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Four messages/Outline

1) Two families of « topological phases of matter »

2) The Su-Schrieffer-Heeger chain is not a topological insulator

3) A small (but crucial) modification: s-p chain or Shockley model

4) Is the Kitaev/Majorana chain different from SSH?



  

1) Two families of gapped 
topological phases of matter



  

What is a topological insulator?
Bulk band insulator characterized by (measurable) topological invariant

Edges  unavoidably host protected in-gap states (bulk-edge corresp.)

Intrinsic (2D Chern insulator with anomalous QHE, Haldane model 1988)
Or symmetry-protected (2D quantum spin Hall insulator, time-reversal 
symmetric, Z2 invariant, Kane-Mele model 2005)

S. Oh, Science 2013



  

2) Simplest example: SSH chain
Dimerized tight-binding model (toy-model of trans-polyacetylene 
introduced to study domain wall solitons)
Bipartite, i.e. sublattice (or chiral) symmetry: A → A, B → -B
Topo invariant = winding number or Zak phase or polarization
Two different dimerizations (topo versus trivial) separated by a topo 
phase transition
Topological zero-energy edge modes (only for topo phase)
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Slide from C. Kane’s Windsor Lecture in August 2010
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Topological zero-energy end modes

A B A B A B

A B A B A B

Textbook

See J. Dalibard’s 2018 CdF lectures



  

Experiments with the SSH chain
Cold atoms (BEC): I. Bloch’s group 2013 → Zak phase difference
Microwaves: F. Mortessagne’s group 2015 → defect-localized zero mode
Polaritons: J. Bloch and A. Amo’s group 2017 → lasing in topo edge states
Rydberg atoms: A. Broaweys’ group 2019 → hard-core bosons SPT



  

Ring: 2 dimerizations are identical

Related by half a unit cell translation.
Peierls instability: ------------ → -=-=-=-= versus =-=-=-=-
Two different groundstates of a spontaneous Z2 symmetry breaking.
Other example: antiferromagnetic Ising chain
...↑↓↑↓↑↓↑↓… versus ...↓↑↓↑↓↑↓↑…
Both groundstates represent the same antiferromagnetic phase.

Textbook



  

Adding 2 sites changes “trivial” 
into “topo” without breaking sym. 

A B A B A B

A B A B A B

A

B A

Textbook



  

Zak, Wannier and polarization
Zak phase (0 or π) is not really different for the 2 dimerizations...
= peculiar Berry phase, non-contractible Brillouin zone cycle, gauge-inv.
~ Wannier (or band) center = average position in unit cell for the 
occupied band (choice of position origin, modulo 1):  

Measurable quantity = electric polarization = electronic part + ionic part:

1 (spinless) electron per unit cell, charge = -1
Half filling, 2 identical sites per unit cell, ion charge = +1/2
Unit cell choice (translation invariance): polarization « quantum » Pq = ½ 

Inversion symmetry: P → -P = P modulo Pq

P = 0 or Pq/2 : two classes of inversion-symmetric insulators (Z2)

Zak 1989 ; King-Smith & Vanderbilt 93 ; Resta 92 & 94

Textbook



  

SSH: Zak phase & polarization
Textbook



  

θRM = 0

A B

Inversion-symmetric band insulators

θRM = π/2

A B

Textbook



  

3) Shockley model

Shockley 1939; Vanderbilt & King-Smith 1993

sp



  

Shockley model
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Mechanical resonators chain

Gaurav Bahl’s group 2024

Trivial phase

Topo phase
(2 in-gap states for 

any number of sites) 

5 comments:
- In not mid
- Inv not chiral
- Splitting
- Indep length
- Not quantum
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4) Kitaev/Majorana model

1D superconductor (BdG, mf)
Spinless complex fermions
p-wave pairing
Conserved fermionic parity

1D Majorana chain
Dimerized hopping of real fermions
(like SSH?)
Conserved fermionic parity

Kitaev, Phys.-Usp. 44, 131 (2001)

c2 j-1 c2 j+1 c2 j+3

c2 j c2 j+1 c2 j+2

interintra



  

Extreme cases

Kitaev, Phys.-Usp. 44, 131 
(2001)
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Kitaev/Majorana model



  
Kitaev, Phys.-Usp. 44, 131 (2001)

From Kitaev’s paper

i.e. translation 
by a/2

No unit cell choice
Two « orbitals » 

belong to the same 
site



  

Conclusion on inversion-symmetric 
insulators in 1D

Intra > or < inter hopping does not matter (depends on choice of unit cell).
What matters is the electron position (Wannier center) with respect to the lattice.

Importance of spatial embedding of the orbitals: 2 orbitals per unit cell but at the 
same position or not.



  

Conclusion on Kitaev versus SSH 
Kitaev ~ SSH0 ~ chiral Shockley :
- two different gapped phases separated by topo phase transition
- particle-hole symmetry can not be broken. Conservation of fermionic parity Z2.
- 2 “orbitals” per unit cell and at the same spatial location

SSH = SSH1/2 :
- single gapped phase
- polyacetylene has inversion but not chiral symmetry. SSH has chiral and 
inversion symmetry. Conservation of fermion number U(1).
- 2 orbitals per unit cell but at different spatial location



  

Thanks for your attention!
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