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Prochains séminaires

Aujourd’hui : Ultracold fermion mixtures with tunable interactions: polarons and the quest for novel superfluids          
Rudolf Grimm 
University of Innsbruck and IQOQI, Austrian Academy of Sciences, Autriche

22 mars : L’effet boomerang quantique 
Patrizia Vignolo 
Institut de Physique de Nice, Université Côte d'Azur et CNRS

29 mars : Energie solaire photovoltaïque : jouer avec la lumière et la matière                  
Daniel Suchet  
Département de Physique de l'Ecole polytechnique et Institut du Photovoltaïque d'Ile de France

5 avril : Colloque “Rydberg atoms and quantum simulation”, co-organisé avec Michel Brune
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Les interactions dans les gaz d’atomes ultra-froids

• Interaction de van der Waals ( ) + liaison chimique : courte portée∝ 1/r6

Modélisées (au moins dans une théorie de champ moyen) par un terme de contact

Vcontact(r) = g δ(r) g =
4πℏ2a

m
 : longueur de 
diffusion en onde 
a

s

• Interaction dipolaire : relativement longue portée et anistrope
z

i

j
uVdd(ri − rj) =

μ0

4πr3
ij

[μi ⋅ μj − 3(μi ⋅ u)(μj ⋅ u)]

θ = (r, uz)Vdd(r) =
3gdd

4π
1
r3

(1 − 3 cos2 θ) gdd =
1
3

μ0μ2 =
4πℏ2add

m

Pour des atomes comme Cr, Dy, Er,…  , le couplage  peut dépasser  gdd g
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La stabilité (globale) d’un condensat piégé

Potentiel de piégeage à symétrie de révolution :    U(r) =
1
2

mω2
⊥ (x2 + y2) +

1
2

ω2
z z2

Piège allongé ou quasi isotrope :  ω⊥ ≳ ωz

Le gaz devient instable et s’effondre sur lui-même dès que gdd ≳ g

Piège très aplati :  ω⊥ ≪ ωz

Le gaz est (globalement) stable ou métastable même si gdd ≫ g
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But de ce cours

Déterminer le spectre d’excitation d’un condensat dipolaire

Trouver la nature des petites perturbations qui peuvent se propager dans un condensat homogène

Exemple : ondes sonores de fréquence ω = ck

ρ(x)

x

ρ0

λ = 2π/k

Plus généralement, quelle est la relation de dispersion  Génère-t-elle des instabilités ?ω(k)?

Importance de la dimensionnalité du système 
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Structure en maxon-roton

Relation de dispersion pour les condensats de Bose-
Einstein “usuels” (interaction de contact ) g δ(r)

0 1 2 3
0

5

10

k⇠

~!
g⇢0

densité ρ0 ξ =
ℏ

2mgρ0

phonons 
  ω ≈ ck

particules libres  
  ℏω ≈ (ℏk)2/2m

c = gρ0/m

Structure qui va apparaître pour les condensats 
dipolaires en dimension réduite :

k

ω(k)

phonons 
  ω ≈ ck

particules libres  
  ℏω ≈ (ℏk)2/2m

maxon

roton
• Lien avec la physique de l’hélium liquide

• Source d’instabilité quand Δ → 0 Δ

  longueur de relaxation/cicatrisationξ :
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Plan du cours

1. Le spectre d’excitation d’un fluide quantique

Méthode de Bogoliubov

2. Gaz dipolaire uniforme à trois dimensions

Premières mesures : une vitesse du son anisotrope

3. Gaz dipolaire quasi-plan et spectre de roton

Potentiel effectif à 2D et seuil d’instabilité

4. Mise en évidence expérimentale du spectre de roton
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1.  

Le spectre d’excitation d’un fluide quantique

Quelle est la dynamique des petites fluctuations autour de la solution d’équilibre ?
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Gaz uniforme et potentiel chimique

Equation de Gross-Pitaevskii dépendant du temps :

iℏ∂tψ(r, t) = −
ℏ2

2m
Δψ(r, t) + (∫ V(r − r′￼)ρ(r′￼, t) d3r′￼) ψ(r, t)

On part de la solution uniforme  :         et           ψ(r, t) = ψ0 e−iμct/ℏ ρ(r, t) = ρ0 ⇒ μc = Ṽ(0)ρ0

avec la transformée de Fourier  du potentiel  :     Ṽ(k) V(r) Ṽ(k) = ∫ e−ik⋅r V(r) d3r

On supposera dans ce qui suit que      Ṽ(0) = ∫ V(r) d3r ≥ 0

Sinon, le gaz aura tendance à s’effondrer sur lui-même :    quand   μc → − ∞ ρ0 → + ∞

ρ(r)

x

ρ0
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Modélisation des excitations

ρ(x)

x

ρ0Fonction d’onde :  N ψ(r, t) = ρ(r, t) eiS(r,t)

Densité :    ρ(r, t) = ρ0 [1 + η(r, t)]

Phase :     S(r, t) = − μct/ℏ + ζ(r, t) champ de vitesse :    v(r, t) =
ℏ
m

∇[ζ(r, t)]

Les quantités   et  sont supposées   
En particulier, pas de vortex

η(r, t) ζ(r, t) ≪ 1
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iℏ∂tψ(r, t) = −
ℏ2

2m
Δψ(r, t) + (∫ V(r − r′￼)ρ(r′￼, t) d3r′￼) ψ(r, t)

Equation de Gross-Pitaevskii dépendant du temps pour un potentiel d’interaction non local

∂tρ = − ∇ ⋅ (ρv)
Réécriture de l’équation de Gross-Pitaevskii :

ℏ∂tS = −
1
2

mv2 − ∫ V(r − r′￼)ρ(r′￼, t) d3r′￼+
ℏ2

2m

Δ( ρ)

ρ

Paramétrisation en termes de la densité et de la phase

N ψ(r, t) = ρ(r, t) eiS(r,t) v(r, t) =
ℏ
m

∇[S(r, t)]Champ de vitesses : 

Linéarisation de ces deux équations du mouvement avec   et  ρ = ρ0 [1 + η] S = − μct/ℏ + ζ
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Recherche des solutions sous forme d’ondes planes :         

ζ(r, t) = ζ0 ei(k⋅r−ωt)η(r, t) = η0 ei(k⋅r−ωt)

ρ = ρ0 [1 + η] S = − μt/ℏ + ζ

N ψ(r, t) = ρ(r, t) eiS(r,t)

Linéarisation au voisinage de la solution d’équilibre

Quelle est la relation de dispersion  ?ω(k)
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ξ =
ℏ

2mgρ0
0 1 2 3

0

5

10

k⇠

~!
g⇢0

phonons 
  ω ≈ ck

particules libres  
  ℏω ≈ (ℏk)2/2m

Le cas des interactions purement de contact

Vcontact(r) = g δ(r)

Les deux cas limites :

• Grands vecteurs d’onde :   ϵk =
ℏ2k2

2m
≫ gρ0

• Petits vecteurs d’onde :   ϵk =
ℏ2k2

2m
≪ gρ0
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2. 

Gaz dipolaire uniforme à 3D
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La transformée de Fourier du potentiel dipolaire Ṽ(k) = ∫ e−ik⋅r V(r) d3r

V(r) Ṽ(k)

g δ(r) g

3gdd

4π
1 − 3 cos2 θ

r3
gdd (3 cos2 α − 1)θ = (r, uz) α = (k, uz)

Indépendant du module de  (comme pour l’interaction de contact), 
mais dépendant de son orientation (anisotrope)

k

On en déduit la forme générale de la relation de dispersion 

ℏω(k) = [2ρ0ϵk(g + gdd (3 cos2 α − 1)) + ϵ2
k ]1/2 ϵk = ℏ2k2/2m

Ṽ(k)
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La limite haute énergie de la relation de dispersion

ℏω(k) = [2ρ0ϵk(g + gdd (3 cos2 α − 1)) + ϵ2
k ]1/2 ϵk = ℏ2k2/2m

Ṽ(k)

?

ℏω(k)

k

ω ∝ k2

Si   ,  on néglige la contribution de  :      ,   limite de particules libres ϵk ≫ gρ0, gddρ0 Ṽ(k) ℏω(k) ≈ ϵk
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Vitesse[s] du son dans un condensat dipolaire

ℏω(k) = [2ρ0ϵk(g + gdd (3 cos2 α − 1)) + ϵ2
k ]1/2

ϵk = ℏ2k2/2m
ϵk ≪ gρ0, gddρ0

 α = 0, k ∥ uz

k

z

c∥ = [(g + 2gdd)ρ0/m]1/2

dipôles côte à côte : énergie augmentée

 α = π/2, k ⊥ uz

k

z

c∥ = [(g − gdd)ρ0/m]1/2

dipôles en file : énergie diminuée

Problème pour  :  

 imaginaire  
instabilité modulationnelle!

gdd > g
ω ⇒ e−iωt = e|ω|t

ω = cαkLimite des petits vecteurs d’onde :
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Allure générale de la relation de dispersion à 3D 

ℏω(k) = [2ρ0ϵk(g + gdd (3 cos2 α − 1)) + ϵ2
k ]1/2

On varie l’angle  entre  et α = (k, uz) 0 π/2

0 0.5 1 1.5 2 2.5 3
0

2

4

6

8

10

k⇠

~!
g⇢0

gdd = g/2
rouge:  
cos2 α = 1/3

Interactions dipolaires faibles

0 0.5 1 1.5 2 2.5 3
0

2

4

6

8

10

k⇠

~!
g⇢0

gdd = 2g

zone d’instabilité  
(petits  = grandes longueurs d’onde)k

rouge:  
cos2 α = 1/3

Interactions dipolaires fortes
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Conclusion pour un condensat dipolaire à 3D

0 0.5 1 1.5 2 2.5 3
0

2

4

6

8

10

k⇠

~!
g⇢0

gdd = 2g
Dès que les interactions dipolaires sont plus fortes que les 
interactions de contact ( ), le condensat uniforme 3D 
est déstabilisé par des excitations de grande longueur d’onde

gdd > g

Que devient le gaz 3D pour  ?       

 Réponse au cours 4 : possiblement une gouttelette quantique (  liquide)

gdd > g

∼
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Premières mesures

Expériences au LPL, Paris Nord-Villetaneuse

Gaz d’atomes de chrome, confiné dans un piège harmonique  isotrope à 3D≈

Mesure de la relation de dispersion par spectroscopie de Bragg

ω1, k1 ω2, k2

On mesure la probabilité de déposer dans le gaz

• L’énergie ℏ(ω1 − ω2) ≡ ℏω

• L’impulsion ℏ(k1 − k2) ≡ ℏk

Absorption d’un photon ( ) suivie de l’émission stimulée d’un photon ω1, k1 ω2, k2

Bismut, Laburthe-Tolra et al. (2012)

Le changement de l’angle  permet de varier indépendamment  et   (k1, k2) ω k
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Premières mesures (2)

Bismut, Laburthe-Tolra et al. (2012)

excitationmomentum [26]. To account for our experimental
results, we extended the theory developed inRef. [26] based
on local density approximation (LDA) by including DDIs.
The validity of LDA with DDIs, discussed in Ref. [18], is
guaranteed if q ! 1=RTFmin [27], with RTFmin the smallest
BEC Thomas-Fermi (TF) radius. Then, the BEC can be
considered as a locally homogeneous 3D system [28]; q !
1=RTFmin also ensures that the effects of energy discretiza-
tion can be safely neglected.

For a comparison with our experimental spectra (see
Fig. 2), we take into account the Doppler width and
make a convolution between the corresponding Gaussian
and the LDA excitation spectrum [29]. The Fourier broad-
ening due to the finite excitation duration is also taken into
account within the linear response theory [30]. The two-
photon Raman frequency !R, which sets the excitation
amplitude [16], is estimated from a calibration of the lattice
depth created by the Raman beams [31]. The agreement
with theory (with no adjustable parameter) of the spectra
line shapes is good, except for the two lowest experimental
values of q. For the excitation amplitude, the discrepancy

remains at most in the 50% range for all spectra. All
features are in very good agreement in the case of Fig. 2,
for which we estimate !R ¼ 2!# ð140% 30Þ Hz.
We have performed a study of the effects of DDIs by

probing the excitation spectrum as a function of q from the
phonon regime to the free-particle regime (see Fig. 3). We
define the experimental value of "ðqÞ as the mean value of
the excitation energy, obtained by using asymmetric
Gaussian fits of the excitation spectra; this procedure em-
pirically takes into account the nonsymmetric nature of the
excitation spectra, which is expected from the Thomas-
Fermi distribution (see for example Ref. [26]). We define
"kðqÞ [respectively, "?ðqÞ] as the mean value obtained for

(a) (b)

FIG. 2 (color online). Excitation spectra for q#0 ¼ 0:8 ($ ¼
14 deg). The excited fraction Pexc is plotted versus the detuning
frequency f between the two Bragg beams for % ¼ 0 (filled
circles) and % ¼ !=2 (open circles). The two solid lines are
asymmetric Gaussian fits to the data (see text). The error bars
represent the 1-sigma statistical uncertainty associated to three
measurements. The two spectra are shown separately below
(a) % ¼ !=2, (b) % ¼ 0 along with the results of our linear
response theory (dashed lines), which has no adjustable parame-
ters, and of our numerical simulations (diamonds).

(a)

(b)

FIG. 3 (color online). (a) Energy spectra: the energy "ðqÞ
divided by h is plotted as a function of Bragg-transferred
momentum q. The circles correspond to the experimental data:
for a given value of q, the top (bottom) circle corresponds to the
parallel (perpendicular) case. The point at q#0 ¼ 1:6 corre-
sponds to a four-photon process (see text). The two solid lines
are the results of LDA calculations for parallel (top line) and
orthogonal (bottom line) cases. The dashed line gives the results
for a free particle. Inset: zoom for low q values. (b) Relative shift
"ðqÞ of the excitation energies (see text) as a function of q.
Black points: results of fits of the experimental data, with error
bars. Solid line: results of LDA calculations. The diamonds show
the results of numerical simulations. For (a) and (b), the vertical
error bars represent 1& statistical uncertainty, while the hori-
zontal ones correspond to uncertainties on the values of $.

PRL 109, 155302 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

12 OCTOBER 2012

155302-3

ω/2π [Hz]

 α = (k, uz) = 0

 α = (k, uz) = π/2

c∥ = 2.64(1) mm/s

c⊥ = 2.06(5) mm/s

Angles entre les faisceaux de Bragg de 14 degrés :

Anisotropic Excitation Spectrum of a Dipolar Quantum Bose Gas

G. Bismut, B. Laburthe-Tolra, E. Maréchal, P. Pedri, O. Gorceix, and L. Vernac
Laboratoire de Physique des Lasers, UMR 7538 CNRS, Université Paris 13, 99 Avenue J.-B. Clément, 93430 Villetaneuse, France

(Received 25 May 2012; published 9 October 2012)

We measure the excitation spectrum of a dipolar chromium Bose-Einstein condensate with Raman-

Bragg spectroscopy. The energy spectrum depends on the orientation of the dipoles with respect to the

excitation momentum, demonstrating an anisotropy that originates from the dipole-dipole interactions

between the atoms. We compare our results with the Bogoliubov theory based on the local density

approximation and, at large excitation wavelengths, with the numerical simulations of the time-dependent

Gross-Pitaevskii equation. Our results show an anisotropy of the speed of sound.

DOI: 10.1103/PhysRevLett.109.155302 PACS numbers: 67.85.De, 32.80.Qk, 37.10.Vz, 47.37.+q

Interactions play a major role in the physics of Bose-
Einstein condensates (BECs), made of trapped neutral
atoms. Attractive interactions may lead to a collapse [1],
while repulsive interactions confer a collective nature to
excitations [2] and lead to superfluidity [3]. In the first
produced BECs, only contact interactions played a signifi-
cant role. The study of long-range anisotropic (partially
attractive) dipole-dipole interactions (DDIs) in quantum
gases was initiated by the production of chromium BECs
[4], followed more recently by experiments with dyspro-
sium [5,6] and erbium [7]. DDIs introduce anisotropy in
the expansion dynamics [8] and the collective excitations
of a Cr BEC [9]. Moreover, when DDIs overwhelm the
contact interactions, a BEC undergoes a characteristic d-
wave-like implosion, revealing the structure of the DDIs
[7,10]. While these already observed dipolar effects are
sensitive to trap geometry, DDIs can also modify the bulk
properties of quantum gases, independent of geometry.
In particular, DDIs may lead to anisotropic superfluidity
in Bose [11] or Fermi gases [12], with possible analogies to
anisotropic superconductivity in cuprates. In this Letter, we
study the elementary excitations of a Cr BEC and show an
anisotropic excitation spectrum, providing a signature of
an anisotropy of the speed of sound and, therefore, accord-
ing to the Landau criterion, a possibility for anisotropic
superfluidity.

Raman-Bragg spectroscopy, creating elementary excita-
tions with a well-defined momentum, has developed into a
powerful instrument to study the bulk properties of quan-
tum gases [13]. Following the first seminal demonstration
that rapidly followed the creation of atomic BECs [14,15],
a more systematic series of experiments gave a full picture
of the BEC excitation spectrum from the low-energy
phonon-like excitations to the high-energy single-particle
regime [16]. Despite several reviews and theoretical papers
pointing out the interest in the excitation spectrum of
bosonic gases featuring DDIs [17–19], experimental re-
sults are not yet available. See, however, the recent works
on effective long-range interactions in optical lattices [20].
Chromium atoms away from a Feshbach resonance are

particularly suitable to study the bulk properties of dipolar
BECs, since DDIs are non-negligible, without leading to
collapse. In this Letter, we provide the first evidence that
long-range dipolar interactions induce an anisotropy of a
BEC excitation spectrum using Raman-Bragg spectros-
copy. The spectrum is anisotropic as the resonance condi-
tion depends on the angle ! between the polarization
axis parallel to the magnetic field B and the excitation
wave vector q (see Fig. 1). We probe this anisotropy
throughout the whole excitation spectrum with differential

(a) (b)

FIG. 1 (color online). The principle of the experiment and
absorption pictures after a Bragg pulse. The two Bragg beams
are coupled to the BEC with an angle ", and transfer a momen-
tum @q and an energy hf to the excited fraction. Because of
DDIs, the excitation spectrum depends on the angle ! between q
and B. The two absorption pictures, in false color, show the
density after Bragg pulse and time of flight, and the solid lines
indicate the direction of momentum transfer. In (a), the small
value of" (14!), and hence of q, barely allows spatial separation
of the excited fraction, contrary to the case of large " (82!)
in (b).

PRL 109, 155302 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

12 OCTOBER 2012

0031-9007=12=109(15)=155302(5) 155302-1 ! 2012 American Physical Society
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3. 

Gaz dipolaire quasi-plan

ℓz

z

Peut-on empêcher l’instabilité modulationnelle pour  ?gdd > g

Santos, Shlyapnikov, Lewenstein (2003) O’Dell, Giovanazzi, Kurizki (2003)
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Le confinement selon l’axe z

z

x

z

<latexit sha1_base64="jrEevlaYmYL/a9M1yGyRcrFxZio="></latexit>

�0(z)

Modélisation de     par une fonction gaussienne :       ,     χ0(z) χ0(z) ∝ e−z2/2ℓ2
z ρ(z) = ρ0 e−z2/ℓ2

z

Hypothèse : cette fonction est figée (Fischer, 2006), i.e. insensible à la propagation d’excitations dans le plan xy

Pour un confinement harmonique selon l’axe z, l’état fondamental est       avec  ψ0(z) ∝ e−z2/2a2
oh aoh ≡ ℏ/mωz

Nous serons amenés à considérer des interactions telles que    ,  ce qui entraîne  μc ≳ ℏωz ℓz ≳ aoh

Note :

Pour aller au delà de cette hypothèse : Santos, Shlyapnikov, Lewenstein (2003) 
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Fonctionnelle d’énergie à 2D avec un potentiel effectif  Ṽ(kx, ky)

Fonctionnelle d’énergie à 3D  +  hypothèse de fonction d’onde  figéeχ0(z)
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Potentiel effectif à 2D Ṽ(2D)(k⊥) = ∫
+∞

−∞
Ṽ(k) (ñ0(kz))2 dkz

2π

On a vu plus haut que Ṽ(k) = g + gdd (3 cos2 α − 1)

n0(z) =
1

ℓz π
e−z2/ℓ2

z ñ0(kz) = e−k2
z ℓ2

z /4T.F.Densité : limite l’intégrale à kz ≲ 1/ℓz

α = (k, uz)

k⊥ → 0

petites valeurs de  = grandes longueurs d’ondek⊥

Ṽ(2D)(k⊥) ≈
1

ℓz 2π
(g + 2gdd)

toujours positif : pas d’instabilité aux grandes 
longueurs d’onde, contrairement au cas 3D

est négatif aux grands  pour des 
interactions dipolaires fortes ( )
Ṽ(2D) k⊥

gdd > g

k⊥ ≫ 1/ℓz

grandes valeurs de  = courtes longueurs d’ondek⊥

Ṽ(2D)(k⊥) ≈
1

ℓz 2π
(g − gdd)

= g + gdd (2 −
3k2

⊥

k2
⊥ + k2

z )
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Potentiel effectif à 2D 

On peut mettre le potentiel effectif sous la forme : Ṽ(2D)(k⊥) =
1

ℓz 2π [g + 2gdd − 3gddF (
k⊥ℓz

2 )]

0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

x

F (x)

F(x) = π x (1 − erfx) ex2

gdd = 1.5 g

0 2 4

0

0.5

1

k?`z

Ṽ (2D)(k?)

Ṽ (2D)(0)

k⊥ ≪ 1/ℓz : Ṽ(2D)(k⊥) ≈
1

ℓz 2π
(g + 2gdd)

k⊥ ≫ 1/ℓz : Ṽ(2D)(k⊥) ≈
1

ℓz 2π
(g − gdd)
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Le spectre d’excitation à 2D

On revient à la relation générale ℏω = [ 2 ρ(2D)
0 Ṽ(2D)(k) ϵk + ϵ2

k ]
1/2

• Petites valeurs de   ( ):     , pas d’instabiliték kℓz ≪ 1 Ṽ(2D)(k) > 0

ϵk =
ℏ2k2

2m
k ≡ k⊥

• Grandes valeurs de   ( ):       , particule libre   k kℓz ≫ 1 ρ(2D)
0 Ṽ(2D)(k) ≪ ϵk ℏω ≈ ϵk

• Valeurs intermédiaires de   ( ):      si  , rôle significatif si   est assez grandek kℓz ∼ 1 Ṽ(2D)(k) < 0 gdd > g ρ(2D)
0

   : uniquement des interactions dipolairesg = 0

Courbes tracées pour : 

Ez =
ℏ2

mℓ2
z
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k`z/
p
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~!(k)
✏z   1,   1.6,   1.723,  1.8

gddρ0

Ez
=

Instable sur une plage de 
vecteurs d’onde autour de 1/ℓz

z

x

z

<latexit sha1_base64="jrEevlaYmYL/a9M1yGyRcrFxZio="></latexit>

�0(z)
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Seuil d’instabilité et énergie d’interaction

0 0.5 1 1.5 2
0

0.5

1

1.5

2

k`z/
p
2

~!(k)
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L’instabilité apparaît pour 

Ez =
ℏ2

mℓ2
z

  
gddρ0

Ez
∼ 1.7

g = 0

Energie d’interaction ( )  suffisante pour modifier significativement le profil de densité selon gddρ0 z

Epaisseur  du gaz sensiblement plus grande que la taille  de l’état fondamental de l’oscillateur harmoniqueℓz aoh

z

x

z

<latexit sha1_base64="jrEevlaYmYL/a9M1yGyRcrFxZio="></latexit>

�0(z)
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Roton dans la limite de Thomas-Fermi selon z

ℓz ≫ aoh = ℏ/mωz

Santos, Shlyapnikov, Lewenstein (2003) 

La courbe de dispersion présente alors un minimum de roton dès que gdd > g

Limite de fortes interactions :  

potentiel chimique  μc ≫ ℏωz

k

Seuil d’instabilité modulationnelle  

atteint pour   μc =
15
4

ℏωz
gdd

gdd − g
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Le potentiel effectif dans l’espace de Fourier

V(r)

r
a

V0

Un potentiel  purement répulsif peut 
avoir des composantes de Fourier négatives

V(r)

0 2 4 6 8 10

0
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1

ka

Ṽ (k)

Ṽ (0)

“Répulsif” aux petits , i.e. grandes distances k⊥

“Attractif” aux grands , i.e. courtes distances k⊥

Parfois qualifié de :

gdd = 1.5 g
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1

k?`z

Ṽ (2D)(k?)

Ṽ (2D)(0)

Ṽ(2D)(K) =
1

ℓz 2π
[g + 2gdd − 3gddF(K)]

K = k⊥ℓz / 2
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4. 

Mise en évidence expérimentale du spectre de roton
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Le spectre de roton pour l’hélium

Prédiction de Landau (1941-1947)

Vol. X I, No. 1 JOURNAL of PHYSICS 1 9  4 7

LETTERS

ON THE THEORY OF SUPERFLUIDITY 
OF HELIUM II

By L. Landau

I n s t i t u t e  for Physical  Problems,  Academy of Sciences 
of the USSR

(Received November 15,  1948)

The velocity of the “second sound”  in helium II 
has been measured by V. P e s h k o v  (x) w ith a 
great precision. His results give an opportunity to 
perform a quantita tive comparison of the theory 
developed by the author (2) w ith the experiment. 
Such a comparison gives full support to the general 
picture given by the theory, bu t a t the same time it  
reveals a noticeable discrepancy between the calculated 
and observed values of the velocity [e. g. 25 m/sec. 
calculated and 19 m/sec. observed a t the temperature 
of 1.6°K). Although this discrepancy is not very large, 
i t  is too large to be attributed  to the inaccuracy of 
the experimental data on the thermodynamic quan-
tities of helium II.

For calculating the velocity of the second sound 
the formulae were used for the thermodynamic quan-
tities (entropy, specific heat), derived in (2) under 
the assumption of the energy spectrum of the liquid 
to consist of two branches — the phonon and roton 
ones. The direction of the observed discrepancy ind i-
cates in w hat way these assumptions must be a l te r e d .  
Using the experimental data, one can formally com-
pute the roton mass \x according to formulae

p n =  Np., F r — — N k T . ( i )

Here N  is the number of rotons per unit volume, 
F r—the “roton p a r t”  of the free energy (i. e. the free 
energy w ithout the vibrational part) , pn— the den-
sity of the “normal p a r t” of the liquid (the phonon 
p art in р9г is negligible as compared w ith the roton 
part). The mass \i calculated in this way appears 
to be approximately inversely proportional to the 
tem perature (in temperature interval 1.3— 1.7CK), 
instead of being constant. I t  is, however, to be noted, 
th a t although the very fact of the variation of ц is 
apparent, the quantitative law  of its variation can 
be established only in a very approximate way 
(owing mainly to the scarcity of experimental data 
on the specific heat of helium II).

If one does not make the assumption s =  ^ +  р2/2ц 
for the dependence of the energy s of a roton on its 
momentum p t but considers the general dependence
12*

TO THE EDITOR

s(/>), then the calculation according to the general 
formulae derived in (2) shows, th a t in the formula 
?n_= m  the quantity  p2/3kT  enters instead of ц 
(рг \s the mean square of the momentum). If th is  quan-
tity  is inversely proportional to the tem perature, then 
p2= const., i. e. the values of the roton momenta lie 
mainly in the neighbourhood of a certain pQt A t 
the first glance this fact appears to be very strange, 
bu t i t  can be explained in a natural manner by assum-
ing, th a t the energy spectrum of helium II is of the 
type shown in Fig. 1. For small momenta p  of an

elementary excitation its energy s increases linearly 
(phonons), then reaches a maximum, begins to decrease 
and a t a certain value p =  p0 the function s (p) has 
a minimum. In the neighbourhood of the la tte r we 
can write

«л being a constant. W ith such a spectrum it  is 
of course impossible to speak strictly  of rotons and 
phonons as of qualita tively  different types of ele-
mentary excitations. I t  would be more correct to speak 
simply of the long wave (small p) and short wave 
(p in the neighbourhood of p0) excitations. I t  is to 
be stressed, th a t all the conclusions concerning the 
superfluidity and the entire macroscopical hydrody-
namics of helium  II, developed in (2), m aintain the ir 
valid ity  also w ith  the spectrum proposed here.

—  91 —

Motivée par le conflit apparent entre 
vitesse du son et chaleur spécifique

Mesure par diffraction de neutrons

FIG. 7. The experimental results for the energies of the one-phonon excitations at 1.1 "K. 

20 - 

1 I%#] 1% 

[8] with the value of A given in Table 4, which 
corresponds to 6 = A/h4 = 2.4 0.3 x 
c.g.s. units. 

The small wave-vector results for Z(Q) are 
shown in Fig. 10. These show that Z(Q) is within 
error given by the limiting value of Z(Q) and 
equal to Hallock's (1969) measured S(Q) for 
Q < 0.35. At larger wave vectors there is a 
significant discrepancy for both. The results can 
be reasonably well fitted by the expansion given 
in [9] with Z2 positive and Z4 negative, as shown 
in Table4. 

The results show that the velocity of the excita- 
tions is almost constant for Q < 0.5 to an ac- 
curacy of 3%, whereas the intensity deviates from 
linearity in wave vector by 30% at Q = 0.4. Both 
sets of results are accurately described by the 
three-term expansions [8] and [9] for Q < 1.0. 

Near the roton minimum the energy of the 
phonons is usually written as 

16 

Our results show that the minimum is not sym- 
metric about QR, so that the values of the param- 
eters deduced by a fit to [lo] depend on the range 
of points taken around QR. For example, the 
midpoint at energies of 11, 10.5, 10,9.5, and 9 OK 
are QR = 1.89, 1.90, 1.91, 1.92, and 1.93 respec- 
tively. The minimum energy, A,, is 8.67 f 0.04OK 
at QR = 1.936 f 0.005. The value of M * is dif- 
ferent for the two different sides of the minimum 
but an intermediate value is M* = 0.15M. We 
should emphasize that these values substituted 
into [lo] do not give the best fit to our data. The 
parameters of a "best fit" are dependent on the 
choice of data, and the value of QR is reduced so 
as to compensate for the asymmetry in the 
minimum. 

The one-phonon contribution to the intensity 
is also peaked in the neighborhood of the roton 
minimum. If we express Z(Q) by a similar form 
to [lo] for w(Q), 
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Cowley et al., 1971

Un neutron incident crée une excitation dans 
l’hélium en déposant l’énergie  et l’impulsion ℏω ℏk
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Interprétation du spectre de roton pour l’hélium

FIG. 7. The experimental results for the energies of the one-phonon excitations at 1.1 "K. 
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[8] with the value of A given in Table 4, which 
corresponds to 6 = A/h4 = 2.4 0.3 x 
c.g.s. units. 

The small wave-vector results for Z(Q) are 
shown in Fig. 10. These show that Z(Q) is within 
error given by the limiting value of Z(Q) and 
equal to Hallock's (1969) measured S(Q) for 
Q < 0.35. At larger wave vectors there is a 
significant discrepancy for both. The results can 
be reasonably well fitted by the expansion given 
in [9] with Z2 positive and Z4 negative, as shown 
in Table4. 

The results show that the velocity of the excita- 
tions is almost constant for Q < 0.5 to an ac- 
curacy of 3%, whereas the intensity deviates from 
linearity in wave vector by 30% at Q = 0.4. Both 
sets of results are accurately described by the 
three-term expansions [8] and [9] for Q < 1.0. 

Near the roton minimum the energy of the 
phonons is usually written as 

16 

Our results show that the minimum is not sym- 
metric about QR, so that the values of the param- 
eters deduced by a fit to [lo] depend on the range 
of points taken around QR. For example, the 
midpoint at energies of 11, 10.5, 10,9.5, and 9 OK 
are QR = 1.89, 1.90, 1.91, 1.92, and 1.93 respec- 
tively. The minimum energy, A,, is 8.67 f 0.04OK 
at QR = 1.936 f 0.005. The value of M * is dif- 
ferent for the two different sides of the minimum 
but an intermediate value is M* = 0.15M. We 
should emphasize that these values substituted 
into [lo] do not give the best fit to our data. The 
parameters of a "best fit" are dependent on the 
choice of data, and the value of QR is reduced so 
as to compensate for the asymmetry in the 
minimum. 

The one-phonon contribution to the intensity 
is also peaked in the neighborhood of the roton 
minimum. If we express Z(Q) by a similar form 
to [lo] for w(Q), 
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Onsager, 1949 :

Il suggère qu'un roton pouvait correspondre à un anneau de vorticité 
de taille atomique

“The smallest ring vortex that can exist must have a radius about half the atomic spacing. 
Let us guess that this is in fact a roton.”

Feynman, 1955 :

“Un roton est le fantôme d'un pic de Bragg"
Nozières, 2004 :

i.e., signature de la tendance du liquide à former un cristal avec une période spatiale  2π/kroton

Mais la cristallisation (au dessus de 25 bars) ne s’accompagne pas d’un passage à zéro du minimum de roton
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Observation de la structure en roton-maxon 

Expérience d’Innsbruck avec de l’erbium 166, dans le régime de Thomas-Fermi transverse

Expérience faire sur un tube
Système quasi-1D

Spectroscopie de Bragg avec   variant entre 0.27 (régime de phonons) et 1.74 (au-delà du minimum de roton) kaoh

ωz/2π = 256 Hz

aoh = 0.49 μm

On garde  constant et on varie  (interactions de contact) grâce à une résonance de Fano-Feshbachgdd g

After preparation, we confine the DBEC in a cigar-shaped
optical dipole trap with harmonic frequencies ωx;y;z ¼
2π × ð261; 27; 256Þ Hz. A homogeneous magnetic field
B maintains spin polarization of the sample in the lowest
Zeeman sublevel, with atomic dipoles aligned along z; see
Fig. 1(a). It also sets the value of as via a magnetic
Feshbach resonance (FR) [32], centered at about 0 G, for
which the B-to-as conversion has been precisely extracted
with a $2a0-wide prediction interval in the as range here
explored [17,21]. Systematic uncertainties on as are
estimated to be up to $3a0 [33]. The dipolar length,
add ¼ μ0μ2m=12πℏ2 ¼ 65.5a0, results from the atomic
magnetic moment μ, and mass m of 166Er. μ0 is the vacuum
permeability and ℏ ¼ h=2π the reduced Planck constant.
After preparation, as equals 67a0, corresponding to
ϵdd ≈ 1. In this geometry, a roton mode is expected to
emerge along the axial (y) direction for ϵdd > 1 and softens
for increasing ϵdd. The roton minimum appears at a
momentum qrot ∼ 1=lz, with lz ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=mωz

p
≈ 0.5 μm.

To reach ϵdd > 1, we decrease as to the desired value by
ramping B closer to the FR’s pole. The ramping time tr is
chosen to be long enough to ensure adiabaticity with

respect to the tight trapping frequencies (tr > 1=ωx;zÞ but
short enough to avoid too strong three-body collisional
losses near the FR. For the highest ϵdd, we find an optimal
trade-off for tr ¼ 15 ms, defining our fastest ramp. This
ramp is not fully adiabaticwith respect to the axial dynamics.
We observe small-amplitude breathing and sloshing modes
along y, which we account for in our spectroscopic mea-
surements [33]. After ramping B, we hold the atoms for a
time th, after whichwe performBragg spectroscopy to probe
the excitation spectrum of our DBEC of N atoms.
Our Bragg spectroscopy setup is illustrated in Fig. 1(a)

and detailed in Ref. [33]. In brief, it uses two coherent laser
beams of wave vector kL ¼ 2π=λL, with λL ¼ 401 nm,
propagating in the z-y plane and intersecting each other
under an angle θ. At the cloud’s position, the beams form a
light grating along y of potential depth V0 and wave vector
q ¼ 2kL sinðθ=2Þ. The two beams have a small frequency
difference ω, causing the grating to travel at a velocity ω=q.
A key feature of our setup is the wide dynamical tunability
of θ. This is obtained by creating the Bragg beams
using holographic gratings [33,35], generated with a
digital micromirror device [30]. By uploading different
holograms, we can vary θ, and accordingly q from 0 to
1.8l−1z . Moreover, by employing hologram sequences and
changing their display rate, ω can be directly varied, up to
∼2π × 1 kHz. In the experiment, we illuminate the DBEC
with a Bragg pulse of duration τ. The value of τ ¼ 7 ms is
chosen to be long enough to minimize Fourier broadening
of the frequency spectrum, and yet short with respect to a
quarter of the axial trap period [8,23,25]. Immediately after
the pulse, we switch off the trap and let the cloud expand
for 30 ms. We then image the atoms along z via standard
absorption imaging, from which we extract the momentum
distribution of the cloud, nðqx; qyÞ.
The Bragg excitation can be interpreted as a stimulated

two-photon transition, imparting a well-defined momentum
q and energy ℏω to the atoms; see Fig. 1(b). In bulk
systems, for a fixed q and varying ω, atoms, initially at
qy ¼ 0, are resonantly transferred to qy ¼ q for ℏω ¼ εðqÞ
[6–9]. When accounting for finite-size effects, the response
is broadened in q. The dynamic structure factor, which
quantifies the system’s response to an external perturbation,
can be related to the fraction of excited atoms during a
Bragg pulse,F ¼ Nexc=ðN0 þ NexcÞ. Here,N0 (Nexc) is the
number of the zero-momentum (Bragg-excited) atoms. In
the linear response regime [9,22,23],

F ¼ π2V2
0τ

h2
S̃0ðq;ωÞ; ð1Þ

where S̃0ðq;ωÞ is the zero-temperature dynamic structure
factor, Fourier broadened in ω due to the finite τ, see
Ref. [33].
Figure 1(c) shows a representative nðqx; qyÞ for a q ≳ l−1z

excitation. For this high q, the Bragg-excited atoms are well
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FIG. 1. (a) The DBEC (gray ellipsoid) is axially elongated along
y and the atomic dipoles point along z. Two Bragg beams of
frequency ωl and ωl − ω (blue arrows) form a traveling grating
along y with a wave vector q and velocity ω=q (blue shading).
(b) The Bragg excitation drives a stimulated two-photon transition
(dashed arrows), transferring a momentum q and an energy ℏω to
the atoms, resonant for ℏω ¼ εðqÞ (solid line). Δ ≫ ω is the
detuning from the intermediate state. (c) Example of nðqx; qyÞ
after a Bragg excitation with ðq; ωÞ ¼ ½1.74ð9Þl−1z ; 2π × 180 Hz'.
(d) Corresponding nðqyÞ (dots), fitted with a multi-Gauss function
(dashed line). The solid line shows the component of the fit
corresponding to the Bragg-excited atoms. (e) hq2yi vs ω for
q ¼ 0.74ð3Þl−1z . The solid line shows a Gaussian fit used for
extracting ωq and normalizing the data.

PHYSICAL REVIEW LETTERS 122, 183401 (2019)

183401-2

Chomaz et al., 2018
Petter et al., 2019
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Observation de la structure en roton-maxon (2) Chomaz et al., 2018
Petter et al., 2019

Erbium 166 : interactions dipolaires caractérisées par       ( : rayon de Bohr)add = 65.5 a0 a0

g =
4πℏ2

m
a gdd =

4πℏ2

m
add

resolved as a side peak. From a multi-Gauss fit to the
integrated density nðqyÞ, we extract F ; see Fig. 1(d) [33].
For q≲ l−1z , the zero-momentum peak and the Bragg-
excited one overlap andF cannot be precisely extracted. To
access S̃0ðq;ωÞ for all q, we use the momentum variance
hq2yi ¼

R
nðqyÞq2ydqy, which relates to the imparted energy

into the system. AsF , hq2yi gives access to S̃0ðq;ωÞ, but via
a more complex relation [5,22,23,33,36]. Figure 1(e)
exemplifies a resonance in hq2yi when varying ω at fixed
q. We extract its center frequency ωq via a Gaussian fit. By
varying q over the experimentally accessible range, we
probe the lowest-lying branch of the axial excitation
spectrum εðqÞ ¼ ℏωq [33].
Figure 2 shows the results of our Bragg measurements,

revealing how εðqÞ is modified when tuning from ϵdd < 1
to ϵdd > 1. For ϵdd < 1, εðqÞ shows a linear dependence
over the whole q range, characteristic of phonon modes,
Figs. 2(a) and 2(b). From a linear fit to εðqÞ, we estimate the
sound velocity c ¼ limq→0εðqÞ=q ¼ 1.01ð1Þ mm=s along
y. As we probe the system for increasing ϵdd > 1, we find
an overall reduction of the excitation energies and increas-
ing deviations of the spectra from the linear phonon
behavior, Figs. 2(c) and 2(d). When further increasing
ϵdd, the spectrum starts to flatten at large q, Figs. 2(e) and
2(f). Ultimately, at the highest ϵdd, we observe a local
minimum occurring at q ≈ qrot ¼ 1.27ð6Þl−1z , providing an

unambiguous signature of the existence of the roton mode,
Figs. 2(g) and 2(h). At intermediate momenta between the
phonon and roton regimes, a maxon [local maximum in
εðqÞ] is also identifiable. Because of optical constraints on
our Bragg setup, the maxon regime is not fully accessible;
see black region in Figs. 2(e) and 2(g). To compare our
measurements with theory, we perform calculations of
S̃0ðq;ωÞ, by calculating the Bogoliubov modes from the
Gross-Pitaevskii equation (GPE) linearized around equi-
librium at the final as [24,33,37]. Here we explicitly do not
include beyond-mean-field effects [33]; see later discus-
sion. Over the entire range of ϵdd, our theory describes
the experimental data, both qualitatively and quantitatively.
In the calculations of Fig. 2, we let as vary within the
prediction interval ($2a0) of our B-to-as conversion to best
match the measured spectrum.
To get a deeper insight into the roton softening, we

perform Bragg measurements at a fixed q ¼ qrot and extract
ωq, denoted ωrot, as a function of as for fixed N. As shown
in Fig. 3, ωrot exhibits a reduction that becomes increas-
ingly sharp for decreasing as. Below 52a0, we observe that
the system undergoes a roton instability, i.e., a spontaneous
population of the roton mode even without applying a
Bragg pulse; see also Ref. [21]. We find that the softening
of ωrot is well approximated by an as-power-law scaling.
By fitting the data to ωrotðasÞ ¼ Aðas − a%sÞp, we extract
the critical scattering length at which ωrot vanishes,
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FIG. 2. Excitation spectra from ϵdd < 1 to ϵdd > 1: (a), (c), (e), (g) Measured hq2yi for varying q (columns, delineated by white
tick marks) and ω at given as. Each column is fitted with a Gaussian function and renormalized by the fitted peak amplitude.
Black columns are inaccessible to measurements [33]. (b), (d), (f), (h) Extracted εðqÞ (white dots) from (a), (c), (e), (g), respectively.
Here and throughout the Letter, the error bars denote $ one standard deviation. The solid lines are guides to the eye, based on the
analytic formula from Ref. [24]. The color map shows the calculated S̃0ðq;ωÞ, normalized by the maximum of S̃0ðq;ωÞ at qlz ¼ 1.3
and as ¼ 82a0. For [(a), (b); (c), (d); (e), (f); (g), (h)], N ¼ ½4.6ð5Þ; 3.9ð4Þ; 3.3ð3Þ; 2.5ð3Þ' × 104 and as ¼ ðasexp; aths Þ ¼
½ð80.0; 82.0Þ; ð60.5; 62.5Þ; ð55.3; 54.5Þ; ð52.5; 51.6Þ'a0, respectively.

PHYSICAL REVIEW LETTERS 122, 183401 (2019)

183401-3

a = 80.0 a0 a = 60.5 a0 a = 55.3 a0 a = 52.5 a0

kaoh kaohkaoh kaoh

S̃0(k, ω)

krotonaoh = 1.27 (6)
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Valeur du minimum de roton

a!s ¼ 51.9ð2Þa0, matching our instability observation. We
also observe a scaling exponent of p ¼ 0.27ð2Þ (A is a
scaling coefficient). The pronounced dependence of the
roton energy on the interparticle interactions, i.e., on both
as and the atomic density, makes the measurements at low
energy very sensitive to fluctuations. Indeed, small fluc-
tuations and drifts in B and N can already drive the system
into instability, eventually preventing a reliable measure-
ment of the spectrum for ωrot ≲ 2π × 100 Hz; e.g., see
horizontal error bar in the inset. For comparison, we
additionally probe the as dependence of the excitation
energy ωq near the maxon at q ¼ 0.74ð3Þl−1z , denoted ωm.
We observe that ωm decreases much slower than the roton
case. As shown in the inset of Fig. 3, the two modes’
energies cross around as ¼ 52.8a0. For a!s < as < 52.8a0,
ωrot < ωm, showing the emergence of a local minimum in
the spectrum of a stable DBEC. At as ¼ 52.2ð2Þa0, the
minimum can be distinguished with a confidence level of
98% [33].
Figure 3 also shows ωrot extracted from our numerical

calculations, together with its variation within the predic-
tion interval of as. The theory describes our observation
very well and confirms the rapid variation of the roton
energy with as. We have also performed calculations
including beyond-mean-field effects in the form of a
Lee-Huang-Yang correction in the GPE [38–41]. This
additional term has proven to be crucial to understanding

the behavior of a DBEC in the droplet regime [17,18,
42–44]. Interestingly, the agreement between theory and
experiment becomes worse with a discrepancy that cannot
be accounted for with the experimental as uncertainty. Such
a discrepancy can have several origins. These range from
additional experimental uncertainties (e.g., N values,
effects of residual density-dependent dynamics [33]) to
more fundamental reasons. As speculated in Ref. [21], this
mismatch could call into question the validity of standard
treatments of beyond-mean-field effects in the roton
regime. For instance, the standard inclusion of a Lee-
Huang-Yang term in the GPE relies on a local density
approximation and is justified for negligible quantum
depletion and higher-order corrections [11,40–51]. These
conditions might not be completely fulfilled in the roton
regime. Future theoretical efforts, combined with stringent
validity tests on experiments, are needed to shed light on
this important aspect.
The emergence of a roton minimum intrinsically con-

nects to an increase of density-density correlations. This is
quantified by the amplitude of S̃0ðqrot;ωrotÞ [7,23,24,33],
which is related via Eq. (1) to the fraction of excited atoms
at the Bragg resonance F res. In the experiment, we explore
this aspect by measuring F as a function of ω at q ¼ qrot
using a fixed V0. From a Gaussian fit to the data, we extract
F res. We repeat the experiment for various as in the ϵdd > 1
regime; see Fig. 4. When approaching the roton instability
(a!s), F soars, with an increase by about a factor of 3 when
changing as by less than 15%. Such a behavior is also
confirmed by our theoretical calculations. Experimentally,
we find that the linear-response regime, i.e., the validity of
Eq. (1), extends up to F res ≈ 25%; see inset of Fig. 4.
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FIG. 3. Measured ℏωrot with N ¼ 2.4ð2Þ × 104 vs as (circles)
and corresponding numerical calculations excluding (solid line)
and including (dotted line) beyond-mean-field effects. The
shadings show the calculations over the prediction interval of
as. The dashed line shows the power-law fit to the experiment.
Inset: Enlargement around a!s comparing ℏωrot (circles) to ℏωm
(triangles), respectively, with the power-law fit and a guide to the
eye (dashed lines). The as region where 0 ≤ ℏωrot ≤ ℏωm is
highlighted with a white background. The error bars in ℏωrot;m
(as) are the fit’s statistical uncertainties (uncertainties from
experimental B-field fluctuations [33]).
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FIG. 4. Measured F res with N ¼ 2.4ð2Þ × 104 and V0=h ¼
42 Hz (circles) and calculated S̃0ðqrot;ωrotÞ (solid line) vs as. The
shading shows the theory over the prediction interval of as. Inset,
measured F res (circles) vs V0 at as ¼ 52.2a0. A quadratic fit up
to V0=h ¼ 50 Hz (dashed line) shows deviations to the data for
higher V0 (dotted line).
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En conclusion (1)

A trois dimensions, instabilité aux grandes longueurs d’onde dès que gdd > g
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En ajoutant des corrections au-delà du champ moyen, possibilité 
de stabiliser des gouttelettes liquides auto-liées (cours 4)
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En conclusion (2)

Avec un confinement fort du gaz selon la direction des dipôles

ℓz

z

géométrie quasi-2D géométrie quasi-1D

Possibilité d’une instabilité de type roton, qui 
vient sélectionner un mode spatial particulier 
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Transition vers un état supersolide (cours 5 et 6)


