach
gives a mean value of −20120ð630Þa0 for að1Þ− , which is
consistent with the one extracted before. This shows the

FIG. 2 (color online). Fits to the second Efimov resonance. The
two sets of points represent the same sets of results as in Fig. 1,
but limited to the resonance region and with one clear outlyer
removed. In addition, the absolute scaling for L3 is changed as we
here use the fit values (see text) for the temperature, 8.7 nK for set
A and 10.0 nK for set B, to calculate the volume V. The vertical
dashed line is the same as in Fig. 1. The fits to sets A and B are
plotted as blue dashed and red dotted lines, respectively.

TABLE I. Fitted parameters for the second Efimov resonance.
The upper part of the Table shows the fitting results when
temperature T is a free parameter, while the lower part corre-
sponds to fixed-temperature fitting with λ as a free amplitude
scaling factor. The uncertainties indicate 1σ errors from fitting.

Set T=nK að1Þ− =a0 ηð1Þ− λ

A 8.7(2) −20 790ð390Þ 0.15(2) $ $ $
B 10.0(2) −19 740ð430Þ 0.19(3) $ $ $
A 7.7a −20 580ð390Þ 0.17(3) 0.52(5)
B 9.6a −19 650ð430Þ 0.19(3) 0.80(7)
aIndicates that the corresponding parameter is kept fixed.
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Figure VI.12. Observation of the second Efimov trimer for cesium around 800G.
A fit to a theoretical model taking into account the non-zero temperature of the gas
leads to a(1)− = −20 190 (1200) a0, i.e. a(1)− /a

(0)
− = 21.0 (1.3). Set A: T = 8.7nK;

set B: T = 10.0 nK. Figure extracted from Huang, Sidorenkov, et al. (2014).

(Berninger, Zenesini, et al. 2011), and it forms at a(0)− = −963 (11) a0, giving
a ratio of 17.7, whereas Efimov universality predicts 22.7.

This deviation from Efimov’s “universal” prediction may be due (at
least in part) to effects related to the non-zero temperature of the gas.
For the a(0)− position of the ground-state trimer, the temperature effects
are not very significant. To predict the threshold value a(1)− for the next
trimer, Huang, Sidorenkov, et al. (2014) used the model developed by
Rem, Grier, et al. (2013). They analyzed their experimental data, keep-
ing the position a(1)− and the temperature as adjustable parameters. The fit
gave a temperature very close to that measured directly and gave the value
a
(1)
− = −20 190 (1200) a0, a factor of 21.0 (1.3) above a(0)− . This is remark-

ably close to Efimov’s universal value (1.3σ difference). In any case, a non-

negligible deviation from the scaling law is expected for the first trimers
n = 0 and n = 1, in particular because of non-zero-range effects (Schmidt,
Rath, et al. 2012).

To conclude this section, we should point out that this Efimovian geo-
metric sequence has also been demonstrated in mMM mixtures: the ex-
periment is then less demanding, because the common ratio of the geo-
metric sequence is considerably reduced as one moves towards mass ratios
m/M ≪ 1 (see Chapter 4).

2-4 The dimer–trimer crossing

An important feature of the energy diagram on the a > 0 side of the res-
onance is the set of points {a(n)∗ }, where the energy of the trimer becomes
equal to the energy of the dimer (the third atom being almost at rest, in-
finitely far from the dimer). If we start from an atom–dimer mixture, we
expect the loss rate βAD for this mixture to be maximal at such a point: dur-
ing an atom–dimer collision, the partners spend a long time in each other’s
vicinity, which favors the transition to other, more deeply bound states (fig-
ure VI.13). The argument is the same as the one that leads to an increase
of the three-body loss rate on the a < 0 side of the resonance, at the points
a
(n)
− .
The first evidence of losses in an atom–dimer mixture due to this effect

was published byKnoop, Ferlaino, et al. (2009). Wewill focus here onmore
recent experiments by the Boulder group, described by Chapurin, Xie, et al.
(2019) and Xie, Van de Graaff, et al. (2020), which have made it possible to
verify Efimov universality between the a∗ value and the other remarkable
points in the energy diagram.

Xie, Van de Graaff, et al. (2020) worked with a 39K gas prepared in the
hyperfine state |f = 1,mf = −1⟩ aroundB = 33.6 gauss. In the 2021 lecture
serieswe described the properties of the corresponding Fano–Feshbach res-
onance. This resonance has the advantage of having a fairly small effective
range (re ≈ 130 a0 at resonance), which makes it possible to increase the
range of universality of Efimovian effects. Chapurin, Xie, et al. (2019) had
studied the a < 0 side of this resonance and found a(0)− = −908 (11) a0 and
η = 0.25 (1) (figure VI.14).
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1

the measured a− values should begin to deviate from the
universal a− ¼ −9.7rvdW value; see Fig. 1. However, this
conclusion is only tentative due to large experimental
uncertainties in the measured a− [17], unexpected temper-
ature dependence [45], and large systematic uncertainties in
the parameters of the underlying two-body Feshbach
resonance [17,37,38,43]. Although there are intriguing
experimental [15,46–55] and theoretical [52,56–58] results
for the heteronuclear cases, the possible influence of many
additional parameters (mass ratio, quantum statistics, and
inter- and intraspecies scattering lengths) makes the ques-
tion of universality in those systems a topic for an entirely
separate investigation.
In this Letter, we present a precise test of van der Waals

universality near a Feshbach resonance with sres ¼ 2.57
[19], which is intermediate between the narrow (sres ≪ 1)
and broad (sres ≫ 1) regimes. Specifically, we accurately
determine the value of a− by having precise control of
critical experimental parameters such as temperature,
density, and scattering length. Because of our tight control
of both systematic and statistical errors, ours is the first
measurement of a compelling nonuniversal a− value in a
homonuclear Efimov resonance.
A thorough characterization of the Feshbach resonance

and an accurate map of the scattering length are required
for precise determination of the a− value. Accordingly, we
perform high-precision spectroscopy on a pure gas of

Feshbach dimers and accurately determine their binding
energies. This measurement enables us to refine our two-
body model and accurately predict the scattering length in
our Efimov measurements [19]. In other Feshbach reso-
nance studies, methods based on number loss or thermal-
ization rate have occasionally given inconsistent results. By
contrast, dissociation spectroscopy of Feshbach dimers
isolates two-body physics and accurately determines res-
onance properties [59–62].
Precision molecular spectroscopy requires long inter-

rogation times under unperturbed conditions. We stabilize
the magnetic field to the milligauss-level and eject all
unpaired atoms, whose presence affects dimer lifetimes and
complicates the spectroscopy. A pure molecular sample is
prepared by starting with∼105 atoms confined in an optical
dipole trap and a temperature of ∼300 nK. We transfer a
fraction of atoms in the jF ¼ 1; mF ¼ −1i hyperfine state to
the dimer state bymagnetoassociation [63]. Subsequently, all
residual unpaired atoms are blasted away by multiple radio-
frequency (rf) and optical pulses, leaving a pure sample of
∼104 molecules. Lastly, the magnetic field B is ramped to
various values, corresponding to different binding energies,
where we perform rf spectroscopy.
We dissociate molecules by transferring one atom of the

pair from the jF ¼ 1; mF ¼ −1i interacting state to the
jF ¼ 1; mF ¼ 0i imaging state. The final state being nearly
noninteracting enables us to directly probe the dimer
binding energy. Additionally, the transition being magneti-
cally less sensitive near B values of interest allows long
molecular interrogation times, limited only by dimer life-
times, to achieve high spectral resolution. We scan the rf
frequency and measure the transferred fraction, keeping the
pulse energy low to limit saturation effects and dissociate a
maximum 50% of molecules. We fit the measured spectrum
to a functional form given by the Franck-Condon factor of
the bound-free transition [59], and we extract the molecular
binding energy Eb [19,64]. We repeat this procedure to
determine Eb at different magnetic field values, as depicted
in Fig. 2.
The universal expression Eb ¼ ℏ2=ðma2Þ is always

accurate for large enough a. A more refined expression
Eb ¼ ℏ2=½mða − āÞ2%, which introduces the mean scatter-
ing length ā ≈ 0.956rvdW [66], is valid at smaller values of
a as long as a ≫ rvdW=sres [65]. However, such treatments
are inadequate for narrow and intermediate resonances.
To better compare to our experimental data, we developed a
coupled-channel model [19] capable of describing our
high-precision Eb data. We fine-tune the model’s param-
eters, the singlet and triplet scattering potentials, to accu-
rately match most of our measurements to within 1%, as
depicted in Fig. 2’s inset. As a result, we determine a
particular linear combination of the singlet and triplet
scattering lengths of 0.2470aS þ 0.9690aT ¼ 1.926ð2Þa0
[19], further constraining the previously reported values
of aS ¼ 138.49ð12Þa0 and aT ¼ −33.48ð18Þa0 [67,68].
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FIG. 1. Survey of experimental a− values in homonuclear
systems, inspired by [15]. Previous results (blue circles)
[3,17,37,41–45] show a tentative dependence of the a− value
on the Feshbach resonance strength parameter sres. Our meas-
urement (red star; red band in the inset) is the strongest evidence
of departure from the −9.7' 15%rvdW value (dashed line and
gray area) predicted by van der Waals universality [4,5,7,9]. The
inset shows calculations for a− based on a single van der Waals
potential [7] with N ¼ 1 − 7 s-wave two-body bound states
(green squares) and results from our multichannel model [19]
with N ¼ 2 − 5 (black triangles).
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between r and rþ dr in regions of high local velocity@kLðrÞ, which is proportional to [mdr=@kLðrÞ] (m being
the particle mass), the time spent classically in that interval
dr (see Ref. [26]). It is possible that there could be an
additional suppression as well, through quantum reflection
from a potential cliff [27]. Systems supporting many bound
states, such as the neutral atoms used in ultracold experi-
ments with their strong van der Waals attraction, clearly
exhibit this suppression. In general, a finite-range two-
body potential that supports many bound states decreases
steeply with decreasing interparticle distance r, starting
when r=rvdW & 1, at which point the potential cliff plays
a role analogous to a repulsive potential for low-energy
scattering. We demonstrate this fact by showing that the
three-body parameter in the presence of many two-body
bound states roughly coincides with that for a 100% re-
flective two-body model potential, where the two-body
short-range potential well is replaced by a hard sphere.

The starting point for our investigation of the universal-
ity of the three-body parameter is the adiabatic hyper-
spherical representation [18,28]. This representation
offers a simple and conceptually clear description by re-
ducing the problem to the solution of the ‘‘hyperradial’’
Schrödinger equation:

!
$ @2
2!

d2

dR2þW"ðRÞ
"
F"ðRÞþ

X

"0!"

W""0ðRÞF"0ðRÞ¼EF"ðRÞ:

(1)

Here, the hyperradius R describes the overall size of the
system; " is the channel index; ! ¼ m=

ffiffiffi
3

p
is the three-

body reduced mass for particle masses m; E is the total
energy; and F" is the hyperradial wave function. The
nonadiabatic couplings W""0 drive inelastic transitions,
and the effective hyperradial potentials W" support bound
and resonant states. To treat problems with deep two-body
interactions—necessary to see strong inside-the-well sup-
pression—requires us to solve Eq. (1) for two-body model
interactions that support many bound states, a challenge for
most theoretical approaches. Using our recently developed
methodology [29], however, we have treated systems with
up to 100 two-body rovibrational bound states and have
solved Eq. (1) beyond the adiabatic approximation. Here,
the universality of the three-body parameter is analyzed for
a number of model potentials, one of then being the usual
Lennard-Jones potential:

va
#ðrÞ ¼ $C6

r6
ð1$ #6=r6Þ; (2)

where # is adjusted to give the desired value of a and
number of bound states. The other short-ranged potential
models used here, namely, vsch, v

b
# and v

hs
vdW, can be found

in Ref. [26].
Figure 1(a) shows the adiabatic potentialsU" at jaj ¼ 1

obtained using the potential va
# above supporting 25 dimer

bound states. At first glance, it is difficult to identify any
universal properties of these potentials. Efimov physics,
however, occurs at a very small energy scale near the

FIG. 1 (color online). (a) Full energy landscape for the three-body potentials at a ¼ 1 for our va
# model potential. (b) Effective

diabatic potentials W" relevant for Efimov physics for va
# with an increasingly large number of bound states (#&

n is the value of # that
produces a ¼ 1 and n s-wave bound states). The W" converge to a universal potential displaying the repulsive barrier at R ' 2rvdW
that prevents particles’ access to short distances. (c)–(e) demonstrate the suppression of the wave function inside the potential well
through the channel functions !"ðR; $; ’Þ for R fixed near the minima of the Efimov potentials in (b). (c) shows the mapping of the
geometrical configurations onto the hyperangles $ and ’. (d) and (e) show the channel functions, where the ‘‘distance’’ from the origin
determines j!"j1=2, for two distinct cases: in (d) when there is a substantial probability to find two particles inside the potential well
(defined by the region containing the gray disks) and in (e) with a reduced probability—see also our discussion in Fig. 2. In (d) and (e),
we used the potentials vsch and va

#, respectively, both with n ¼ 3.
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Figure VI.13. Inelastic atom–dimer collision assisted by the intermediate forma-
tion of an Efimov state on the a > 0 side of the resonance. The initial state involves
the weakly bound dimer of energy−ℏ2/ma2 and the final state contains a strongly
bound dimer, not described by the pseudo-potential model. The rate of this process
is maximal for a = a

(n)
∗ , when the energy of the weakly bound dimer coincides with

that of the Efimov trimer.

Dimers are formed by “magneto-association”, obtained by rapidly
crossing the Fano–Feshbach resonance towards the a > 0 side. The number
of dimers can decrease simply through a spin flip of one of the constituent
atoms, which breaks up the dimer. It can also decrease through collisions
with atoms, which is the process of interest, and which leads to an evolu-
tion of the number of dimers ND in the presence of an atomic density ρA
according to the law

dND

dt
= −βAD ρAND. (14)

The rate βAD describing this process is plotted in figure VI.15, together with
a fit to the law proposed by Braaten & Hammer (2007b) [see also Braaten
& Hammer (2009) and Helfrich & Hammer (2009)]:

βAD = C
sinh(2η)

sin2 [s0 ln(a/a∗)] + sinh2(η)

ℏa
m

(15)

The structure of this expression is very similar to that proposed in (3) for
three-body recombination; this is natural, since the two expressions de-
scribe the same physics, with the formation of strongly bound structures,

(see Fig. 4), where jna3j ¼ 9.7 × 10−5 at a− and the
collision rate is no longer small as compared to the trapping
frequency. The latter condition in particular can lead to
systematic errors. A recently published study [45] on the
same resonance as we discuss here reported counterintui-
tive temperature-induced shifts in the Efimov peak at high
values of jna3j, the collision rate, and nλ3. We see no such
effects in the data (shown in Fig. 3) that we use to determine
a−; for those fits, we use only jna3j < 4 × 10−5 and nλ3 <
0.2 [19]. The data shown in Fig. 3 agree well with the
prediction of Eq. (2): not just in the shape of L3ða; TÞ but in
its overall amplitude A. The fact that, for all values of T,
our fit A is within 43% of 1.0 (which is consistent with
small discrepancies in the density calibration) is further
evidence that our results are not contaminated by high
degeneracy, many-body effects, collisional avalanche, or
misassignment of resonance peaks.
Our final value for a− ¼ −908ð11Þa0, plotted as a red

star in Fig. 1, differs from the range of theoretical
predictions [4–7,9] for the universal result of a− ¼ −630$
15%a0 by many times our estimated error. How does this
firmly established discrepancy compare to theoretical
efforts to model the “edges of universality”?
The range a− ¼ ½−11.2;−8.3&rvdW of theoretical pre-

dictions for the universal value arises because the calcu-
lated value of the ostensibly universal a− depends, even if
only modestly, on the details of short-range treatment [7].

It seems likely this variability will be only more pro-
nounced for a regime where universality is already begin-
ning to fail on its own. A key qualitative lesson from
Ref. [16] is the prediction of a nonuniversal value of a− ≈
−12rvdW for sres ¼ 2.57 and abg ¼ −19.6a0. However,
going beyond the results from Ref. [16], we find that a−
also depends on the number of bound states in the model
for small sres and abg. In our theoretical effort to accurately
describe three-body physics [19], we constructed a more
realistic multichannel model using a realistic hyperfine and
Zeeman spin structure, with triplet and singlet scattering
lengths constrained to equal our empirically determined
values. The adjustable parameters are the inner walls of the
van der Waals potentials tuned to give the desired number
of bound states. The results are shown as black triangles in
the inset of Fig. 1. We see that the predicted a− result more
closely approximates our distinctly nonuniversal measure-
ment as we go to a larger number of bound states. An
empirical attempt to extrapolate to a very large number of
bound states yields alim− ¼ −13.1rvdW and ηlim ¼ 0.21. This
is the first attempt to get a quantitatively accurate calcu-
lation for η close to our measured value of 0.25(1). The
reasonable agreement with the experimental value shows
the importance of properly modeling the diatomic molecu-
lar spectra and its hyperfine structure [19].
To conclude, we precisely measure dimer binding ener-

gies, the Feshbach resonance location, and the Efimov
ground location. Our results (in particular, the observation
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FIG. 3. Temperature dependence of the three-body loss coef-
ficientL3, scaling as a4 scaling (dashed) [73–75], enhanced near an
Efimov ground state located at a−. For each temperature, we fit our
data using a zero-temperature zero-range model [Eq. (1)], limiting
fits to data points for which jaj < λ=10 (short vertical lines), to
extract theL3=a4 peak location and a finite-temperature zero-range
model [Eq. (2), solid] to extract the true a− value. The inset shows
the extracted peak locations (circles) and a− values (squares),
where both coincide at the lowest temperature. The observed
a− value significantly deviates from the a− ¼ −630a0 value (inset
dashed line) predicted by van der Waals universality [7].
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FIG. 4. Suppression of the Efimov resonance in a high-density
gas. Measurements of high- and intermediate-density samples
performed with the same experimental conditions, contrasting
only in the initial atom number. As a result, differential
comparison of L3 values between those two measurements is
of greatest interest. Small L3 deviations at low jaj between the
lowest-density data and other data are attributed to differing
trap conditions that result in evaporation. However, for our
highest-density data, we observed a strong suppression of L3 near
a ¼ a−.
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Figure VI.14. Three-body relaxation rate in a 39K gas on side a < 0 for the
Fano–Feshbach resonance located around B = 33.6Gauss. One finds a− =
−908 (11) a0. Figure taken from Chapurin, Xie, et al. (2019).

not included in the initial pseudo-potential model and accounted for by the
parameter η.

The result of the Xie, Van de Graaff, et al. (2020) analysis, extrapolated
to zero temperature, gives a(1)∗ = 884 (14) a0 and η = 0.28 (2). The same
authors also measured the three-body recombination rate L3 (i.e. with no
dimer present) on the a > 0 side and obtained the almost sinusoidal oscil-
lation (after division of L3 by a4) shown in figure VI.16, as expected from
(7). We deduce the position of the first minimum a

(0)
+ = 246 (6) a0 and the

first maximum a
(0)
p = 876 (28) a0.

Let us summarize all the results obtained by Chapurin, Xie, et al. (2019)
and Xie, Van de Graaff, et al. (2020) (in units of a0):

a
(0)
+ = 246 a(0)p = 876 a

(1)
∗ = 884 a

(0)
− = −908 (16)
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Chapter VI – The Efimov effect explored with gases of cold atoms § 3. The three-body parameter

We determine the strength of the second-order spin-orbit
coupling, which was previously neglected [49] but signifi-
cantly influences the balance between paths here [33]. The
dashed line in Fig. 2(a) shows the resulting theoretical
curve. On top of this two-body inelastic process, we
observe that the dimers become shorter lived due to their
reaction with atoms. By subtracting out the dimer one-body
decay rate from the dimer total decay rate [33], we extract
the atom-dimer relaxation coefficient βAD at different
temperatures as plotted in Fig. 2(b). A resonant peak is
pronounced at all temperatures. The highest-temperature
data were collected with multiple atom densities in order to
verify the negligible role of four-body processes.
To quantitatively study the resonant behavior of βAD, we

fit the data [Fig. 2(b)] with a zero-range effective-field
theory [50] that provides a convenient parametrization of
atom-dimer scattering at finite energy. There are two free
parameters in this model, a! and η! [33]. a! denotes the
position of the resonance where an Efimov state merges

into the atom-dimer scattering threshold; η! is the inelas-
ticity parameter that characterizes the probability of decay
into an energetic atom and deep dimer. We include an
additional parameter in the fitting function, the global
magnitude A!, which serves as a diagnostic indicator of
the overall consistency between experiment and theory. The
temperature of the sample, which is an input parameter to
this model, is measured with absorption images on atoms
after a long time of flight. As depicted by the set of solid
lines, this finite-temperature model captures the shape of
the atom-dimer resonance peak across the whole temper-
ature range accessed in our experiment.
The variation of the fitting parameters with temperature

is summarized in Fig. 3. We contrast the fit results from the
above-mentioned finite-temperature model [51] [panel (a)
and (b)] and from a zero-temperature model [2] [panel (c)
and (d)]. The former model reveals an energy-independent
parameter að1Þ! that is approached by the phenomenological
peak location from the latter model as T → 0. We deter-
mine að1Þ! ¼ 884ð14Þa0 ¼ 13.7ð2ÞrvdW from the weighted
mean of the four experimental points [Fig. 3(a)]. Notably,
the inelasticity parameter ηð1Þ! ¼ 0.28ð2Þ overlaps with the
previously measured ηð0Þ− ¼ 0.25ð1Þ for a < 0 within
uncertainty [Fig. 3(b)], indicating that the same parameter
characterizes Efimov states on both sides of the two-body
resonance.
We determine the remaining two Efimov features for

a > 0 through measurements of three-body recombination
coefficient L3. Unlike for a < 0, there are no expected
three-body resonances in L3 for a > 0. Instead, two

(a) (c)

(d)(b)

FIG. 3. Summary of the fit results on atom-dimer resonance and
comparison with MC-vdW theory. (a) að1Þ! and (b) ηð1Þ! extracted
from the finite-temperature model fits (magenta circles). The
horizontal line indicates the mean value of the four points. ηð1Þ! is
found to be consistent with ηð0Þ− reported in our previous work
[31]. (c) Phenomenological peak location and (d) inelasticity
extracted from the zero-temperature fits to the finite-temperature
data (black diamonds) or model (green squares). Finite-temper-
ature effects not only shift the peak location but also greatly
broaden the peaks. Both behaviors are captured by our MC-vdW
model.

(a)

(b)

FIG. 2. Temperature dependence of atom-dimer relaxation
coefficient βAD as a function of a. (a) Lifetimes of dimers with
and without atoms being present. The black circles represent the
intrinsic lifetimes of the dimers measured on dimer samples with
hnDi ¼ 2 × 109 cm−3, T ¼ 70 nK. Error bars are extracted from
the fitting routine and include only the statistical noise on dimer
number. The dashed line represents a coupled-channel model that
includes spin-spin dipolar interaction plus second-order spin-
orbit coupling [33]. (b) βAD measured at various temperatures.
Atomic densities differ by a factor of 3 between the two highest
temperature datasets. Error bars stand for 1σ propagated un-
certainty involving the statistical error of atom density as well as
the uncertainty of dimer lifetimes. Solid lines are fitting curves
with a finite-temperature model [50]. The navy dashed line is an
independent prediction of our three-body multichannel (MC-
vdW) model with no adjustable parameters at 62 nK, obtained
using 4 (3) s-wave singlet (triplet) two-body bound states [33].
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Figure VI.15. Two-body (atom–dimer) loss rate in the vicinity of a(1)∗ in a 39K
gas. Figure taken from Xie, Van de Graaff, et al. (2020).

This set is a remarkable test of Efimov’s universalitywith the different ratios

a
(1)
∗

a
(0)
−

=
884

−908 = −0.97 Expected value: − 1.065 (17)

a
(0)
p

a
(0)
−

=
876

−908 = −0.96 Expected value: − 1 (18)

a
(0)
p

a
(0)
+

=
876

246
= 3.56 Expected value: 4.76 (19)

Note that for the last ratio, the relatively small value of a(0)+ (comparedwith
the effective range re) makes it difficult to reach the universal value, which
may explain the observed deviation.

indistinguishable decay pathways lead to interference
minima and maxima [2–4], denoted as aðnÞþ and aðnÞp ,
respectively. Upon finishing the evaporation, we ramp
up the trap depth adiabatically to about 10 times the final
temperature to avoid number loss due to ongoing evapo-
ration. The peak value of the phase-space density is always
restricted below 1 to ensure Boltzmann statistics. We use a
rate equation [33] to describe the time evolution of atom
number and temperature to obtain the value of L3 at various
a. Since the overall scaling of L3 is proportional to a4, we
divide out this prefactor in Fig. 4 to emphasize the log-
periodic modulation due to Efimov physics.
To extract the minimum að0Þþ , we fit the dataset of 460 nK

with the finite-temperature model [52] (red solid line in
Fig. 4). There are three free parameters in our fitting
function, aþ and ηþ accounting for the location of the
minimum and the contrast of the oscillation, and an
amplitude-scaling factor Aþ. We obtain að0Þþ ¼ 246ð6Þa0,
ηð0Þþ ¼ 0.20ð2Þ. This result agrees with a fit with a zero-
range, zero-energy model [2], suggesting the negligible
effects of finite temperature on að0Þþ . To extract the maxi-
mum að0Þp , we fix the contrast parameter to 0.20 in the
same finite-temperature model and fit the datasets of
410 nK and 230 nK with the empirical temperatures as
inputs. We determine að0Þp ¼ 876ð28Þa0 from the mean
value of the two conditions. For fits at all three temper-
atures, the mean value of Aþ is within 17% of unity [33],
consistent with our density calibration uncertainty of
<10%. As we scan a to larger values, poorly understood
temperature and density effects complicate the interpreta-
tion of our L3 measurements [33].
Discussion.—We compare our results on Efimov

ratios with previous experimental work [5] in Fig. 5.

The particular ratio að1Þ% =að0Þ− substantially deviates from
the zero-range universal value when re is large and positive.
This is the case for strong Feshbach resonances such as
those used in 133Cs [53]. For our intermediate-strength
resonance in 39K, with suppressed re and að0Þ− ¼
−14.05ð17Þ rvdW [31], we obtain að1Þ% =að0Þ− ¼ −0.97ð2Þ.
This is within 9% of the universal ratio of −1.065 [17].
The much better agreement makes sense in light of the
greater separation of length scales. Quantitatively, jað0Þ− j and
að1Þ% are only about 2 to 3 times re for 133Cs, whereas they
are about 7 times re for 39K. Similarly, our observed að0Þp

value is also well spaced from re, and we observe a
ð0Þ
p =að0Þ−

within 4% of its universal value of −1 [18]. The other two
reported að0Þp values were measured in 7Li resonances with
re ≈ 0 [54,55]. Their ratios að0Þp =að0Þ− ¼ −0.92ð14Þ and
−0.92ð6Þ, although of lower precision, are also consistent
with Efimov universality. Finally, Efimov universality
yields að0Þþ =að0Þ− ¼ −1=

ffiffiffiffiffiffiffiffiffi
22.7

p
¼ −0.210. Empirical values

of að0Þþ =að0Þ− in 7Li [56], 133Cs [20,57,58], earlier work in 39K
[59], and our own 39K result differ from this prediction by
between 15% and 70%. Moreover, there is no trend towards
improved agreement with lower jrej. We note that the value
of re at such small a can differ significantly from the value
of re at a → ∞ [60], and in these circumstances the short-
range effects must be analyzed on a case-by-case basis. Not
reviewed in Fig. 5 is a measurement [61] of að1Þ− =að0Þ− in
133Cs, which was consistent with Efimov universality.
Finally, we compare our experimental results with

various theoretical models in Table I. The central results
of this Letter are the excellent three-way agreement

FIG. 4. Three-body recombination coefficient L3 divided by a4

as a function of a. Colored solid lines represent fits to a finite-
temperature model in the neighborhood of either the maximum or
the minimum. The dotted horizontal line represents three-body
recombination into deeply bound dimers with ηð0Þþ ¼ 0.20. The
cyan dashed line represents our MC-vdW calculation done for
40 nK [33].

FIG. 5. Summary of experimental [20,31,53–58,62] and theo-
retical results [4] of three Efimov ratios between features on
opposite sides of the Feshbach resonance. Here we show only the
experiments on the observables presented in Fig. 1. The two JILA
points at the top are artificially spaced in horizontal direction for
visibility. The corresponding zero-range theory predictions are
shown as the dashed, dotted and dash-dotted lines. re is evaluated
at unitarity (a → ∞) using the model given in [31], in which re is
related to the coupling-strength parameter sres [26,31] that defines
strong (sres ≫ 1) and weak (sres ≪ 1) Feshbach resonances.
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Figure VI.16. Three-body loss rate in a 39K gas on the a > 0 side. Figure extracted
from Xie, Van de Graaff, et al. (2020).

3 The three-body parameter

3-1 A surprising coincidence?

In the approach we have presented here, based on a zero-range interaction,
the three-body parameter R0 is an ad hoc parameter, unrelated to the other
physical quantities of the problem. It was initially expected that the same
would apply to the van der Waals interaction at play in cold atom gases. It
was therefore a surprise when, after compiling experimental values of R0

for different Fano–Feshbach resonances of a given atomic species – cesium
– (Gross, Shotan, et al. 2010; Berninger, Zenesini, et al. 2011) as well as for
other atomic species, it was found that these values were closely related to
the van der Waals length

RvdW =
1

2

Å
mC6

ℏ2

ã1/4
. (20)
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1

the measured a− values should begin to deviate from the
universal a− ¼ −9.7rvdW value; see Fig. 1. However, this
conclusion is only tentative due to large experimental
uncertainties in the measured a− [17], unexpected temper-
ature dependence [45], and large systematic uncertainties in
the parameters of the underlying two-body Feshbach
resonance [17,37,38,43]. Although there are intriguing
experimental [15,46–55] and theoretical [52,56–58] results
for the heteronuclear cases, the possible influence of many
additional parameters (mass ratio, quantum statistics, and
inter- and intraspecies scattering lengths) makes the ques-
tion of universality in those systems a topic for an entirely
separate investigation.
In this Letter, we present a precise test of van der Waals

universality near a Feshbach resonance with sres ¼ 2.57
[19], which is intermediate between the narrow (sres ≪ 1)
and broad (sres ≫ 1) regimes. Specifically, we accurately
determine the value of a− by having precise control of
critical experimental parameters such as temperature,
density, and scattering length. Because of our tight control
of both systematic and statistical errors, ours is the first
measurement of a compelling nonuniversal a− value in a
homonuclear Efimov resonance.
A thorough characterization of the Feshbach resonance

and an accurate map of the scattering length are required
for precise determination of the a− value. Accordingly, we
perform high-precision spectroscopy on a pure gas of

Feshbach dimers and accurately determine their binding
energies. This measurement enables us to refine our two-
body model and accurately predict the scattering length in
our Efimov measurements [19]. In other Feshbach reso-
nance studies, methods based on number loss or thermal-
ization rate have occasionally given inconsistent results. By
contrast, dissociation spectroscopy of Feshbach dimers
isolates two-body physics and accurately determines res-
onance properties [59–62].
Precision molecular spectroscopy requires long inter-

rogation times under unperturbed conditions. We stabilize
the magnetic field to the milligauss-level and eject all
unpaired atoms, whose presence affects dimer lifetimes and
complicates the spectroscopy. A pure molecular sample is
prepared by starting with∼105 atoms confined in an optical
dipole trap and a temperature of ∼300 nK. We transfer a
fraction of atoms in the jF ¼ 1; mF ¼ −1i hyperfine state to
the dimer state bymagnetoassociation [63]. Subsequently, all
residual unpaired atoms are blasted away by multiple radio-
frequency (rf) and optical pulses, leaving a pure sample of
∼104 molecules. Lastly, the magnetic field B is ramped to
various values, corresponding to different binding energies,
where we perform rf spectroscopy.
We dissociate molecules by transferring one atom of the

pair from the jF ¼ 1; mF ¼ −1i interacting state to the
jF ¼ 1; mF ¼ 0i imaging state. The final state being nearly
noninteracting enables us to directly probe the dimer
binding energy. Additionally, the transition being magneti-
cally less sensitive near B values of interest allows long
molecular interrogation times, limited only by dimer life-
times, to achieve high spectral resolution. We scan the rf
frequency and measure the transferred fraction, keeping the
pulse energy low to limit saturation effects and dissociate a
maximum 50% of molecules. We fit the measured spectrum
to a functional form given by the Franck-Condon factor of
the bound-free transition [59], and we extract the molecular
binding energy Eb [19,64]. We repeat this procedure to
determine Eb at different magnetic field values, as depicted
in Fig. 2.
The universal expression Eb ¼ ℏ2=ðma2Þ is always

accurate for large enough a. A more refined expression
Eb ¼ ℏ2=½mða − āÞ2%, which introduces the mean scatter-
ing length ā ≈ 0.956rvdW [66], is valid at smaller values of
a as long as a ≫ rvdW=sres [65]. However, such treatments
are inadequate for narrow and intermediate resonances.
To better compare to our experimental data, we developed a
coupled-channel model [19] capable of describing our
high-precision Eb data. We fine-tune the model’s param-
eters, the singlet and triplet scattering potentials, to accu-
rately match most of our measurements to within 1%, as
depicted in Fig. 2’s inset. As a result, we determine a
particular linear combination of the singlet and triplet
scattering lengths of 0.2470aS þ 0.9690aT ¼ 1.926ð2Þa0
[19], further constraining the previously reported values
of aS ¼ 138.49ð12Þa0 and aT ¼ −33.48ð18Þa0 [67,68].
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FIG. 1. Survey of experimental a− values in homonuclear
systems, inspired by [15]. Previous results (blue circles)
[3,17,37,41–45] show a tentative dependence of the a− value
on the Feshbach resonance strength parameter sres. Our meas-
urement (red star; red band in the inset) is the strongest evidence
of departure from the −9.7' 15%rvdW value (dashed line and
gray area) predicted by van der Waals universality [4,5,7,9]. The
inset shows calculations for a− based on a single van der Waals
potential [7] with N ¼ 1 − 7 s-wave two-body bound states
(green squares) and results from our multichannel model [19]
with N ¼ 2 − 5 (black triangles).
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Figure VI.17. Values of the ratio a(0)− /RvdW for the first Efimov trimer for different
atomic species, as a function of the width sres of the Fano–Feshbach resonance. The
gray area corresponds to a(0)− /RvdW = −9.7± 1.5. Figure taken from Chapurin,
Xie, et al. (2019).

For example, if we look at the a(0)− peak of the three-body recombination
rate on the a < 0 side of the resonance, we see that the position of this peak
seems to be “locked” around −10RvdW, with a few exceptions, notably on
the side of very narrow Fano–Feshbach resonances (see figure VI.17 for
more details).

To clarify the situation theoretically, Wang, D’Incao, et al. (2012) stud-
ied the behavior of this ratio a(0)− /RvdW for different two-body potentials,
varying the number of bound states in these potentials [see also Mestrom,
Wang, et al. (2017)]. Their results are shown in figure VI.18; they were

vhs
vdW result. The average of the experimental values differs

from the present vhs
vdW result by less than 3%.

Previous treatments have failed to predict the universal-
ity of the three-body parameter for various reasons. In
treatments using zero-range interactions, for instance, the

three-body parameter enters as a free parameter to cure the
Thomas collapse [32], preventing any statement about its
universality. Finite range models devoid of a van der Waals
tail, like those used in some of our own treatments [18]
[corresponding to the results for vsch with n ¼ 2 and 3 in
Figs. 4(a) and 4(b)], have failed for lack of substantial
suppression of the probability density in the two-body
wells. Such models, however, are more appropriate to
describe light nuclei having few bound states and shallow
attraction. In contrast to Ref. [18], other models [24,33–38]
have found better agreement with experiments. Our analy-
sis of these treatments, however, indicates that the two-
body models used have many of the characteristics of our
vhs
vdW, therefore satisfying the prerequisite for a universal

three-body parameter. A recent attempt [39] to explain this
universality used an ad hoc hyperradial potential that bore
little resemblance to ours [see Fig. 3(b)]. This ad hoc three-
body potential displayed strong attraction at short distances
in contrast to our key finding, which to reiterate, is that a
cliff of attraction for two bodies produces a universal
repulsive barrier in the three-body system.
In summary, our theoretical examination shows that the

three-body parameter controlling much of universal
Efimov physics can also be a universal parameter under
certain circumstances which should be realized in most
ultracold neutral atom experiments. Provided the under-
lying two-body short-range interaction supports a large
number of bound states, or it has some other property
leading to the suppression of the wave function at short
distances, three-body properties associated with Efimov
physics can be expected to be universal. This surprising
new scenario could not have been, and was not, anticipated
from the simple model calculations to date. Ironically,
increasing the complexity of the model simplified the
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FIG. 3 (color online). (a) Efimov potential obtained from the
different two-body potential models used here. The reasonably
good agreement between the results obtained using models
supporting many bound states (vsch, va

! and vb
!) and vhs

vdW

[obtained by replacing the deep potential well with a hard wall
but having only one (zero-energy) bound state] supports our
conclusion that the inside-the-well suppression of the wave
function is the main physical mechanism behind the universality
of the three-body effective potentials. The differences between
these potentials are seen to cause differences of a few percent in
the three-body parameter. (b) Comparison between the effective
potential proposed by Ref. [39] (green dashed curve) and the
one (red solid curve) constructed to describe our findings:
2"r2vdWWu

# ðRÞ=@2$%ðs20þ1=4Þ=X2%b3=X
3%b4=X

4%b5=X
5þ

b16=X
16, where X ¼ R=rvdW and b3 ¼ 2:334, b4 ¼ 1:348, b5 ¼

44:52, b16 ¼ 4:0' 104.
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FIG. 4 (color online). Values for the three-body parameter (a) $( and (b) a
%
3b as functions of the number n of two-body s-wave bound

states for each of the potential models studied here. (c) Experimental values for a%3b for 133Cs [3] (red: ', þ, h, and *), 39K [4]
(magenta: 4), 7Li [5] (blue: )) and [6,7] (green: j and *), 6Li [8,9] (cyan: m and 5) and [10,11] (brown: . and r), and 85Rb [12]
(black: r). The gray region specifies a band where there is a +15% deviation from the vhs

vdW results. The inset of (a) shows the
suppression parameter %in

p (Eq. (S.5) in Ref. [26]) which can be roughly understood as the degree of sensitivity to nonuniversal
corrections. Since %in

p is always finite—even in the large n limit—nonuniversal effects associated with the details of the short-range
interactions can still play an important role. One example is the large deviation in $( found for the vsch (n ¼ 6) model, caused by a
weakly bound g-wave state. For n > 10 we expect $( and a%3b to lie within the range of +15% established for n , 10.
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Figure VI.18. Values of the ratio a(0)− /RvdW for the first Efimov trimer calculated
for different two-body interaction potentials. Figure extracted fromWang, D’Incao,
et al. (2012).

obtained for

V a
λ (r) = −C6

r6
+
C12

r12
C12 ≡ λ6C6 (21)

V b
λ (r) = −C6

r6
exp

(
−λ6/r6

) (22)

V hs
vdW(r) = BhsΘ(rhs − r)−

C6

r6
Θ(r − rhs) (23)

These potentials all vary as r−6 at long distances4. This leads to the tight
clustering observed experimentally: a(0)− ∼ −10RvdW. The fourth potential
used in figure VI.18, Vsch(r), decreases exponentially fast at infinity andwill
not be discussed here.

4For the van der Waals potential with a hard core, V hs
vdW(r) (“hs” = “hard sphere”), the

parameters are adjusted so as to sit at the threshold for the appearance of the first bound state.
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The link found between the three-body parameter andRvdW is therefore
not fortuitous: it is recovered theoretically and we now need to understand
its physical origin.

3-2 Back to the hyperspherical approach

To understand the origin of this link between the three-body parameter and
RvdW, we will return to the approach described in the previous chapter for
dealing with the three-body problem. Once the transition to the reference
frame of the center of mass has been made, the problem is described by six
variables: the hyperradius R, with

R2 =
2

3

(
r212 + r223 + r231

) (24)

and five angles:

• the two angles α (Delves) and β (Jacobi), which determine the shape
of the triangle (up to a homothety),

• the three Euler angles, which determine the orientation of the triangle
in space.

Inwhat follows, we denote byΩ the quintuplet formed by these five angles,
a given configuration of the triangle in the laboratory frame thus being de-
fined by (R,Ω).

The hyperspherical approach takes as its starting point the Schrödinger
equation in the form (D’Incao, Greene, et al. 2009)ï
− ∂2

∂R2
+ Ĥang(Ω;R)

ò
Φ(R,Ω) = EΦ(R,Ω) with E =

mE

ℏ2
(25)

where the operator Ĥang(Ω;R) involves derivatives with respect to the five
angles of Ω (generalized angular momentum operator), and also contains
the interaction potentials between the three particles. The hyperradius R
plays the role of an external parameter in Ĥang(Ω;R): this operator is local
in R and does not contain derivatives with respect to R.

We start by solving the eigenvalue problem for the hyperangleΩ at fixed
R, and find a series of eigenfunctions and eigenvalues parameterized byR:

Ĥang(Ω;R)Fi(Ω;R) = ϵi(R) Fi(Ω;R), (26)

For all R, these functions Fi form an orthonormal basis of the functions of
Ω, with

⟨Fi(R)|Fj(R)⟩ =
∫
F ∗
i (Ω;R) Fj(Ω;R) d5Ω = δi,j . (27)

Once this first stage has been completed, we look for the solution of the
initial equation (25) in the general form

Φ(R,Ω) =
∑

j

ϕj(R) Fj(Ω;R), (28)

where the functions ϕj(R) are unknown at this stage. To determine them,
we insert this form into (25) and project the result onto a particular Fi, to
find

−d2ϕi
dR2

+ ϵi(R)ϕi(R) + [· · · ] = Eϕi(R). (29)

In this expression, the term [· · · ] appears because of the R dependence of
the functions Fj(Ω;R); more precisely, with the notation used in (27),

[· · · ] = −2
∑

j

dϕj
dR
⟨Fi|∂RFj⟩ −

∑

j

ϕj(R)⟨Fi|∂2RFj⟩ (30)

The simplest approach is to neglect the term [· · · ] altogether. This corre-
sponds to the Born–Oppenheimer approximation in molecular physics and
is also what we presented in Chapter 5, § 4.1: the hyperspherical potential
that we introduced then, [s2i (R) − 1/4]/R2, was none other than the ϵi(R)
term that appears in (29).

Conversely, if we keep the infinite system of coupled equations for the
ϕj , we have an exact description of the problem. In practice, the description
is all the better the higher the index j at which the system is truncated.

An intermediate approach, which will guide us here, consists in keep-
ing only one unknown function ϕi while taking into account the corrections
coming from the R dependence of Fi(Ω;R) in (30). After a relatively sim-
ple calculation [see for example Dalibard, Gerbier, et al. (2011) or the 2014
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lecture series, Chapter 3, § 4], we arrive at the following simple form for the
equation satisfied by ϕi:®ï

−i d

dR
−Ai(R)

ò2
+ ϵi(R) + Vi(R)

´
ϕi(R) = E ϕi(R) (31)

where two geometric potentials Ai and Vi appear:

Ai(R) = i⟨Fi(R)|∂RFi(R)⟩ Vi(R) =
∑

j ̸=i

|⟨∂RFi(R)|Fj(R)⟩|2 (32)

If the variable R lived in a space of dimension greater than 1, the po-
tential Ai would be a “vector potential” and would describe a possible
Berry phase. For the problem of interest here, where the variable R is one-
dimensional,Ai plays no role: it can be eliminated by a gauge change on the
function ϕi, by setting ϕ̃i(R) = ϕi(R)e

−iχ(R) with χ(R) =
∫ R

0
Ai(R

′) dR′.
The “scalar potential”Vi(R), on the other hand, plays an important role. Let
us note straight away that it is always positive, and larger the more rapidly
the angular state |Fi(R)⟩ varies with R.

3-3 Emergence of a hard core at ∼ 2RvdW

To assess quantitatively the role of the geometric potential defined in the
previous section, it is interesting to examine the results of Wang, D’Incao,
et al. (2012) already cited, as well as those of Naidon, Endo & Ueda (2014)
[with their erratum Naidon, Endo & Ueda (2021)]. These authors consid-
ered two types of two-body potentials

Vsoft(r) = −
C6

r6 + σ6
and VLJ(r) = −

C6

r6
+
C12

r12
. (33)

For a fixedC6, they varied the number of bound states by changing σ orC12,
and then calculated the resulting total potentialWi(R) = ϵi(R) + Vi(R) for
the lowest-energy channel i = 0. The calculation was carried out in the
unitary case (a = ∞) for which the adiabatic potential ϵ0(R) is equal to
−(|s0|2 + 1/4)/R2 if the range of the two-body potential can be neglected.

The result plotted in figure VI.19 is striking. As soon as the number of
bound states exceeds 3, the form of Wi(R) becomes almost independent

1

the measured a− values should begin to deviate from the
universal a− ¼ −9.7rvdW value; see Fig. 1. However, this
conclusion is only tentative due to large experimental
uncertainties in the measured a− [17], unexpected temper-
ature dependence [45], and large systematic uncertainties in
the parameters of the underlying two-body Feshbach
resonance [17,37,38,43]. Although there are intriguing
experimental [15,46–55] and theoretical [52,56–58] results
for the heteronuclear cases, the possible influence of many
additional parameters (mass ratio, quantum statistics, and
inter- and intraspecies scattering lengths) makes the ques-
tion of universality in those systems a topic for an entirely
separate investigation.
In this Letter, we present a precise test of van der Waals

universality near a Feshbach resonance with sres ¼ 2.57
[19], which is intermediate between the narrow (sres ≪ 1)
and broad (sres ≫ 1) regimes. Specifically, we accurately
determine the value of a− by having precise control of
critical experimental parameters such as temperature,
density, and scattering length. Because of our tight control
of both systematic and statistical errors, ours is the first
measurement of a compelling nonuniversal a− value in a
homonuclear Efimov resonance.
A thorough characterization of the Feshbach resonance

and an accurate map of the scattering length are required
for precise determination of the a− value. Accordingly, we
perform high-precision spectroscopy on a pure gas of

Feshbach dimers and accurately determine their binding
energies. This measurement enables us to refine our two-
body model and accurately predict the scattering length in
our Efimov measurements [19]. In other Feshbach reso-
nance studies, methods based on number loss or thermal-
ization rate have occasionally given inconsistent results. By
contrast, dissociation spectroscopy of Feshbach dimers
isolates two-body physics and accurately determines res-
onance properties [59–62].
Precision molecular spectroscopy requires long inter-

rogation times under unperturbed conditions. We stabilize
the magnetic field to the milligauss-level and eject all
unpaired atoms, whose presence affects dimer lifetimes and
complicates the spectroscopy. A pure molecular sample is
prepared by starting with∼105 atoms confined in an optical
dipole trap and a temperature of ∼300 nK. We transfer a
fraction of atoms in the jF ¼ 1; mF ¼ −1i hyperfine state to
the dimer state bymagnetoassociation [63]. Subsequently, all
residual unpaired atoms are blasted away by multiple radio-
frequency (rf) and optical pulses, leaving a pure sample of
∼104 molecules. Lastly, the magnetic field B is ramped to
various values, corresponding to different binding energies,
where we perform rf spectroscopy.
We dissociate molecules by transferring one atom of the

pair from the jF ¼ 1; mF ¼ −1i interacting state to the
jF ¼ 1; mF ¼ 0i imaging state. The final state being nearly
noninteracting enables us to directly probe the dimer
binding energy. Additionally, the transition being magneti-
cally less sensitive near B values of interest allows long
molecular interrogation times, limited only by dimer life-
times, to achieve high spectral resolution. We scan the rf
frequency and measure the transferred fraction, keeping the
pulse energy low to limit saturation effects and dissociate a
maximum 50% of molecules. We fit the measured spectrum
to a functional form given by the Franck-Condon factor of
the bound-free transition [59], and we extract the molecular
binding energy Eb [19,64]. We repeat this procedure to
determine Eb at different magnetic field values, as depicted
in Fig. 2.
The universal expression Eb ¼ ℏ2=ðma2Þ is always

accurate for large enough a. A more refined expression
Eb ¼ ℏ2=½mða − āÞ2%, which introduces the mean scatter-
ing length ā ≈ 0.956rvdW [66], is valid at smaller values of
a as long as a ≫ rvdW=sres [65]. However, such treatments
are inadequate for narrow and intermediate resonances.
To better compare to our experimental data, we developed a
coupled-channel model [19] capable of describing our
high-precision Eb data. We fine-tune the model’s param-
eters, the singlet and triplet scattering potentials, to accu-
rately match most of our measurements to within 1%, as
depicted in Fig. 2’s inset. As a result, we determine a
particular linear combination of the singlet and triplet
scattering lengths of 0.2470aS þ 0.9690aT ¼ 1.926ð2Þa0
[19], further constraining the previously reported values
of aS ¼ 138.49ð12Þa0 and aT ¼ −33.48ð18Þa0 [67,68].
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FIG. 1. Survey of experimental a− values in homonuclear
systems, inspired by [15]. Previous results (blue circles)
[3,17,37,41–45] show a tentative dependence of the a− value
on the Feshbach resonance strength parameter sres. Our meas-
urement (red star; red band in the inset) is the strongest evidence
of departure from the −9.7' 15%rvdW value (dashed line and
gray area) predicted by van der Waals universality [4,5,7,9]. The
inset shows calculations for a− based on a single van der Waals
potential [7] with N ¼ 1 − 7 s-wave two-body bound states
(green squares) and results from our multichannel model [19]
with N ¼ 2 − 5 (black triangles).
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between r and rþ dr in regions of high local velocity@kLðrÞ, which is proportional to [mdr=@kLðrÞ] (m being
the particle mass), the time spent classically in that interval
dr (see Ref. [26]). It is possible that there could be an
additional suppression as well, through quantum reflection
from a potential cliff [27]. Systems supporting many bound
states, such as the neutral atoms used in ultracold experi-
ments with their strong van der Waals attraction, clearly
exhibit this suppression. In general, a finite-range two-
body potential that supports many bound states decreases
steeply with decreasing interparticle distance r, starting
when r=rvdW & 1, at which point the potential cliff plays
a role analogous to a repulsive potential for low-energy
scattering. We demonstrate this fact by showing that the
three-body parameter in the presence of many two-body
bound states roughly coincides with that for a 100% re-
flective two-body model potential, where the two-body
short-range potential well is replaced by a hard sphere.

The starting point for our investigation of the universal-
ity of the three-body parameter is the adiabatic hyper-
spherical representation [18,28]. This representation
offers a simple and conceptually clear description by re-
ducing the problem to the solution of the ‘‘hyperradial’’
Schrödinger equation:

!
$ @2
2!

d2

dR2þW"ðRÞ
"
F"ðRÞþ

X

"0!"

W""0ðRÞF"0ðRÞ¼EF"ðRÞ:

(1)

Here, the hyperradius R describes the overall size of the
system; " is the channel index; ! ¼ m=

ffiffiffi
3

p
is the three-

body reduced mass for particle masses m; E is the total
energy; and F" is the hyperradial wave function. The
nonadiabatic couplings W""0 drive inelastic transitions,
and the effective hyperradial potentials W" support bound
and resonant states. To treat problems with deep two-body
interactions—necessary to see strong inside-the-well sup-
pression—requires us to solve Eq. (1) for two-body model
interactions that support many bound states, a challenge for
most theoretical approaches. Using our recently developed
methodology [29], however, we have treated systems with
up to 100 two-body rovibrational bound states and have
solved Eq. (1) beyond the adiabatic approximation. Here,
the universality of the three-body parameter is analyzed for
a number of model potentials, one of then being the usual
Lennard-Jones potential:

va
#ðrÞ ¼ $C6

r6
ð1$ #6=r6Þ; (2)

where # is adjusted to give the desired value of a and
number of bound states. The other short-ranged potential
models used here, namely, vsch, v

b
# and v

hs
vdW, can be found

in Ref. [26].
Figure 1(a) shows the adiabatic potentialsU" at jaj ¼ 1

obtained using the potential va
# above supporting 25 dimer

bound states. At first glance, it is difficult to identify any
universal properties of these potentials. Efimov physics,
however, occurs at a very small energy scale near the

FIG. 1 (color online). (a) Full energy landscape for the three-body potentials at a ¼ 1 for our va
# model potential. (b) Effective

diabatic potentials W" relevant for Efimov physics for va
# with an increasingly large number of bound states (#&

n is the value of # that
produces a ¼ 1 and n s-wave bound states). The W" converge to a universal potential displaying the repulsive barrier at R ' 2rvdW
that prevents particles’ access to short distances. (c)–(e) demonstrate the suppression of the wave function inside the potential well
through the channel functions !"ðR; $; ’Þ for R fixed near the minima of the Efimov potentials in (b). (c) shows the mapping of the
geometrical configurations onto the hyperangles $ and ’. (d) and (e) show the channel functions, where the ‘‘distance’’ from the origin
determines j!"j1=2, for two distinct cases: in (d) when there is a substantial probability to find two particles inside the potential well
(defined by the region containing the gray disks) and in (e) with a reduced probability—see also our discussion in Fig. 2. In (d) and (e),
we used the potentials vsch and va

#, respectively, both with n ¼ 3.
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FIG. 1. (Color online) Three-body potentials U0(R) and U1(R)
for different pairwise interactions at unitarity: soft-core van der
Waals potential (blue) with nb = 1–10 two-body bound states,
Lennard-Jones potential (green) with nb = 1–10 two-body bound
states, and helium potential (red) rescaled to reach unitarity with
nb = 1 two-body bound state. Note that only the case of the soft-core
van der Waals potential with one bound state is significantly different
from the other cases. The dashed curve shows the asymptotic Efimov
attraction.

λ0(R) → −s2
0 at large hyperradii, with s0 ≈ 1.00624. One can

show that Q00(R) → O(1/R3), so that the potential U0(R)
tends to the 1/R2 Efimov attraction at large R. At shorter
distance, the potential becomes repulsive. This is illustrated
in Fig. 1, where the three-body potentials Un(R) obtained by
solving Eq. (3) are represented for several two-body potentials
with a van der Waals tail. Namely, we used the following
soft-core van der Waals and Lennard-Jones potentials:

Vsoft(r) = −C6
1

r6 + σ 6
, (8)

VLJ(r) = C6

(
σ 6

r12
− 1

r6

)
, (9)

where the length σ is adjusted to produce a shape resonance
(divergence of the scattering length, leading to the unitarity
limit a → ∞). There are several possible choices of σ ,
corresponding to different depths of the potential well, or
equivalently different numbers of s-wave two-body bound
states nb (including the one at the breakup threshold). We
also use a realistic helium potential [37] rescaled to reach
unitarity [32], which is qualitatively similar to a Lennard-Jones
potential at unitarity with one two-body bound state.

Figure 1 shows that for all these two-body potentials the
three-body potential U0(R) in the Efimov channel (n = 0)
exhibits both the Efimov attraction at large distance and a
repulsive barrier at short distance. Consistent with Ref. [34],
for all these pairwise potentials with the exception of the
soft-core van der Waals potential with one bound state, the
repulsive barrier is universally located around R ≈ 2rvdW.

III. INTERPRETATION OF THE THREE-BODY
REPULSION

A. Repulsion due to deformation

One might think that the repulsive barrier is a consequence
of the hard-core repulsion in the two-body potential, as
suggested in Ref. [35]. However, this is not the case since
it occurs also for the soft van der Waals potential which has no
repulsive core and is purely attractive. Another counterintuitive
observation is that the depth of the three-body potential U0
remains relatively stable as the two-body potential is made
deeper and deeper. Our calculation shows that the adiabatic
contribution λ0(R)/R2 in Eq. (7) gets indeed deeper but
is compensated by the purely repulsive nonadiabatic term
Q00. The fact that the nonadiabatic kinetic energy is indeed
repulsive at large distance can be understood by rewriting
Q00 as

Q00(R) =
∫

d#

∣∣∣∣
∂%̃0(#; R)

∂R

∣∣∣∣
2

! 0, (10)

using the normalization of %̃0 and the fact that it can be chosen
to be real. This shows that Q00 is positive and, since it has to
vanish at large distance, it must be repulsive (if one excludes
unlikely oscillations at infinitely large distance).

Equation (10) shows that the nonadiabatic kinetic energy
Q00 arises from a change in the hyperangular wave function
%̃0 with respect to the hyperradius, i.e., from a change in the
probability distribution of the shape of the three-body system
as a function of its size. To visualize this change, we use %̃0
to plot in Fig. 2 the probability density of finding a particle 3
for a given separation r12 of the two other particles 1 and 2:

P (%r12,3) = (sin 2α3)2|%̃0(#; R)|2. (11)

When particle 3 is far from particles 1 and 2, the hyperangular
wave function is given by the zero-range limit (corresponding
to the Efimov theory), which at unitarity admits the following
analytical solution [1]:

%̃
(ZR)
0 (#) =

3∑

i=1

φ
(ZR)
0 (αi)
sin 2αi

,

with φ
(ZR)
0 (α) = sinh

[
s0

(
π

2
− α

)]
, (12)

which is independent of the hyperradius. The probability den-
sity therefore remains the same up to a scale transformation.
In other words, the probability distribution of the shape of
the three-particle system remains the same; namely, the third
particle is typically located closer to one of the other two. This
invariance of the hyperangular wave function with respect to
the hyperradius results in Q00 = 0.

When particle 3 comes close to particle 1 or 2, however,
this zero-range picture becomes invalid because the finite-
range effects of the interaction are no longer negligible.
In Fig. 2, one can clearly see two regions of suppressed
probability near particles 1 and 2. This exclusion is an expected
consequence of the known two-body physics. It is expected
indeed that for short-range interactions the three-body density
distribution becomes proportional to the relative two-body
density distribution whenever two particles come sufficiently

022106-3

Figure VI.19. Total potential Wi(R) = ϵi(R) + Vi(R) for channel i = 0. The
calculation ismade at unitarity, i.e. for a =∞. Figures taken fromWang, D’Incao,
et al. (2012) (top) and Naidon, Endo & Ueda (2014) (bottom).
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of this number of bound states and therefore of the depth of the original
two-body potential V (r). More precisely:

• For R ≳ 10RvdW, we recover the Efimov potential determined in the
previous chapter for a zero-range interaction, −(|s0|2 + 1/4)/R2.

• For 2RvdW ≲ R ≲ 10RvdW, the potentialWi(R) is significantly deeper
than the Efimov potential for a zero-range interaction.

• For R ≈ 2RvdW, a hard core emerges, even if the initial two-body po-
tential V (r) is strictly monotonic, as is the case for Vsoft(r).

All that remains is to understand why the potential W0(R) makes this
quasi-hard core appear at short distances. The explanation given byWang,
D’Incao, et al. (2012) and Naidon, Endo & Ueda (2014) is based on the
optimal shape of the trimer as a function of the hyperradius R:

• When R ≫ RvdW, the optimal shape is the same as for a zero-range
potential: it is an elongated triangle with two particles close together
and the third much further away.

• When the hyperradius becomes of the order of a few RvdW, the opti-
mal shape of the triangle is closer to an equilateral triangle. Indeed,
the elongated shape would imply having two particles at a distance
much smaller than RvdW, which is unlikely, as can be seen from the
solution of the two-body problem shown in figure VI.20 [see also the
2021 lecture series, Chapter 4, § 4].

The shape of the triangle therefore varies rapidly in the neighborhood R ∼
2RvdW, which creates a large geometric scalar potential V0(R) [cf. (32)].

Note that this explanation is based on an analysis of a one-channel bi-
nary potential. In experiments on cold atomic gases, Fano–Feshbach reso-
nances are used to approximate the a =∞ situation and the parameters of
the resonance, such as its width and background scattering length, can play
a significant role. See Schmidt, Rath, et al. (2012), Wang & Julienne (2014),
and Langmack, Schmidt, et al. (2018) for a detailed treatment of this case.

The case of narrow Feshbach resonances is special because of the effec-
tive range≫ RvdW which appears in the problem (Petrov 2004). Recourse

PASCAL NAIDON, SHIMPEI ENDO, AND MASAHITO UEDA PHYSICAL REVIEW A 90, 022106 (2014)

FIG. 2. (Color online) Three-dimensional contour plots of the
probability distribution in Eq. (11) of finding a particle for a given
separation of the two other particles (which are indicated by a pair of
small gray balls connected by a black line). For clarity, we only show
the probability density behind a plane containing the two particles
and shade the contours with an opacity increasing with probability
density: the darker, the higher the probability of finding the third
particle. The top figures correspond to a separation of 6.0 rvdW, while
the bottom ones correspond to a separation of 1.4rvdW. To appreciate
the change in configuration between the figures, a typical location
of the third particle is indicated by a small green ball connected
to the other two particles by green lines. The left figures were
computed from the zero-range Efimov theory at unitarity; they show
the invariance of the Efimov configuration distribution with respect to
the size of the system. The right figures were computed for a Lennard-
Jones pairwise potential at unitarity supporting four two-body bound
states. At large separations, the probability distribution is consistent
with the Efimov configuration distribution, but around each of the
two particles there is a noticeable sphere of radius ∼rvdW in which
the probability is significantly suppressed. This suppression leads to
an abrupt change in configuration probability when the particles come
close.

close, as recently illustrated in nuclear physics [38]. The
relative radial probability density distribution |ϕ|2 for two
particles at zero scattering energy is represented in Fig. 3
for different two-body potentials at unitarity. One can see that
the probability is indeed suppressed below some radius on the
order of rvdW due to either the presence of a repulsive wall or,
in contrast, the acceleration in the well of the potential.

As particles 1 and 2 come close, this two-body exclusion
confines the probability distribution for particle 3 to a region
forming a ring in between the two particles, corresponding to
an equilateral shape of the three-particle system. We find that
this change of shape happens very suddenly, making it difficult
for the system to follow the Efimov channel adiabatically
(see the animations in the Supplemental Material [39]). This
abrupt variation results in a significant gain of nonadiabatic
kinetic energy Q00 in Eq. (10), thereby creating the three-body
repulsion.

The necessity to deform to a more equilateral shape can
also be visualized in Fig. 4, where configurations of the
three particles are shown as a function of hyperradius R and

FIG. 3. (Color online) Zero-energy two-body probability density
distribution |ϕ|2 (normalized asymptotically to unity) as a function of
interparticle distance for different two-body potentials: soft-core van
der Waals potential (blue) with nb = 1–8 bound states, Lennard-
Jones potential (green) with nb = 1–8 bound states, and helium
potential (red) rescaled to reach unitarity with one bound state. The
corresponding potentials are shown in faded colors. The probability
density corresponding to the universal van der Waals correlation given
in Eq. (13) is shown by the dashed black curve.

hyperangle α. Of all these configurations, those for which two
particles are within the van der Waals length are suppressed
by the two-body exclusion. These configurations can be easily
determined and correspond to the solid red region in Fig. 4.
One can see that in order to avoid these configurations a
three-particle system in a given shape getting smaller in size
needs at some hyperradius to deform to a more equilateral
shape.

For an Efimov trimer state, the hyperradius at which
this deformation occurs can easily be estimated from the
zero-range Efimov wave function and the radius of two-body
suppression rvdW. The system has to deform when the distance
between the two closest particles is equal to rvdW. The distance
rij between two particles i and j is equal to R sin αk . At large
hyperradii, the probability distribution of α at unitarity follows
from the Efimov hyperangular wave function in Eq. (12). From
this wave function, one can calculate the average hyperangle
〈α〉 ≈ 0.508, represented by the dashed horizontal line in
Fig. 4. This leads to an approximate location of the onset
of deformation at R = rvdW/ sin〈α〉 ≈ 2.05rvdW,3 represented
by the dashed vertical line in Fig. 4. At this hyperradius the
value of Q00 becomes large, creating a barrier that prevents
the system from further deforming into smaller configurations.
This forbidden region is hatched in Fig. 4. This simple estimate
thus reproduces the location of the repulsive barrier shown
in Fig. 1 and in Ref. [34]. Note that the knowledge of the
location of the barrier is not enough to determine precisely
the three-body parameter, as it also depends on the shape of
the barrier, as well as the couplings to other channels. In light

3According to definitions of the hyperradius in Refs. [34] and [35],
one would find, respectively, R ≈

√√
3/2 × 2.05rvdW = 1.91rvdW

and 1√
2

× 2.05rvdW = 1.45rvdW.

022106-4

Figure VI.20. Probability density of the zero-energy two-body wave function for
the different potentials given in (33). As soon as there are several bound states
for these potentials, the probability of finding the two atoms at a distance less than
RvdW becomes very low. The thin lines indicate the potentials used for the calcula-
tion. The calculation is made for a =∞. Figure taken from Naidon, Endo & Ueda
(2014).

to a three-body parameter to regularize the situation is then no longer nec-
essary, and Gogolin, Mora, et al. (2008) have been able to provide an an-
alytical solution of the three-body problem in this case [see also Castin
& Tignone (2011b), Endo & Castin (2016), Secker, Ahmed-Braun, et al.
(2021), and Kraats, Ahmed-Braun, et al. (2022) and references therein].
Several recent experiments have been conducted in this regime, including
Johansen, DeSalvo, et al. (2017), Yudkin, Elbaz, Giannakeas, et al. (2019),
Xie, Van de Graaff, et al. (2020), Li, Yudkin, et al. (2022), and Etrych, Mar-
tirosyan, et al. (2022).
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4 Beyond the standard Efimov effect

The originalwork by Efimov (1970) concerned three identical bosons in res-
onant interaction and it is this case that we have concentrated on in these
last two chapters. To conclude this presentation, we will now review a few
different situations, in terms of the statistical nature or the number of parti-
cles involved. Given the space available, our discussion will necessarily be
fragmentary, and we refer the interested reader to Naidon & Endo (2017),
which presents in detail many extensions of Efimov’s problem.

4-1 Three identical fermions

Let us startwith the simple casewherewe replace the three identical bosons
of the Efimov effect by three polarized fermions. There is then no longer any
binary interaction in the swave, and we must turn to binary interactions in
the pwave (ℓ = 1), for which the scattering amplitude f1(k) reads [see the
2021 lecture series, Chapter 3, § 2.3]:

1

f1(k)
≈ − 1

k2v
+
ke
2
− ik, (34)

where v is the scattering volume and ke an effective range term (always
negative near resonance). The counterpart of |a| = ∞ for an s-wave reso-
nance is here an infinite scattering volume v. A weakly bound state of the
dimer appears on the v > 0 side of the resonance.

This problem was studied by Jona-Lasinio, Pricoupenko, et al. (2008)
[see also Levinsen, Cooper, et al. (2008) and Braaten, Hagen, et al. (2012)].
These authors showed that for the channel of angular momentum 1, there
could be two bound trimers, one of each parity, for v chosen sufficiently
close to the resonance v =∞. These trimers can be Borromean in nature, i.e.
exist for large negative values of the scattering volume, for which there is
no weakly bound two-body state. The position of these trimers is universal
in that it depends only on the parameters of the two-body problem, in this
case the values of v, ke and the range b of the potential (figure VI.21).

There is therefore no Efimov effect in this case, i.e. no emergence of an
infinite series of three-body bound states at the dimer formation thresh-
old. Furthermore, it is not necessary to introduce a three-body parame-

even and odd sector can be deduced from Appendix A. In the
same appendix, it is also explained how to normalize the
state vector of the trimer.

For values of !Vs!!b3, we have found either zero or one
trimer in each symmetry sector "with threefold rotational de-
generacy when the trimer exists#. The energy of the trimer is
written as −!2qtrim

2 /m. Then qtrim as a function of "b is given
in Fig. 3, for the even and the odd sectors. We found no
evidence of Efimov effect: in each symmetry sector, we
found at most one trimer, and there is no oscillation of the
!"K# with K as a function of K, see Fig. 4.

We note that, in real experiments with atoms, these trim-
ers may acquire a finite lifetime, due to the formation of
deeply bound dimers by three-body collisions. This process
is not contained in our Hamiltonian, since H does not support
deeply bound dimers for !Vs!!b3; its rate is estimated by a
simple recipe in Sec. V A.

D. Atom-dimer scattering

We consider here the scattering problem of an atom on a
dimer, which corresponds to the positive Vs side of the reso-
nance and to a total energy E#−Edim. For simplicity, we
restrict to the low-energy limit of this scattering, with a rela-
tive kinetic energy of the incoming atom and the dimer much
smaller than the binding energy of the dimer

E + Edim " Edim. "43#

As a consequence, the total energy is negative, so that energy
conservation prevents the dimer from being dissociated by
the interaction with the incoming atom and the scattering is
elastic. Furthermore, a multipolar expansion can be per-
formed in terms of the atom-dimer relative orbital momen-
tum. In the mathematical limit of a vanishing kinetic energy,
the atom-dimer incoming wave is a s wave and the scattering
is characterized by the atom-dimer scattering length aad that
we shall calculate. To next order of the multipolar expansion
the atom-dimer incoming wave is a p wave and we shall
calculate a corresponding atom-dimer scattering volume Vs

ad.
The property of elastic scattering at E$0 rigorously holds

for the model Hamiltonian "15#, since we have shown that it
admits at most one dimer state "with rotational degeneracy#.
Reality with atoms goes beyond this model Hamiltonian:
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FIG. 3. "Color online# For fixed values of the scattering volume
Vs, parameter qtrim of the trimer "when it exists# as a function of "b;
qtrim is related to the negative energy −Etrim of the trimer by Etrim
=!2qtrim

2 /m. "a# Even sector, "b# odd sector, as defined in Sec. III B.
Solid line "black#: !Vs! /b3=%. Above the solid line, positive values
of Vs: short dashed line "blue#: Vs=104b3; dashed line "red#: Vs
=103b3; dashed-dotted "green#: Vs=100b3. Below the solid line,
negative values of Vs: short dashed line "light blue#: Vs=−104b3;
dashed line "orange#: Vs=−103b3; dashed-dotted "dark green#: Vs
=−100b3. At the threshold for the existence of the trimer as a true
bound state, on the Vs&0 side of the resonance, where a dimer
exists, the trimer binding energy vanishes, so that the energy of the
trimer coincides with the one of the dimer, and qtrim=qdim "see text#.
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these functions were multiplied by K in "a# and by K2 in "b#. The
normalization is arbitrary.
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even and odd sector can be deduced from Appendix A. In the
same appendix, it is also explained how to normalize the
state vector of the trimer.

For values of !Vs!!b3, we have found either zero or one
trimer in each symmetry sector "with threefold rotational de-
generacy when the trimer exists#. The energy of the trimer is
written as −!2qtrim

2 /m. Then qtrim as a function of "b is given
in Fig. 3, for the even and the odd sectors. We found no
evidence of Efimov effect: in each symmetry sector, we
found at most one trimer, and there is no oscillation of the
!"K# with K as a function of K, see Fig. 4.

We note that, in real experiments with atoms, these trim-
ers may acquire a finite lifetime, due to the formation of
deeply bound dimers by three-body collisions. This process
is not contained in our Hamiltonian, since H does not support
deeply bound dimers for !Vs!!b3; its rate is estimated by a
simple recipe in Sec. V A.

D. Atom-dimer scattering

We consider here the scattering problem of an atom on a
dimer, which corresponds to the positive Vs side of the reso-
nance and to a total energy E#−Edim. For simplicity, we
restrict to the low-energy limit of this scattering, with a rela-
tive kinetic energy of the incoming atom and the dimer much
smaller than the binding energy of the dimer

E + Edim " Edim. "43#

As a consequence, the total energy is negative, so that energy
conservation prevents the dimer from being dissociated by
the interaction with the incoming atom and the scattering is
elastic. Furthermore, a multipolar expansion can be per-
formed in terms of the atom-dimer relative orbital momen-
tum. In the mathematical limit of a vanishing kinetic energy,
the atom-dimer incoming wave is a s wave and the scattering
is characterized by the atom-dimer scattering length aad that
we shall calculate. To next order of the multipolar expansion
the atom-dimer incoming wave is a p wave and we shall
calculate a corresponding atom-dimer scattering volume Vs

ad.
The property of elastic scattering at E$0 rigorously holds

for the model Hamiltonian "15#, since we have shown that it
admits at most one dimer state "with rotational degeneracy#.
Reality with atoms goes beyond this model Hamiltonian:
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Figure VI.21. Wave number q defining the energy −ℏ2q2/m of the trimer formed
from three identical fermions. The effective range is given here as α ≡ −ke/2. The
parameter b denotes the range of the potential, obtained here by modeling a Fano–
Feshbach resonance with Gaussian coupling between the open and closed channels.
Figure on the left (resp. right): positive (resp. negative) parity. Black solid line:
v = ∞; blue dashed line: v = ±104b3; red/orange dashed line: v = ±103b3;
green dashed line: v = ±102b3. Figures taken from Jona-Lasinio, Pricoupenko,
et al. (2008).

ter to describe the energy of the two universal trimers mentioned above.
This problem has recently been taken up by Chen & Greene (2022), who
confirmed the conclusions of Jona-Lasinio, Pricoupenko, et al. (2008) for
Lennard–Jones-type potentials (−r−6 + r−12).

4-2 Three distinguishable particles

When three distinguishable particles are considered, the wave function
does not have to be symmetrized or antisymmetrized, which relaxes a con-
straint present for indistinguishable particles. For the same interaction
strength, the ground-state energy of the system of three distinguishable
particles is therefore necessarily lower than or equal to that calculated for
bosons or fermions.

If the three s-wave interactions are resonant (|aij | = ∞) and the three
masses are equal, we find the same result as for three identical bosons be-
cause of the symmetry of the system. In particular, we have the scaling
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Evidence for Universal Four-Body States Tied to an Efimov Trimer
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We report on the measurement of four-body recombination rate coefficients in an atomic gas. Our

results obtained with an ultracold sample of cesium atoms at negative scattering lengths show a resonant

enhancement of losses and provide strong evidence for the existence of a pair of four-body states, which is

strictly connected to Efimov trimers via universal relations. Our findings confirm recent theoretical

predictions and demonstrate the enrichment of the Efimov scenario when a fourth particle is added to the

generic three-body problem.

DOI: 10.1103/PhysRevLett.102.140401 PACS numbers: 03.75.!b, 21.45.!v, 34.50.Cx, 67.85.!d

Few-body physics produces bizarre and counterintuitive
phenomena, with the Efimov effect representing the major
paradigm of the field [1]. Early in the 1970s, Efimov found
a solution to the quantum three-body problem, predicting
the existence of an infinite series of universal weakly
bound three-body states. Surprisingly, these Efimov
trimers can even exist under conditions where a weakly
bound dimer state is absent [2–4]. An essential prerequisite
for the Efimov effect is a large two-body scattering length
a, far exceeding the characteristic range of the interaction
potential. Ultracold atomic systems with tunable interac-
tions [5] have opened up unprecedented possibilities to
explore such few-body quantum systems under well con-
trollable experimental conditions. In particular, a can be
made much larger than the van der Waals length rvdW [6],
the range of the interatomic interaction.

In the past few years, signatures of Efimov states have
been observed in ultracold atomic and molecular gases of
cesium atoms [7,8], and recently in three-component Fermi
gases of 6Li [9,10], in a Bose gas of 39K atoms [11], and in
mixtures of 41K and 87Rb atoms [12]. In all these experi-
ments, Efimov states manifest themselves as resonantly en-
hanced losses, either in atomic three-body recombination
or in atom-dimer relaxation processes.

As a next step in complexity, a system of four identical
bosons with resonant two-body interaction challenges our
understanding of few-body physics. The extension of uni-
versality to four-body systems has been attracting increas-
ing interest both in theory [13–18] and experiment [19]. A
particular question under debate is the possible relation
between universal three- and four-body states [13–16,18].
In this context, Hammer and Platter predicted the four-
body system to support universal tetramer states in close
connection with Efimov trimers [16].

Recently, von Stecher, D’Incao, and Greene presented
key predictions for universal four-body states [18]. For
each Efimov trimer, they demonstrate the existence of a
pair of universal tetramer states according to the conjecture
of Ref. [16]. Such tetramer states are tied to the corre-

sponding trimer through simple universal relations that do
not invoke any four-body parameter [13,15,18]. The au-
thors of Ref. [18] suggest resonantly enhanced four-body
recombination in an atomic gas as a probe for such univer-
sal tetramer states. They also find hints on the existence of
one of the predicted four-body resonances by reinterpret-
ing our earlier recombination measurements on 133Cs
atoms at large negative scattering lengths [7]. In this
Letter, we present new measurements on the Cs system
dedicated to four-body recombination in the particular
region of interest near a triatomic Efimov resonance. Our

FIG. 1 (color online). Extended Efimov scenario describing a
universal system of four identical bosons. Energies are plotted as
a function of the inverse scattering length. The red solid lines
illustrate the pairs of universal tetramer states (Tetra1 and
Tetra2) associated with each Efimov trimer (T). For illustrative
purposes, we have artificially reduced the universal Efimov
scaling factor from 22.7 to about 2. The shaded regions indicate
the scattering continuum associated with the relevant dissocia-
tion threshold. The four-body threshold is at zero energy and
refers to four free atoms (Aþ Aþ Aþ A). In the a > 0 region,
the dimer-atom-atom threshold (Dþ Aþ A) and the dimer-
dimer threshold (DþD) are also depicted. The weakly bound
dimer, only existing for a # rvdW > 0, has universal halo char-
acter and its binding energy is given by @2=ðma2Þ [2,19]. The
open arrow marks the intersection of the first Efimov trimer (T)
with the atomic threshold, while the filled arrows indicate the
corresponding locations of the two universal tetramer states.
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Figure VI.22. The two universal tetramer branches attached to each Efimov trimer
branch. Figure taken from Ferlaino, Knoop, et al. (2009).

parameter λ = eπ/|s0| ≈ 22.7with |s0| = 1.00624.
If two interactions are resonant and the third is zero, for example |a12| =

|a13| = +∞ and a23 = 0, we formally find themMM case studied in Chap-
ters 3 and 4. If the relationm≪M does not hold, the Born–Oppenheimer
approach is no longer valid, but a treatment similar to that adopted inChap-
ter 5 is still possible. We then find anEfimov effect, with a scaling parameter
λ = eπ/|s0| ≈ 2000 with |s0| = 0.414 (Naidon & Endo 2017). The very high
value of this parameter λmakes experimental verification difficult.

4-3 Four identical bosons

We continue our discussion with the case of four identical bosons, of zero
spin or polarized. Here too, the first question that arises is that of a genuine
four-body Efimov effect, i.e. the existence of an infinite number of bound
states of tetramers at the threshold a

(0)
− of the first Efimov trimer, on the

a < 0 side. This question was in fact addressed very shortly after Efimov’s
publication by Amado & Greenwood (1973) and the answer is negative.

However, this result does not completely settle the question. Although

We interpret the two observed resonant loss features as
the predicted pair of four-body resonances [18]. For the
resonance positions we find a!Tetra1=a

!
T ’ 0:47 and

a!Tetra2=a
!
T ’ 0:84, which are remarkably close to the pre-

dictions of Eq. (1).
In a second set of experiments, we study the time

dependence of the atomic decay in the optical trap. Here
we focus on the region around the resonance at a!Tetra1 ’
"410a0, where the three-body losses are comparatively
weak and thus allow for a detailed analysis of the loss
curves. Representative loss measurements for three differ-
ent values of a are shown in Fig. 3.

The observed decay can be fully attributed to three-body
and four-body recombination collisions. This is due to the
fact that inelastic two-body collisions of atoms in the
lowest Zeeman sublevel are energetically suppressed, and
one-body losses, such as background collisions or light-
induced losses, can be completely neglected under our
experimental conditions. The corresponding differential
equation for the decaying atom number reads as

_N=N ¼ "L3hn2i" L4hn3i; (2)

where L3 and L4 denote the three- and the four-body
recombination rate coefficient, respectively. The average
density is calculated by integrating the density over the
volume hn2i ¼ ð1=NÞR n3d3r and hn3i ¼ ð1=NÞR n4d3r.
By considering a thermal density distribution of Gaussian
shape in the three-dimensional harmonic trap, we obtain
hn2i ¼ n2p=

ffiffiffiffiffiffi
27

p
and hn3i ¼ n3p=8, with np ¼

N½m !!2=2!kBT'3=2 the peak density. Here, m is the atomic
mass, T the temperature, and !! ¼ ð!x!y!zÞ1=3 the mean
trap frequency. We determine the trap frequencies and the
temperature by sloshing mode and time-of-flight measure-
ments, respectively.

In general Eq. (2) is not analytically solvable. An ana-
lytic solution can be found in the limit of either pure three-

body losses or pure four-body losses. Therefore we fit our
decay curves with a numerical solution of Eq. (2), keeping
both L3 and L4 as free parameters. Note that we have not
included antievaporation heating [23] in our model be-
cause we do not observe the corresponding temperature
increase in our experiments. We believe that, for the fast
decay observed here, the sample may not have enough time
to thermalize.
Our experimental data clearly reveal a qualitative

change of the decay curves when a is tuned between a!T
and a!Tetra1. Figure 3(a) shows that for a ( a!T the loss is
dominated by three-body recombination; here the full nu-
merical fitting curve follows the pure three-body solution.
A different situation is found at "410a0; see Fig. 3(c).
Here a pure three-body analysis cannot properly describe
the observed behavior and the full numerical solution
reveals a predominant four-body character. In intermediate
situations, for which an example is shown in Fig. 3(b), both
three- and four-body processes significantly contribute to
the observed decay.
From the decay curves taken at different values of a we

determine L3 and L4; the results are shown in Figs. 4(a)
and 4(b), respectively. The three-body contribution L3

follows previously observed behavior [7], as dictated by
the a4 scaling in combination with the Efimov effect.
Our major result is shown in Fig. 4(b), where we plot the

rate coefficient L4. Our data provide the first available
quantitative information on L4, establishing the role of
four-body collisions in ultracold gases. For jaj< ja!Tetra1j,
where no universal tetramer states exist, the four-body
losses are typically very weak. Here, we measure L4 ’
0:2) 10"37 cm9=s. With increasing jaj, the system under-
goes a significant change in its behavior, with four-body

(c)(a) (b)

FIG. 3 (color online). Time evolution of the number of atoms
in an optically trapped sample. The solid lines are the fit to the
data based on the full numerical solution of Eq. (2). The dashed
lines and dotted lines correspond to a pure three-body and pure
four-body decay, respectively (see text). (a) For dominant three-
body collisions (a ¼ "870a0), (b) an intermediate situation
(a ¼ "510a0), and (c) dominant four-body collisions (a ¼
"410a0).

(a)

(b)

FIG. 4 (color online). Loss rate coefficient for (a) three- and
(b) four-body recombination versus a at a temperature of about
40 nK. The values are obtained by fitting the numerical solution
of Eq. (2) to the decay curve. The error bars on L3 and L4 are the
statistical uncertainties from the fit evaluated with a resampling
method [28]. The open circles in (a) refer to previous data at
250 nK [7]. The solid curves result from the theoretical model of
Refs. [18,25].

PRL 102, 140401 (2009) P HY S I CA L R EV I EW LE T T E R S
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Figure VI.23. Decay in the number of cesium atoms in the vicinity of the threshold
for the appearance of the first Efimov trimer. Dashed line: three (four) body losses
only. Solid line: prediction deduced from (36). Figure taken from Ferlaino, Knoop,
et al. (2009).

an Efimovian series of tetramers does not exist, there may be one or more
tetramers attached to each Efimov trimer. This is a four-particle structure,
with an energy that is negative and lower than that of the trimer. The
prediction of such “universal” tetramers was made by Hammer & Plat-
ter (2007), then refined by Stecher, D’Incao, et al. (2009). There are two
branches of tetramers attached to each branch of trimers (figure VI.22).
These tetramers are described as universal because, once the position of
the trimer is known, their energy can be calculated without the need to in-
troduce a four-body parameter. This statement requires a few precautions
for the ground-state trimer, since the corresponding tetramers are smaller
than it and may therefore be sensitive to short-range physics [see Naidon
& Endo (2017)].

These tetramers are Borromean in nature, in the sense that they can exist
for a scattering length smaller in absolute value than the (negative) scatter-
ing length a

(n)
− for which the trimer appears. The prediction of Stecher,

D’Incao, et al. (2009) is

a
(0)
4b1 = 0.43 a

(0)
− a

(0)
4b2 = 0.90 a

(0)
− (35)

The existence of these tetramers has been confirmed by Ferlaino, Knoop, et

121



Chapter VI – The Efimov effect explored with gases of cold atoms § 4. Beyond the standard Efimov effect

al. (2009) in an experiment that takes precise advantage of this Borromean
nature. The Innsbruck researchers studied the loss of atoms in a cesium
trap in the vicinity of the trimer appearance threshold a(0)− = −870 a0. They
observed two values of a forwhich the losses could be explained by the sum
of a three-body law and a four-body law (figure VI.23):

Ṅ

N
= −L3ρ

2 − L4ρ
3. (36)

The values found for a(0)4b1 and a
(0)
4b2 are in good agreement with the predic-

tion (35) [measured coefficients: 0.47 and 0.84].

4-4 Nf identical fermions and another particle

The mMMM system, i.e. Nf = 3 identical fermions and another particle,
as well as its generalization to Nf = 4, are the only known systems5 which
exhibit a true Efimov effect. The Nf = 3 case has been studied by Castin,
Mora, et al. (2010) and the Nf = 4 case by Bazak & Petrov (2017).

The question we address in this section can be formulated as follows:
how many polarized fermions of massM can be bound through the inter-
action with a single light particle of mass m? To begin with, let us recall
the important result obtained in Chapters 3 and 4 for the Nf = 2 case. We
considered the three-body systemmMM for a zero-range interaction with
|a| = +∞ and indicated that (Kartavtsev & Malykh 2007):

• an Efimov effect can occur whenM/m > 13.607;
• for 8.173 < M/m < 13.607, there exist on the a > 0 side one (or two)

“universal” trimers, whose energy does not depend on a three-body
parameter.

To study the mMMM problem, i.e. with an additional M fermion,
Castin, Mora, et al. (2010) worked at unitarity for a zero-rangemM binary
interaction. The MM interactions between two identical fermions are as-
sumed to be negligible (they could only be odd-wave interactions, which

5In particular, themMM system withM bosonic does not exhibit this property (Adhikari
& Fonseca 1981). The same is true for themmMM four-fermion system (Endo&Castin 2015).

are weak at low temperature). We therefore consider the purely kinetic
Hamiltonian

Ĥ = −
4∑

i=1

ℏ2

2mi
∇2

i (37)

with Bethe–Peierls boundary conditions at the points where the light par-
ticle m comes into contact with one of the fermions M . The question is
whether this Hamiltonian admits negative-energy states in which the three
heavy particles are bound together by the light particle.

As for the three-body problem, it is useful, for anN -body problem (with
N = Nf +1), first to isolate the three variables of the center of mass (which
we take to be at rest in what follows), and then to separate the remaining
d = 3N − 3 variables into

• one variableR, the hyperradius, giving the length scale of the problem;
• d − 1 = 3N − 4 hyperangles, denoted collectively by Ω, defining the

spatial arrangement of the N bodies (up to a homothety) and the ori-
entation of this arrangement in space.

The general expression for the kinetic energy operator in d dimensions
can be written in terms of these variables (see for example Greene, Gian-
nakeas, et al. (2017)):

Ĥ = T̂R +
ℏ2

2mrR2
Λ̂

2

Ω (38)

where the radial kinetic energy operator is

T̂R = − ℏ2

2mr

Å
∂2

∂R2
+
d− 1

R

∂

∂R

ã
(39)

and where Λ̂Ω is the “grand angular momentum” operator for the d-
dimensional system. This operator involves the hyperangles and first- and
second-order derivatives with respect to them6, but not the hyperradius R.

6For example, in dimension d = 3, we have the well-known expression as a function of the
polar angle θ and the azimuthal angle φ:

Λ̂
2
=

L̂
2

ℏ2
= − 1

sin θ

∂

∂θ
sin θ

∂

∂θ
− 1

sin2 θ

∂2

∂φ2
. (40)
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Note that the precise definition of the pair “hyperradius, reducedmass”
varies from author to author by numerical factors of order unity. In what
follows, we will not go into quantitative calculations, and we will therefore
not need to specify this choice. For an explicit construction of hyperangles,
the hyperradius and the associated reduced mass, see Greene, Giannakeas,
et al. (2017).

In general, when a is not infinite or zero, Bethe–Peierls boundary condi-
tions couple hyperradius and hyperangles, which makes the problem par-
ticularly complex. In the case |a| = +∞ (or in the case without interaction
a = 0), the Bethe–Peierls boundary conditions only involve hyperangles.
This is a signature of the scale invariance of the system, already mentioned
several times in previous chapters: there is no length scale to compare with
R in order to obtain a dimensionless equation. Thus, for the three-body
problem, we arrived in Chapter 5 at the equation translating these bound-
ary conditions for the angular part F (α) of the wave function:

|a| = +∞ :

ï
dF

dα

ò
α→0

+
8√
3
F (
π

3
) = 0. (41)

The treatment of Castin, Mora, et al. (2010) therefore starts from the fact
that we can then look for the eigenstates of Ĥ in a factorized form:

Φ(R,Ω) =
ϕ(R)

R(d−1)/2
F (Ω) with for N = 4 :

d− 1

2
= 4. (42)

The first step is to solve the eigenvalue problem for the angular part F (Ω),
taking into account the Bethe–Peierls boundary conditions:

Λ̂
2

ΩF (Ω) = λF (Ω). (43)

Once this (tricky!) stage has been completed, the radial equation then sim-
ply reads

− d2ϕ

dR2
+
s2 − 1/4

R2
ϕ(R) = ϵ ϕ(R) (44)

where [cf. Eq. (C-13) of Werner & Castin (2006)]

s2 = λ+
1

4
(d− 2)2 (45)

(2 + 1)

M/m
Trimère univ. (a > 0) Efimov

8.173 13.607

(3 + 1)

M/m
Tétramère univ. (a > 0) Efim.

8.862 13.384

(4 + 1)

M/m
Pentamère univ. (a > 0) Efim.

9.672 13.279

Figure VI.24. The possible bound states of Nf fermions of mass M in resonant
binary interaction with a particle of massm (Nf = 2, 3, 4). These data are taken
from Kartavtsev & Malykh (2007), Castin, Mora, et al. (2010), Bazak & Petrov
(2017), and Bazak (2020). The scale of the M/m axis is not linear. There is no
Efimov effect for Nf = 5 or 6 (Bazak 2020).

is a number that depends on M/m but not on R, and where we have set
ϵ = 2mrE/ℏ2.

We now find ourselves in familiar territory: if negative values of s2 are
possible, an Efimov effect will appear. The result of Castin, Mora, et al.
(2010) for N = Nf + 1 = 4 is that this effect can indeed occur when

13.384 <
M

m
(46)

This condition is (slightly) less restrictive than the one found for themMM
problem. There is therefore an interval of values ofM/m, [13.384, 13.607],
over which the four-body problem is Efimovian whereas the three-body
problem is not (see figure VI.24). ForM/m > 13.607, it is difficult to state
general results for the (3 + 1) problem, since solving the Efimovian (2 + 1)
problem requires the introduction of a non-universal three-body parame-
ter. We have shown this region in purple in figure VI.24.

123



We can also look for a universal tetramer for lower values of M/m,
similar to the universal trimer(s) of Kartavtsev & Malykh (2007). Such a
tetramer exists on the interval [8.862, 13.384] (Blume 2012; Bazak 2020).

As announced in the introduction to this section, the (4 + 1) problem,
i.e. Nf = 4 fermions of massM and a light particle of mass m, also leads
to an original Efimov effect with the formation of pentamers, in a (small)
range of values ofM/m for which there are no Efimov trimers, nor Efimov
tetramers (Bazak & Petrov 2017). It can be shown, on the other hand, that
there are no Efimov states for the (5+ 1) and (6+ 1) systems (Bazak 2020).
These results are also summarized in figure VI.24.
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