
Chapitre 3

L’effet Josephson alternatif et les résonances de Shapiro
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Dans les chapitres précédents, nous nous sommes concentrés sur le ré-
gime stationnaire des jonctions Josephson et sur leurs petites oscillations
autour de la position d’équilibre, appelées oscillations plasmas. Nous al-
lons maintenant passer à des situations où l’évolution temporelle est plus
riche, soit en raison d’un déséquilibre initial de la jonction, soit grâce à une
excitation modulée dans le temps.

Ces phénomènes dépendant explicitement du temps avaient été pré-
dits 1 dans l’article initial de JOSEPHSON (1962). En particulier, si on ap-
plique un courant modulé à la fréquence ω sur la jonction, Josephson avait
mentionné la possibilité d’observer des plateaux dans la caractéristique
courant tension (I, V̄ ) pour des valeurs quantifiées 2eV̄ = nℏω, où n est
un nombre entier. Ce phénomène a été observé expérimentalement par
SHAPIRO (1963), et ces résonances portent désormais son nom.

Cette possibilité de relier un voltage à une fréquence est essentielle, car
elle a ouvert la voie à des mesures des grandeurs électriques beaucoup plus
précises que ceux qui existaient à l’époque. L’effet Josephson a ainsi joué un
rôle central dans le nouveau système international d’unités, quand il s’est
agi de fixer la valeur de la charge élémentaire et de la constante de Planck.
ANDERSON (1970) fait un parallèle très pertinent entre le rôle de l’effet
Josephson pour les mesures électriques et et les mesures d’interférométrie
laser pour mesurer des distances.

1. ANDERSON (1970) écrit qu’il avait consulté l’avocat en charge des brevets aux Bell Labs
et sa réponse avait été que "Josephson’s paper was so complete that no one else was ever going to be
very successful in patenting any substantial aspect of the Josephson effect".
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CHAPITRE 3 : L’EFFET JOSEPHSON ALTERNATIF ET LES RÉSONANCES DE SHAPIRO § 1. L’effet Josephson alternatif

Avant d’aborder les résonances de Shapiro, nous allons commencer par
un effet plus simple, l’effet Josephson alternatif : il s’agit du courant os-
cillant qui apparaît quand on impose une différence de potentiel entre les
bornes de la jonction (il s’agit du potentiel électrique pour les jonctions su-
praconductrices, et de la pression ou du potentiel chimique pour les jonc-
tions atomiques).

Nous passerons ensuite aux résonances de Shapiro, dont nous rendrons
compte dans le cadre du modèle RCSJ (resistively capacitance shunted junc-
tion) que nous avons déjà abondamment utilisé dans les chapitres précé-
dents. Nous décrirons succinctement comment ces résonances sont utili-
sées pour mesurer avec une grande précision des différences de potentiel
électrique.

Nous aborderons enfin des réalisations expérimentales qui ont mis en
évidence ces résonances dans des jonctions atomiques, tout d’abord avec
de l’hélium 3 liquide superfluide puis, beaucoup plus récemment, avec des
jonctions atomiques utilisant l’idée de barrière mobile présentée au cha-
pitre 2.

1 L’effet Josephson alternatif

1-1 Le principe de l’effet

L’effet Josephson alternatif est une conséquence directe des deux rela-
tions de Josephson pour une jonction idéale :®

I = Ic sinφ

ℏφ̇ = 2eV
. (1)

Si on applique aux bornes de la jonction une tension continue V0, la phase
va défiler uniformément :

φ(t) = φ0 +
2eV0

ℏ
t , (2)

ce qui va conduire à un courant alternatif dans la jonction :

I(t) = Ic sin(ωt+ φ0) (3)

Ic sinϕ

R

C

V0

FIGURE 1. Jonction Josephson dans le modèle RCSJ, connectée ici à un générateur
de tension constante V0.

avec
ℏω = 2eV0 (4)

Dans la mesure où l’on impose la tension aux bornes de la jonction (et
pas le courant comme au chapitre précédent), il n’est pas utile de revenir
au modèle RCSJ représenté sur la figure 1 pour traiter ce problème. Plus
précisément, chacune des trois composantes de ce modèle se comporte de
manière indépendante :

— la jonction idéale donne naissance au courant alternatif donné ci-
dessus ;

— la résistance est traversée par le courant continu V0/R ;
— la capacité acquiert la charge q = CV0.

Nous pouvons donc nous concentrer sur la jonction "idéale" dans ce qui
suit.

Il est important de bien distinguer cet effet Josephson alternatif des os-
cillations plasma que nous avons décrites dans les chapitres précédents.
Les oscillations plasma se produisent par exemple pour une jonction en
circuit ouvert (I = 0) et peuvent être rapprochées des oscillations d’un cir-
cuit LC, où l’inductance L est reliée à Ic par L = ℏ/2eIc (cf. chapitre 1).
Rappelons que dans la représentation "mécanique" de la jonction par un
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φ φ

FIGURE 2. Analogie mécanique de la jonction Josephson. Les oscillations plasma
correspondent au mouvement de faible amplitude autour de la position d’équilibre
pour une jonction en circuit ouvert (I = 0). L’effet Josephson alternatif correspond
au mouvement de rotation à la fréquence angulaire ω = 2eV0/ℏ pour une jonction
connectée à un générateur de tension V0.

pendule pesant, la phase φ est associée à l’angle du pendule par rapport
à la verticale. Les oscillations plasma sont un mouvement libre de faible
amplitude autour de la position d’équilibre. L’effet Josephson alternatif est
quant à lui un mouvement de rotation uniforme à la fréquence angulaire
ω0, imposé de l’extérieur par le générateur de tension V0 (figure 2).

1-2 Expériences sur l’hélium

Nous n’allons pas passer ici en revue la littérature sur l’observation
de l’effet Josephson alternatif sur des jonctions supraconductrices, et nous
renvoyons les personnes intéressées vers les ouvrages classiques comme
BARONE & PATERNO (1982) et TINKHAM (2004). Nous allons plutôt nous
concentrer sur des réalisations plus récentes sur des atomes, en commen-
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Arguments first proposed over thirty years ago, based on funda-
mental quantum-mechanical principles, led to the prediction1–3

that if macroscopic quantum systems are weakly coupled together,
particle currents should oscillate between the two systems. The
conditions for these quantum oscillations to occur are that the
two systemsmust both have a well defined quantum phase, f, and
a different average energy per particle, m: the term ‘weakly
coupled’ means that the wavefunctions describing the systems
must overlap slightly. The frequency of the resulting oscillations is
then given by f = (m2 − m1)/h, where h is Planck’s constant. To date,
the only observed example of this phenomenon is the oscillation
of electric current between two superconductors coupled by a
Josephson tunnelling weak link4. Here we report the observation
of oscillating mass currents between two reservoirs of superfluid
3He, the weak link being provided by an array of submicrometre
apertures in a membrane separating the reservoirs. An applied
pressure difference creates mass-current oscillations, which are
detected as sound in a nearby microphone. The sound frequency
(typically 6,000–200Hz) is precisely proportional to the applied
pressure difference, in accordance with the above equation.
These superfluid quantum oscillations were first detected while
monitoring an amplified microphone signal with the human ear.
The theory underlying the above equation was developed in the

context of generalizing the ideas of Josephson4. He predicted that in
a superconducting tunnel junction, the quantum phase difference,
Df, across the function is related to the electrical current, I, through
it, by the equation

I ¼ Ic sin ðDfÞ ð1Þ

where Ic is the critical current of the junction. The phase difference
evolves in time t according to

!ðDfÞ
!t

¼ !
Dm

ð2Þ

where is Planck’s constant divided by 2p, and Dm is the chemical-
potential5 difference across the junction. For a fixed Dm, Df evolves
in time as Df ¼ !Dmt= , and the corresponding current oscillates
as I ¼ Ic sin ð !Dmt= Þ. The chemical-potential difference (per
Cooper pair) between two superconductors biased at voltage
difference DV is given by Dm ¼ 2eDV where e is the charge on the
electron, and the corresponding Josephson frequency
f j ¼ 2eDV =h ¼ 4:82 " 1014 HzV! 1.
Equations (1) and (2), often called the d.c. and a.c. Josephson

relations respectively, were re-derived in a more general context by
Josephson, Anderson and Feynman1–3 who realized that the equa-
tions were applicable for any two, weakly coupled, phase-coherent
systems. The dramatic aspect of the superconducting case is that the
two coupled systems are macroscopic rather than microscopic.
For several decades physicists have recognized a close analogy

between superconductors and superfluid helium6 in that they are
both systems where a large number of particles occupy a single
coherent quantum state. It has therefore been natural to search for
quantum current oscillations in superfluids. The required condi-

tions for the oscillations to exist in superfluids are that two samples
of superfluid be separated by a region small enough so that the
wavefunctions of each part can weakly penetrate and overlap that of
the other. An example of this would be two reservoirs of superfluid
helium in contact through a small aperture. Both the diameter and
the length of the aperture must be comparable to the superfluid
healing length7. This is the minimum length scale over which the
magnitude of the superfluid wave function is allowed to vary for

* Permanent address: Institute for High Pressure Physics, Russian Academy of Sciences, Russia.

Figure 1 a, Scanningelectronmicrograph of a small area of the array of apertures

in a silicon nitride (SiN) membrane whose thickness is 50nm. It shows the 3-#m

separation between each aperture, and that the aperturediameter is near 100nm.

Larger-area scans showing the whole array confirm that there are 4,225 holes.

Scale bar at bottom,1#m. b, Schematic diagram of the experimental cell. The pill-

box-shaped inner cell consists of an 140-#m-thick aluminium washer, to which

are attached (by epoxy resin) a stiff diaphragm on the lower side, and a very soft

(1140 $ 170Nm! 1) diaphragm on the top. The Si chip, containing the SiN

membrane through which the array of apertures has been etched, is glued in

position (by epoxy resin) over a small hole in the lower membrane. The upper

membrane is metallized on the outside by evaporating a 100-nm layer of Pb, and

then a 20-nm layer of In, onto its surface. It is at the same potential as the Al

washer. About 100#m above the upper membrane is a thin metallized electrode.

Changes in the potential of this electrode relative to the membrane are used to

apply forces to the soft membrane. Approximately 10#m behind this electrode

are the superconducting wires which form the input coil of the d.c. SQUID. This

system is used as the sensitive position sensor. This whole assembly is immersed

in a container of superfluid 3He in contact with a nuclear demagnetization

refrigerator.

Electrode

d.c. SQUID input coil

Soft membrane

Stiff membrane Aluminium
washer

Microaperture array

Si chip attached
to stiff membrane
by epoxy resin

b

FIGURE 3. Dispositif d’étude de l’effet Josephson alternatif dans l’hélium 3He
superfluide. Figure extraite de PEREVERZEV, LOSHAK et al. (1997).
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reasons of energy minimization. We refer to such an aperture as a
weak link.
The equations which are the superfluid equivalent of the super-

conducting Josephson equations, have the same form as equations
(1) and (2). The chemical-potential difference per particle on the
right side of equation (2) becomes DPm=r. Here DP is the pressure
difference across the weak link, r is the liquid density, and m is the
mass of either the 4He atom or twice the 3He atomic mass,
depending on whether one is describing 4He or 3He. (We are
neglecting a small temperature term in the chemical potential
because it is almost negligible in the experiments reported here.)
In equation (1) the current, I, now refers to a mass current rather
than an electric current. The pressure difference should therefore be
accompanied by a mass supercurrent oscillating at the frequency

f ¼
DPm
rh

ð3Þ

which is 69 kHzPa−1 for 4He, and 183.7 kHz Pa−1 for 3He. We
emphasize that this effect does not appear in ordinary fluids, or
even for superfluids flowing through tubes which are not weak links.
In the weak link, the fluid’s response to an applied pressure
difference is not simply to accelerate in proportion to that pressure
gradient, but rather to oscillate in place at a frequency which is
proportional to the pressure difference.
Demonstration of superfluid effects relying on these equations

has been very elusive8. The fundamental problem is that a superfluid
weak link requires an aperture whose dimensions are on the scale of
the superfluid healing length, which is only !0.1 nm for 4He and
!50 nm for 3He. To observe quantum oscillation phenomena one

must first solve two technical problems; the fabrication of such
small structures, and the measurement of the extremely small mass
currents that would flow through such an aperture. Although these
problems are not yet completely solved for 4He (ref. 9), recent
advances have succeeded in both goals for 3He. Micro-fabrication
techniques have led to the development of apertures which are
submicrometre in all three dimensions10. At the same time, dis-
placement transducer development11 (for gravity-wave detection)
has led to technology that enables one to monitor the motion of a
fluid-driving piston12, with sensitivity sufficient to detect the small
currents predicted13–18 in a superfluid weak link. These technical
advances have set the stage for observation of Josephson effects in
3He, and for study of the rich physical phenomena analogous to
those observed in superconductors.
There is already one positive experimental indication19,20 of a 3He

superfluid current–phase relation similar to equation (1). In that
work, the superfluid 3He mass flow was through a single submicro-
metre aperture connected in parallel with a larger tube. The authors
of references 19 and 20 report that, over a limited temperature
range, they can numerically simulate the observed response of their
nonlinear superfluid 3He oscillator, by using equations of motion
that incorporate equations (1) and (2) into the dynamics of the
system.
Encouraged by these reports, we have pursued the development

of a 3He weak link21,22. Our device uses a square array (Fig. 1a) of
4,225 apertures spaced by 3,000 nm. Each aperture is 100 nm in
diameter, in the same 50-nm-thick, silicon nitride membrane10. We
use this 3He weak link in a temperature range where the superfluid
healing length is greater than, or at least comparable to, the aperture
diameter. We designed the array with the hope that the apertures
would act coherently and have no interference between adjacent
apertures, so that the array should behave like a single aperture but
with 4,225 times greater current. One of the significant discoveries
implied by the results reported below is the fact that the array does
indeed behave in this desired manner.
The silicon chip containing the aperture array is placed in the wall

of a pill-box-shaped cell, whose top and bottom surfaces are plastic
membranes (Fig. 1b). The array is located in a lower, stiff membrane
and the position of the upper, soft membrane is monitored with a
sensitive displacement detector which can resolve motion as small
as 10−14mHz−1/2. The upper membrane can be manipulated by the
application of bias voltages between its conducting surface and a
fixed electrode. The cell has an internal volume of !10mm3, and
takes several hours to fill by flow of normal liquid 3He through the
array at temperature near 1 K. This cell is placed in a 3He-filled
enclosure, which is in contact with a nuclear demagnetization
refrigerator capable of cooling the 3He to temperatures well below
its superfluid transition temperature (Tc ¼ 0:929mK).
We apply a step increase in bias potential to the soft membrane,

which pulls it abruptly toward the fixed electrode. This creates a
stepwise change in the pressure difference DP across the array, from
zero initial pressure to a value determined by the applied voltage.
We record the subsequent motion of the membrane’s position, x(t),
as mass flow through the array allows it to relax towards its new
equilibrium position xf, where DP is again zero. The value of
Dx ! xf ! xðtÞ is a measure of the instantaneous pressure across
the aperture. If the aperture array behaves like a quantumweak link,
the relaxing pressure difference DP(t) should be accompanied by
mass-current oscillations within the aperture whose frequency is
determined by equation (3).
A typical flow transient shows a relaxation of x(t) towards

equilibrium. Owing to vibration noise in the displacement trans-
ducer, an oscilloscope trace (of the instantaneous voltage which is
proportional to x) exhibits no remarkable structure suggestive of the
predicted quantum oscillations. But if the electrical output of the
displacement transducer is amplified and connected to audio head-
phones, the listener makes a most remarkable observation. As the
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Figure 2 A graph of the frequency of the quantum oscillation detected at the top

membrane as a function of DP, the pressure difference across the weak-link array.

Data for five different temperature T (0.468, 0.505, 0.543, 0.627, 0.685mK) are

plotted. A line is fitted to all the data points, as shown. The slope of the line is

194 kHzPa−1 with a statistical error of "1 kHzPa−1, and a systematic uncertainty of

"15 kHzPa− 1. The larger systematic error comes from uncertainties in the capa-

citance between the soft membrane and the electrode above it. The excellent

linear relationship between f and DP, and the measured value of the slope (which

is predicted to be 183.7 kHzPa−1), provide a very clear confirmation of equation (3)

over more than two orders of magnitude of pressure. For the data at each

individual temperature, the f versus DP slope has been measured, and the

differences between these measured slopes are #0.5%

FIGURE 4. Lien entre fréquence d’oscillation et différence de pression appliquée
dans l’expérience d’effet Josephson alternatif sur 3He superfluide. Figure extraite
de PEREVERZEV, LOSHAK et al. (1997).

çant par l’hélium 3He superfluide.

Les premières expériences dans cette ligne de recherche ont été menées
par AVENEL & VAROQUAUX (1988). Nous allons nous décrire ici sur une
expérience plus récente faite à Berkeley par PEREVERZEV, LOSHAK et al.
(1997). Dans ce système, la jonction Josephson est constituée par une mem-
brane rigide de nitrure de silicium percée par une série de 65 × 65 = 4225
trous, chacun de diamètre 100 nm (figure 3). De part et d’autre de cette
membrane rigide se trouvent deux bains de 3He dans leur état superfluide.
L’équivalent des paires de Cooper de l’état supraconducteur sont ici des
paires d’atomes d’hélium, de masse m = 2mHe.

Dans cette expérience, le rôle du générateur de tension V0 est joué par
une électrode qui déforme une paroi souple, ce qui a pour effet de créer
une différence de pression ∆P entre les deux côtés de la membrane rigide
percée. On enregistre ensuite le mouvement oscillant de la paroi souple, ce
qui permet de remonter au courant de particules qui traverse la membrane
rigide percée.

FIGURE 5. Procédure utilisée pour induire l’effet Josephson alternatif pour un gaz
d’atomes de rubidium confinés dans un double puits. Figure extraite de LEVY,
LAHOUD et al. (2007).

La transposition du résultat ℏω = 2eV0 s’écrit ici

ℏω =
m

ρ
∆P (5)

où ρ = 82kg/m3 désigne la masse volumique du liquide. L’expérience
confirme parfaitement ce résultat (figure 4). On trouve bien une relation
linéaire entre ω et ∆P avec une pente de 194(15) kHz/Pa, en accord avec
la valeur attendue théoriquement 183.7 kHz/Pa.

Notons que la même année, le groupe de Berkeley a publié un autre ar-
ticle dans lequel il teste, avec le même dispositif, la relation courant-phase
à la base de l’effet Josephson (BACKHAUS, PEREVERZEV et al. 1997). Par
ailleurs, après ces expériences sur 3He, l’effet Josephson a ensuite été ob-
servé sur l’hélium 4 (SUKHATME, MUKHARSKY et al. 2001).

1-3 Gaz dilué et auto-piégeage

La première mise en évidence de l’effet Josephson alternatif avec un
gaz d’atomes froids a été faite par LEVY, LAHOUD et al. (2007). Les auteurs
sont partis d’un gaz de 105 atomes de rubidium, confiné dans un piège
harmonique allongé (fréquence longitudinale 26 Hz, fréquence transverse
224 Hz). Ce gaz est coupé en deux par une fine nappe de lumière de largeur
totale à 1/e2 de 1.4µm.

Le double puits est initialement assez fortement dissymétrique et le
gaz est préparé dans son état fondamental (figure 5). Pour initier l’effet
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Josephson alternatif, on ramène la barrière au centre du piège en un temps
court (5 à 10 ms), ce qui crée une différence de potentiel chimique initiale
∆µ = µ̄a − µ̄b importante entre les deux côtés de la barrière. Comme nous
allons le voir, il est essentiel que |∆µ|/ℏ soit grand devant la fréquence
plasma ωp pour que l’oscillation des nombres d’atomes Na,b qui résulte du
déplacement de la barrière puisse s’interpréter en terme d’effet Josephson
alternatif.

Pour analyser l’évolution du gaz après le déplacement de la barrière,
revenons aux équations de Josephson pour une jonction atomique que
nous avons établies au chapitre 1. Nous introduisons la phase relative
φ(t) = φa(t) − φb(t) et nous prenons ici γ(n) ≈ 1 car la variation de ce
coefficient joue un rôle négligeable dans ce qui suit. Les équations établies
au chapitre 1 s’écrivent donc :®

ℏ ṅ = EJ sinφ

ℏ φ̇ = −∆µ − nEC

(6)

Les nombres d’atomes de part et d’autre de la barrière à l’instant t sont
notés

Na(t) = N̄a + n(t) Nb(t) = N̄b − n(t) , (7)

où N̄a,b désignent les nombres d’atomes juste après le déplacement de la
barrière (instant t = 0). Les énergies EJ et EC désignent comme précé-
demment le couplage Josephson et l’énergie de charge de la barrière, et on
rappelle la valeur de la fréquence plasma (petites oscillations autour de la
position d’équilibre Na = Nb = N/2) : ℏωp =

√
ECEJ .

Supposons que l’amplitude de l’oscillation de n(t) soit suffisamment
faible pour que le terme nEC dans la seconde relation de Josephson reste
petit devant ∆µ, hypothèse que nous vérifierons à la fin du calcul. Le terme
∆µ peut alors jouer le rôle de la tension constante de l’effet Josephson al-
ternatif d’une jonction supraconductrice. On intégre cette seconde relation :
φ(t) = −∆µ t/ℏ, et on reporte le résultat dans la première relation de Jo-
sephson pour en déduire l’évolution de n :

n(t) = −EJ

∆µ

[
1− cos(∆µ t/ℏ)

]
. (8)

La valeur maximale de |n| est donc 2EJ/|∆µ| et il reste à vérifier que l’hy-
pothèse de départ, |nEC | ≪ |∆µ|, est valable à tout temps t. Cela impose

2EJEC ≪ ∆µ
2

ou encore ℏωp ≪ |∆µ|, comme annoncé. La fréquence
plasma est généralement petite 2 devant le potentiel chimique µ, de sorte
qu’il est tout à fait réaliste de satisfaire cette inégalité.

On déduit de l’analyse que nous venons de mener qu’en absence de
processus de dissipation, le déséquilibre initial de population n’évolue que
très peu. En particulier, bien que la barrière soit positionnée de manière
symétrique à la fin de la phase de préparation, le gaz n’atteint pas le point
Na = Nb au cours de l’oscillation. Cet effet, appelé auto-piégeage (self-
trapping), peut également se comprendre à partir des courbes iso-énergie
d’une jonction atomique, nous y reviendrons au chapitre 4 (§ 4.4).

En se plaçant dans de telles conditions, LEVY, LAHOUD et al. (2007)
ont effectivement trouvé que la différence de population Na −Nb oscillait
périodiquement à la fréquence ω = ∆µ/ℏ, avec une amplitude beaucoup
plus faible que le déséquilibre initial N̄a − N̄b. Les résultats expérimentaux
pour ω en fonction de ∆µ sont montrés en figure 6. Cette expérience d’ef-
fet Josephson alternatif a ensuite été reprise par plusieurs groupes [voir
par exemple (SPAGNOLLI, SEMEGHINI et al. 2017)] et elle a également été
étendue à un gaz de polaritons de cavité (ABBARCHI, AMO et al. 2013).

L’auto-piégeage lui-même avait été vu dès la première expérience me-
née sur un double puits par ALBIEZ, GATI et al. (2005). On montre en figure
7 leur résultat, obtenu sur le même montage que celui qui a permis d’ob-
server l’oscillation plasma (cf. Chapitre 1). Ces auteurs n’ont pas détecté le
régime Josephson alternatif (il se produirait ici avec une période de l’ordre
de la milliseconde), mais ils ont clairement observé que la population du
puits de gauche restait supérieure à celle du puits de droite sur une longue
échelle de temps.

LEVY, LAHOUD et al. (2007) ont étudié la dépendance du phénomène
d’auto-piégeage avec la température (figure 8). Pour T ≈ 0.3Tc, où Tc est
la température de condensation, ils n’ont observé aucune décroissance de
Na −Nb sur une échelle de temps de 150 ms, soit plus d’une centaine d’os-
cillations dues à l’effet Josephson alternatif. En revanche, pour T ≈ 0.5Tc,
ils ont mesuré une relaxation de Na −Nb vers 0 sur cette échelle de temps.

2. Dans le régime Josephson EJ
N2 ≪ EC , on trouve pour la fréquence plasma l’inégalité

ℏωp =
√
ECEJ ≪ NEC . Or nous avons trouvé pour l’énergie de charge l’estimation EC ∼

µ
N

, d’où l’inégalité annoncé ℏωp ≪ µ.
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FIGURE 6. Fréquence ω/2π de l’oscillation de Na−Nb en fonction de la différence
de potentiel chimique ∆µ. le potentiel chimique de chacun des gaz est déterminé à
partir de leur taille. Figure extraite de LEVY, LAHOUD et al. (2007).

2 Les résonances de Shapiro

2-1 L’expérience de Shapiro

Dès les premières études expérimentales sur l’effet Josephson avec
des supraconducteurs, l’influence d’une modulation à haute fréquence
(ω/2π ∼ 10 à 100 GHz) a été abordée, en particulier par SHAPIRO (1963).
Pour une jonction alimentée par un générateur de courant délivrant l’in-
tensité

I(t) = I0 + I1 sin(ωt) , (9)

l’observation principale est l’existence de plateaux dans la caractéristique
(I0, V̄ ) de la jonction (figure 9), où V̄ est la tension moyenne aux bornes de
la jonction ; plus précisément, certaines valeurs particulières de V̄ satisfai-
sant la condition de quantification

2eV̄ = nℏω avec n ∈ Z (10)

sont observables pour toute une plage de valeurs de l’intensité moyenne
I0. Dans cette expérience pionnière, Shapiro a utilisé une jonction Al–
Al2O3–Sn qu’il a placé dans une cavité microonde résonante. Les fré-
quences utilisées sont de 9.3 GHz et 24.85 GHz. Pour une fréquence de

Direct Observation of Tunneling and Nonlinear Self-Trapping
in a Single Bosonic Josephson Junction
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We report on the first realization of a single bosonic Josephson junction, implemented by two weakly
linked Bose-Einstein condensates in a double-well potential. In order to fully investigate the nonlinear
tunneling dynamics we measure the density distribution in situ and deduce the evolution of the relative
phase between the two condensates from interference fringes. Our results verify the predicted nonlinear
generalization of tunneling oscillations in superconducting and superfluid Josephson junctions.
Additionally, we confirm a novel nonlinear effect known as macroscopic quantum self-trapping, which
leads to the inhibition of large amplitude tunneling oscillations.

DOI: 10.1103/PhysRevLett.95.010402 PACS numbers: 74.50.+r, 03.75.Lm, 05.45.2a

Tunneling through a barrier is a paradigm of quantum
mechanics and usually takes place on a nanoscopic scale.
A well known phenomenon based on tunneling is the
Josephson effect [1] between two macroscopic phase co-
herent wave functions. This effect has been observed in
different systems such as two superconductors separated
by a thin insulator [2] and two reservoirs of superfluid
helium connected by nanoscopic apertures [3,4]. In this
Letter we report on the first successful implementation of a
bosonic Josephson junction consisting of two weakly
coupled Bose-Einstein condensates in a macroscopic
double-well potential.

In contrast to all hitherto realized Josephson junctions in
superconductors and superfluids, in this new system the
interaction between the tunneling particles plays a crucial
role. This nonlinearity gives rise to new dynamical re-
gimes. Anharmonic Josephson oscillations are predicted
[5–7] if the initial population imbalance of the two wells is
below a critical value. The dynamics changes drastically
for initial population differences above the threshold of
macroscopic quantum self-trapping [8–10] where large
amplitude Josephson oscillations are inhibited. The two
different dynamical regimes have been experimentally in-
vestigated in the context of Josephson junction arrays [11–
13]. However, the small periodicity of the optical lattice
does not allow to resolve individual wells and thus the
dynamics between neighboring sites. Our experimental
implementation of a single weak link makes it possible
for the first time to directly observe the density distribution
of the tunneling particles in situ. Furthermore we measure
the evolution of the relative quantum mechanical phase
between both condensates by means of interference [14].

The experimentally observed time evolution of the
atomic density distribution in a symmetric bosonic
Josephson junction is shown in Fig. 1 for two different
initial population imbalances (depicted in the top graphs).
In Fig. 1(a) the initial population difference between the
two wells is chosen to be well below the self-trapping

threshold. Clearly nonlinear Josephson oscillations are
observed; i.e., the atoms tunnel right and left over time.
The period of the observed oscillation is 40(2) ms which is
much shorter than the tunneling period of approximately

FIG. 1 (color). Observation of the tunneling dynamics of two
weakly linked Bose-Einstein condensates in a symmetric
double-well potential as indicated in the schematics. The time
evolution of the population of the left and right potential well is
directly visible in the absorption images (19:4 !m! 10:2 !m).
The distance between the two wave packets is increased to
6:7 !m for imaging (see text). (a) Josephson oscillations are
observed when the initial population difference is chosen to be
below the critical value zC. (b) In the case of an initial population
difference greater than the critical value the population in the
potential minima is nearly stationary. This phenomenon is
known as macroscopic quantum self-trapping.

PRL 95, 010402 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
1 JULY 2005
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FIGURE 7. Auto-piégeage de la population dans un double puits initialement for-
tement déséquilibré. Figure extraite de ALBIEZ, GATI et al. (2005).
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observed resolution for creating potentials as well as imaging is
1.2 mm. In the current experiment, the apparatus is used to create a
double-well Josephson junction, as shown in Fig. 3b. The tunnelling
barrier of the double well is a highly elongated laser beam, with a
1/e2 diameter of 1.4 mm along the tunnelling axis and 400 mm along
the long axis. The laser’s wavelength of 774 nm is blue-detuned from
resonance (780 nm). The barrier divides the axially symmetric, har-
monic magnetic trap (measured trap frequencies of vr/2p5 224Hz
andvz/2p5 26Hz) parallel to its long axis. The position of the centre
of the harmonic trap relative to the barrier is controlled by an addi-
tional magnetic coil. After transporting the 87Rb atoms in the (F5 2,
mF5 2) state to the high-resolution region via a moving quadrupole
trap26, evaporation is performed in the double well, resulting in
N5 105 atoms in the two condensates.

To observe the a.c. Josephson effect, we create a chemical potential
difference Dm between the two clouds, and measure the frequency of
the oscillations which accompany the almost constantDm. First, BEC
is reached by evaporating into an asymmetric double well potential,
as shown in the inset of Fig. 2a. The harmonic trap is then shifted over
5 to 10ms to form a symmetric double well, but with a chemical
potential difference, as shown in the inset. After the shift, twelve
non-destructive phase contrast images are taken of the BEC
Josephson junction, giving Dm and g(t), as shown in Fig. 4a–c. The
oscillation frequencies of the two curves of Fig. 4c are seen to be
proportional to Dm. To find the frequency of oscillation v, the

Fourier transform of g(t) is computed, and the peak of the Fourier
transform is taken as v (ref. 23). Figure 2a shows the resulting
measurement of the a.c. Josephson effect in a BEC. The measured
frequency _ww of the atomic current gives the chemical potential dif-
ference via equation (3).

Although the a.c. Josephson effect has not been observed pre-
viously in a BEC Josephson junction, a related effect has been seen,
which we now describe. In the absence of dissipation (G5 0), the
speed of the freely rotating rigid pendulum averaged over a complete
rotation never decreases, which implies that the population imbal-
ance in the a.c. Josephson effect, averaged over a complete period,
never decreases19, as indicated by the upper, blue solid curve of
Fig. 2b. In other words, in the absence of dissipation, no net current
flows in the a.c. Josephson effect, only an alternating current. This
non-equilibration associated with the underlying a.c. Josephson
effect is referred to as ‘‘macroscopic quantum self-trapping’’
(MQST)7,19, which was observed in a BEC10. In Fig. 1b, the freely
rotating rigid pendulum is equivalent to _ggequil~0, with a charged
capacitor. MQST reflects the fact that owing to the a.c. Josephson
effect, the capacitor will never discharge.

0 50 100 150
0

0.1

0.2

t (ms)

η
0 0.5 1

0

0.2

0.4

0.6

0.8

1

∆µ/h (kHz)

ω
/2

π 
(k

H
z)

0 20 40 60 80 100 120

0

0.1

0.2

0.3

∆µ
/h

 (k
H

z)

0 50 100 150

v (µm s–1) 

→

→

→

Image

Time

a

c

b

d

η⋅equil (s–1)

η⋅ eq
ui

l

Figure 2 | Observation of the a.c. and d.c. Josephson effects. a, The a.c.
Josephson effect. The solid line showsv/2p5Dm/h, with no free parameters.
The dashed curve is a full simulation of the GPE. Error bars show the
standard error of the mean, for between two and twelve repetitions of the
experiment. The inset shows the creation of Dm. b, The decay of the MQST.
The measured blue squares show a long damping time, with a thermal
fraction of roughly 5% (T< 0.3Tc) (ref. 16). The increased damping seen for
the red circles is with a thermal fraction of roughly 20% (T< 0.5Tc),
obtained by increasing the final evaporation frequency by 2.5 kHz. The solid
curves are numerical solutions of equations (1)–(3). In the decaying red
curve, (BGvc)

{1 is adjusted to 0.1 s. c, The Dm–I relation and the d.c.
Josephson effect. Filled circles are the measured values, which show the d.c.
Josephson effect for _ggequil , 30 s21. Three of the points are averages of two
measurements. For these points the error bars indicate the standard error of
the mean. The average of these error bars, multiplied by

ffiffiffi
2

p
, gives the error

bars shown for the other points. The solid line is a numerical solution of
equations (1)–(3). The dashed curve is a GPE simulation, in which the
barrier height is adjusted to a value of (2.5 kHz)3h. The inset shows the
application of _ggequil. d, Before imaging each point in c, _ggequil is increased
slowly, to prevent plasma oscillations in the potential of Fig. 1c. Any plasma
oscillations around wo would allow the system to leave the supercurrent
state, and enter the finite Dm state, even for _ggequilvvJ. With _ggequil at its final
value, which occurs at the moment that the potential well is symmetric, we
image the atoms and determine Dm by the same technique shown in Fig. 4.
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Figure 1 | Nonlinear systems analogous to the BEC Josephson junction.
Each of these systems represents equations (1)–(3). The damping time of
each of these systems is of the order of (BGvc)

{1. The conductance G is
varied by adjusting the fraction of thermal atoms. a, The rigid pendulum.
The case of zero current bias ( _ggequil 5 0) is shown. The relative phase w is
represented by the angle of the rigid pendulum, and the population
imbalance g is proportional to the speed _ww. b, Superconducting circuit,
analogous to the resistively shunted Josephson junction model. The
3-shape represents the Josephson junction. The current through each of the
branches is indicated on the figure. The constant applied current bias is given
by _ggequil. c, A particle moving in a washboard potential. By computing the
energy

Ð
Dm dN for each of the currents in b, we find that the system is

equivalent to a particle of mass NB=2vC moving in a washboard potential

given by U~(BN=2) vJ(1{ cos w){ _ggequilw
h i

. The tilt of the washboard

potential is due to the current bias _ggequil.
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FIGURE 8. Influence de la température sur le phénomène d’auto-piégeage, avec
η = (Na − Nb)/N . Carrés bleus : T ≈ 0.3Tc, disques rouges : T ≈ 0.5Tc. La
fréquence de l’effet Josephson alternatif (de l’ordre du kHz) est trop élevée pour
être détectée expérimentalement compte tenu du faible échantillonnage des points.
La courbe théorique rouge a été calculée dans le cadre du modèle RCJS avec une
valeur ajustée pour R. Figure extraite de LEVY, LAHOUD et al. (2007).

10 GHz, le "quantum de tension" apparaissant sur (10) est

ω

2π
= 10GHz : V1 =

ℏω
2e

= 20.7µV (11)

Les marches de Shapiro sont donc très proches les unes des autres pour ce
domaine de fréquence.

Le résultat obtenu par Shapiro généralise celui obtenu en l’absence de
modulation haute fréquence, où la tension V̄ = 0 pouvait être obtenue
pour la plage d’intensité [−Ic, Ic]. Comme nous l’avons écrit en introduc-
tion, son importance pratique est considérable puisque qu’il permet de re-
lier une tension V à la fréquence ω d’une micro-onde. La réalisation de
fréquences extrêmement stables dans le domaine micro-onde étant bien
maîtrisée, ce phénomène a ouvert de façon naturelle la voie vers des stan-
dards électriques de grande précision, nous y reviendrons en § 3.

Les caractéristiques obtenues par SHAPIRO (1963) révèlent d’emblée un
certain nombre de propriétés importantes.

— Les plateaux correspondant à différentes valeurs de l’entier n peuvent
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More detailed studies on the anisotropy of the
self-activated luminescence center, including the
polarization of the thermoluminescence associated
with the center, are now in progress.
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JOSEPHSON CURRENTS IN SUPERCONDUCTING TUNNELING: THE EFFECT OF MICRO&AVES
AND OTHER OBSERVATIONS*

Sidney Shapiro
Arthur D. Little, Inc. , Cambridge, Massachusetts

{Received 13 June 1963)

In the course of experiments on the effect of
micromave fields on superconducting tunneling,
we have had occasion over the past few months
to fabricate many tunneling crossings of low re-
sistance (5-20 0 with a crossing area of 1.5
x10 4 cm~). Every one of these samples has
exhibited the zero-voltage currents predicted by
Josephson' and attributed, in effect, to the tun-
neling of Cooper pairs. The observation of these
currents has already been reported by Anderson
and Rowell. ' Our experiments have brought to
light several new effects which we summarize
below.
The samples were Al/Al, O~/Sn. Two five-mil-

wide Al lines, evaporated onto cleaned glass sub-
strates, were oxidized in a glom discharge gen-
erated in an atmosphere of about 0. 1 Torr of dry
oxygen for 15 seconds. A five-mil-wide cross-
strip of Sn was then evaporated forming two sam-
ples on each substrate.
The tunneling current versus voltage charac-

teristics were displayed on an X-Y oscilloscope.
A low-impedance source was used to drive the
loop containing the sample and the current-meas-
uring resistor. The latter, and thus the circuit
load line, could be varied, either in calibrated
steps or continuously, from 10 Q to 10000 Q.
The source was either dc, ac, or both in com-
bination. Generally 60-cps ac was used though
other frequencies were employed as desired.

No attempt was made to shield the earth's mag-
netic field. Most data mere taken at about 0.O'K.
The following observations were noted in the

course of experiments with a large number of
tunneling crossings:
1. Using an ac display, Fig. 1 shows for a

typical sample the zero-voltage current pre-
dicted by Josephson and previously observed
with a dc technique by Anderson and Romell.
During each haU-cycle of the sweep, current

FIG. 1. I-V characteristic near origin showing zero-
voltage Josephson current and negative resistance switch-
ing trace. Vertical scale 58. 8 p, V/cm, horizontal scale
13O nA/cm.
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flows through the sample without developing any
voltage across it until, at a current which de-
pends upon temperature, crossing resistance,
and circuit load line, switching to the familiar
single-particle tunneling characteristic occurs
along the circuit load line. The switching char-
acteristic is stable and reproducible, and is
followed both when the current is increasing and
when it is decreasing. It is indicative of a nega-
tive resistance.
2. Other investigators' in this laboratory have

observed rf oscillations associated with this re-
gion. The samples, placed in appropriately de-
signed oscillator circuits, produced rf at the
circuit resonant frequency of about 100 Mc /sec.
In view of their frequency, these oscillations
occur at too high dc voltages to be the ac super-
currents also predicted by Josephson. '
The rf oscillations appear to confirm that the

Josephson current region decays toward the
single-particle tunneling characteristic by means
of a negative resistance, despite the fact that we
have not been able to trace out any appreciable
portion of the negative resistance.
3. The characteristic as shown in Fig. 1 can

be traced out with dc and follows exactly the
course of the ac display. On occasion, however,
much more ac can be carried at zero voltage
than dc; fifteen times as much or more is not
uncommon. The same ac trace is obtained for
all sweep frequencies employed (8 to 800 cps).
Electrical transients can cause the excess ac
to disappear and to reappear, but they have no
effect on the rest of the characteristic. Frequent-
ly, the excess current is noisy in character, i. e. ,
the amplitude of ac carried before switching takes
place varies randomly from cycle to cycle. The
excess ac appears only at temperatures well be-
low that at which the zero-voltage current is
first observed, and is quenched by lower dc mag-
netic fields and microwave fields than affect no-
ticeably the stable zero-voltage current. We
have no explanation for the excess ac and can
only conjecture that it may be related to the ac
effect predicted by Josephson.
The effect of microwave power in modifying

the I- V curve, especially the zero-voltage cur-
rents, was also studied. The samples were
mounted in a microwave cavity resonant, at low
temperatures, at about 9300 Mc/sec and 24850
Mc/sec. All the following observations were in-
dependent of sweep frequency and were also seen
when dc was passed through the sample.
1. Figure 2 shows for a typical sample the in-

FIG. 2. Initial effect of microwave power. Pointers
mark origin, which becomes noisy and vanishes as zero-
slope regions at +fgv/2e appear. Note negative resistance
at origin. Vertical scale 58. 8 p, V/cm, horizontal scale
13 nA/cm.

itial effect of 9300-Mc/sec microwave power on
the I- V characteristic. Without applied power,
the trace (top) is similar to that of Fig. 1. With
a. few tens of microwatts applied, however, the
zero-voltage currents become noisy and gradually
vanish resulting in regions of zero slope (or al-
most zero slope) in which the current rises at
(or almost at) fixed voltage across the sample.
The voltage at which the zero-slope regions oc-
cur is equal to ~hv/2e, where v is the microwa. ve
frequency. Note that the origin, i.e. , the point
of zero voltage and zero current, is not a stable
point. As more power is applied (not shown),
further zero-slope regions appear at still higher
voltage, and the origin alternates between being
stable and unstable. The current amplitude in
a given zero-slope region varies periodically
with increasing power. The interval in voltage
from one zero-slope region to the next is not
always hv/2e; sometimes a step is missing so
that the voltage interval is hv/e.
2. Figure 2 demonstrates still another startling

feature of the effect of microwaves on the Joseph-
son currents. In the bottom trace the origin has
vanished as a possible state, and the system is
able to remain biased at, e.g. , +hv/2e, not only
when positive current is flowing but even when
the current is zero and, more astonishingly,
even when the current is reversed and made neg-
ative. Finally, at some value of negative cur-
rent, the voltage switches to -hv/2e. Thus, the
zero-slope regions which occur with voltage +hv/
2e across the sample are connected by what ap-
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FIG. 3. Micro~ave power at 9300 Mc /sec (A) and 24850
Mc/sec {8)produces many zero-slope regions spaced at
hv/2e or hv je. For A, hv/e =38.5 pV, and for 8, 103
pV. For A, vertical scale is 58.8 pV/cm, horizontal
scale is 67 nA/cm; for I3, vertical scale is 50 pV/cm,
horizontal scale is 50 pA/cm.

pears to be a negative resistance at the origin.
Negative-resistance-like regions occur between
virtually every pair of zero-slope regions. At
power levels of about ten milliwatts, these nega-
tive-resistance-like regions gradually vanish
(the sa.mple can be biased to any voltage), and
the "zero-slope" regions exhibit a finite slope.
Both these high-power effects are probably due
to the superimposed conventional detection proc-
esses associated with the background single-
particle tunneling curve.
3. Similar effects occur at 24000 Mc/sec.

Figure 3 shows the numerous steps at 9300 Mc/
sec (A) and at 24850 Mc/sec (8) which are pres-
ent at intermediate microwave power levels.
Josephson' has already discussed briefly the

effect rf should have on the pair-tunneling super-
current. He predicted the occurrence of zero-
slope regions separated by hv/2e in the I Vch-ar-
acteristic in the presence of the rf field. This
prediction was based on the frequency modulation
by the rf of the ac supercurrents previously re-
ferred to. Our experiments have confirmed this
prediction and represent indirect proof of the
reality of Josephson's ac supercurrent. In ad-
dition, they have brought to light several startling
accompaniments of the Josephson effect, namely,
the instability of the origin; the dc negative re-
sistance at the origin; the noise associated with
the onset of instability; and the periodic change
at a given voltage level, e.g. , at zero voltage,
between stable and unstable as the microwave
power changes.
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ANOMALOUS SHIFTS IN THE FLUORESCENCE OF MnF, AND KMnF,

W. W. Holloway, Jr. , M. Kestigian, R. Newman, and E. W. Prohofsky
Sperry Rand Research Center, Sudbury, Massachusetts

(Received 31 May 1963)

In this Letter measurements are reported of
large temperature-dependent changes in the fluo-
rescence of MnF, and KMnF, . These changes
take the form of relatively abrupt alterations in
the wavelength and intensity of the fluorescence.
The effects appear to be related to exchange in-
teractions. To our knowledge, they have not been
observed or reported previously. ' We have ob-
served similar effects in KMnCl„' but these ef-
fects were absent in the luminescence of K(Mno o,-
Zno. »)F~~ and MnCl, .'
The fluoride crystals used in these experiments

were grown by the horizontal Bridgman technique
and the temperature gradient method in an HF at-
mosphere. The observations were performed us-
ing a Perkin-Elmer Model 12-C spectrometer.
The crystals were mounted on a copper post in a
metal Dewar provided with windows for optical
access. Separate thermocouples monitored the
temperature of both the post and the sample at-
tached to the post.
The procedure for taking measurements began

with the cooling of the sample by placing liquid
helium in the coolant reservoir of the Dewar. Af-

FIGURE 9. Caractéristique (I, V ) mesurées par SHAPIRO (1963). Haut : jonction
non modulée. Milieu : apparition de deux paliers à V = ±ℏω/(2e). Bas : paliers
multiples observés pour deux fréquences de modulations, 9.3 GHz et 24.850 GHz.
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FIGURE 10. Caractéristique d’une jonction Josephson utilisée en métrologie en
absence (gauche) et en présence (droite) d’un courant modulé. Figure extraite de
KAUTZ (1996).

se recouvrir. Cela signifie que pour une intensité I donnée dans la zone
de recouvrement entre ces plateaux, plusieurs tensions Vn sont obser-
vables. Cette possibilité apparaît clairement sur la figure 10, extraite
de KAUTZ (1996).

— Pour une jonction alimentée en courant continu, nous avons men-
tionné un régime bistable : pour une plage de valeurs de I , la tension
peut prendre la valeur V = 0 ou une valeur non nulle. On atteint l’une
ou l’autre valeur selon qu’on varie I dans le sens des intensités crois-
santes ou décroissantes. Dans le cas modulé, si trois valeurs de Vn sont
possibles pour une valeur donnée de I (comme c’est le cas sur la figure
10), la situation est plus complexe et l’obtention de l’une ou l’autre de
ces valeurs dépendra finement des conditions initiales. Un comporte-
ment chaotique peut même être observé pour certains domaines de
paramètres.

— La possibilité d’obtenir une tension Vn quantifiée selon (10) existe
même si le courant continu I traversant la jonction s’annule. La seule
application de la microonde suffit à générer cette tension. Ce point est
particulièrement important pour la réalisation de standard de tension
dans le domaine du volt ou de la dizaine de volts.

— Une conséquence du point précédent est qu’il est possible, pour un
courant continu (légèrement) négatif, d’observer une tension positive,
par exemple +ℏω/2e, et réciproquement. Ce point avait été particu-
lièrement souligné par SHAPIRO (1963), qui mentionnait le terme de
"résistance négative".

2-2 Utilisation du modèle RCSJ

Dans ce modèle représenté sur la figure 1, le courant total I(t) est donné
par la loi de Kirchoff

I(t) = Ic sin [φ(t)] +
V (t)

R
+ C

dV

dt
(12)

à laquelle on adjoint la seconde relation de Josephson :

ℏ
dφ

dt
= 2eV . (13)

Dans le cas qui nous intéresse dans ce chapitre, le courant I(t) est la somme
d’un courant continu I0 (éventuellement nul) et du courant modulé induit
par la microonde I1 sin(ωt). En éliminant la tension V (t) au profit de la
phase φ(t), on obtient donc l’équation d’évolution

I0 + I1 sin(ωt) = Ic sinφ+
ℏ

2eR

dφ

dt
+

ℏC
2e

d2φ

dt2
. (14)

Comme nous allons le voir, la résolution numérique de cette équation per-
met de reproduire les phénomènes que nous avons mentionnés dans le
paragraphe précédent. Il faut noter malgré tout que ce modèle n’est pas
véritablement quantitatif pour décrire les phénomènes à haute fréquence
ou à grand voltage (KAUTZ 1996). Par exemple, il ne prend pas en compte
la possibilité que la microonde casse des paires de Cooper, créant ainsi des
processus tunnel assistés par les photons de cette micro-onde. Pour des
jonctions étendues, la dépendance spatiale de la phase φ peut également
jouer un rôle significatif non pris en compte dans le modèle RCSJ.

L’équation (14) dépend de six paramètres physiques : I0, I1, ω, Ic, R, C.
Comme toujours, il est utile de reformuler cette équation en terme de para-
mètres sans dimension pour limiter le domaine d’étude. L’intensité critique
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Ic fournit une unité naturelle pour exprimer I0 et I1 et nous posons :

i0 ≡ I0
Ic

i1 ≡ I1
Ic

. (15)

Par ailleurs, nous choisissons la même unité de temps qu’au chapitre pré-
cédent

t0 ≡ ℏ
2eRIc

(16)

et nous posons

τ ≡ t

t0
ω̃ ≡ ωt0 φ̇ ≡ dφ

dτ
= t0

dφ

dt
(17)

de sorte que (14) s’écrit :

i0 + i1 sin(ω̃τ) = sinφ+ φ̇+ βc φ̈ (18)

où l’on a introduit comme aux chapitres précédents le nombre sans dimen-
sion βc (paramètre de Stewart-McCumber) :

βc =
2eIcR

2C

ℏ
. (19)

Rappelons que le régime βc ≪ 1 correspond au régime très amorti, et
βc ≫ 1 au régime opposé. On est donc ramené à un problème à quatre
paramètres sans dimension i0, i1, ω̃ et βc.

La détermination d’une caractéristique courant-tension dans ce cadre
passe donc par les étapes suivantes :

— Fixer les trois paramètres i1, ω̃, βc.
— Chercher pour chaque valeur de i0 un ou plusieurs régimes forcés

pour l’équation (18).
— Obtenir ainsi un point de la caractéristique (I0, V̄ ), où V̄ représente la

tension moyenne aux bornes de la jonction. La moyenne est prise sur
une période T = 2π/ω de la microonde :

V̄ ≡ 1

T

∫ T

0

V (t) dt (20)

ce qui donne en utilisant la seconde relation de Josephson ℏdϕ
dt = 2eV :

V̄ =
ℏ

2eT

∫ T

0

dφ

dt
dt =

ℏω
2e

∆φ

2π
(21)

où ∆φ = φ(T )−φ(0) représente l’accroissement de phase sur une pé-
riode de la microonde. Dans ce qui suit, nous présenterons les carac-
téristiques pour les quantités réduites I0/Ic = i0 et V̄ /RIc, qui s’écrit
aussi :

V̄

RIc
= ω̃

∆φ

2π
. (22)

où nous avons injecté les définitions (16,17) dans (21).

La forme (21) permet de donner une interprétation simple à la condition
de quantification 2eV̄ = nℏω, ou de son équivalent en variables adimen-
sionnées V̄

RIc
= nω̃. Elle entraîne en effet que

∆φ = n 2π , (23)

ce qui correspond à un régime où la phase φ augmente d’un nombre entier
de 2π en une période de la microonde. Dans le modèle de la "planche à
laver" inclinée, la microonde induit un mouvement oscillant de la planche
et la particule fictive progresse de n périodes du potentiel cosφ en une
période T (voir la figure 11 pour le cas n = 1).

Les caractéristiques des figures 9 et 10 montrent que ce verrouillage
de la phase sur l’oscillation microonde peut se faire de manière stable, au
moins sur le temps de mesure utilisé.

2-3 Quelques résultats du modèle RCSJ

Nous présentons sur les figures 12 et 13 quelques résultats obtenus par
résolution numérique de l’équation d’évolution (18). La figure 12 corres-
pond à βc = 1, c’est-à-dire une jonction avec un amortissement résistif
relativement fort, dont la caractéristique en absence de modulation ne pré-
sente pas d’hystérésis. La figure 13 est calculée pour βc = 10 pour lequel il
existe un hystérésis significatif. Les caractéristiques en absence de modu-
lation sont rappelées en haut de ces figures.
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FIGURE 11. Régime forcé dans le modèle de la planche à laver : la microonde de
fréquence ω/2π induit un mouvement oscillant de la planche autour de la pente
moyenne i0. Le régime quantifié (10) est obtenu quand la particule fictive de posi-
tion φ se déplace de n fois 2π en une période d’oscillation 2π/ω̃, avec ici n = 1.
Figure tracée pour βc = 1, i0 = 0.82, i1 = 1, ω̃ = 0.5 (cf. paramètres de la figure
12, ligne du bas, colonne de droite).

Ces calculs sont faits en balayant le courant I0 dans le sens positif, puis
dans le sens négatif, par pas de δi0 = 10−3. Pour chaque nouveau pas,
on prend pour condition initiale le régime forcé utilisé au pas précédent,
de manière à favoriser un suivi adiabatique. Pour chaque valeur de βc, on
a pris deux valeurs de l’intensité de modulation i1 et deux valeurs de la
fréquence de modulation ω̃.

On voit clairement apparaître les plateaux quantifiés Vn avec Vn/RIc =
nω̃. Quand on augmente i1, le nombre de plateaux clairement identifiables
croît et la largeur du plateau central (n = 0), initialement égale à 2, décroît.
Pour βc = 1, on constate que l’absence d’hystérésis en l’absence de modu-
lation subsiste pour i1 ̸= 0, au moins dans la gamme de valeurs étudiées.
Pour βc = 10, l’hystérésis demeure : une même intensité I0 peut conduire
à deux valeurs n différentes selon le sens de balayage. On remarque éga-
lement pour ce cas βc = 10 que certaines caractéristiques semblent très
bruitées. Ce bruit peut être vu comme la signature d’un régime chaotique
pour ce domaine de paramètres (KAUTZ 1996) et il ne dépend quasiment
pas de la durée sur laquelle on moyenne la valeur de V (ici 1000 périodes
T ).

2-4 Modulation en tension sinusoïdale

En pratique, la jonction Josephson est branchée sur un générateur de
courant fournissant l’intensité sinusoïdale I0 + I1 sin(ωt), comme étudié
précédemment. Dans ce cas, il est nécessaire de se tourner vers une résolu-
tion numérique du problème RCSJ pour trouver la caractéristique courant-
tension (§ 2-3).

Il existe une autre situation qui permet quant à elle d’obtenir des ré-
sultats analytiques ; elle concerne le cas d’une modulation sinusoïdale en
tension :

V (t) = V0 + V1 sin(ωt) . (24)

Même si cette situation est rarement implémenté en pratique, ses résultats
peuvent constituer une bonne approximation du cas d’une modulation si-
nusoïdale en intensité quand une des deux conditions est vérifiée

ω ≫ ωc ou ω ≫ ωc√
βc

. (25)
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FIGURE 12. βc=1. Ligne du milieu : i1 = 1/2, ligne du bas i1 = 1. Colonne de
gauche : ω̃ = 0.2, colonne de droite ω̃ = 0.5. Le graphe supérieur représente la
caractéristique en absence de modulation pour cette valeur de βc.
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FIGURE 13. βc=10. Ligne du milieu : i1 = 1, ligne du bas i1 = 3. Colonne de
gauche : ω̃ = 0.2, colonne de droite ω̃ = 0.5. Le graphe supérieur représente la
caractéristique en absence de modulation pour cette valeur de βc.
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où on a posé

ωc ≡
1

t0
=

2eIcR

ℏ
. (26)

Ces conditions expriment le fait que l’impédance Lω de la jonction (avec
L = ℏ/2eIC) est grande devant la résistance R ou devant l’impédance ca-
pacitive 1/Cω (KAUTZ 1996).

Une fois donné le voltage V (t) de l’équation (24), la seconde relation de
Josephson permet de déduire par intégration la phase φ(t) :

φ(t) = φ0 +
2eV0t

ℏ
− 2eV1

ℏω
cos(ωt) . (27)

Reprenons maintenant l’équation d’évolution

I(t) = Ic sinφ+
ℏ

2eR

dφ

dt
+

ℏC
2e

d2φ

dt2
(28)

et prenons sa moyenne sur une période T de l’oscillation microonde en uti-
lisant l’expression (27). La contribution de la dérivée seconde est toujours
nulle et il reste :

Ī = Ic⟨sinφ⟩+
V0

R
. (29)

Si la moyenne sur le temps de sinφ s’annule, on retrouve la partie résis-
tive de la caractéristique V0 = RĪ . Mais il se peut que cette moyenne soit
non nulle, comme on le voit en utilisant le développement en fonctions de
Bessel :

e−ia cos(ωt) =

+∞∑
n=−∞

(−i)nJn(a) e
−inωt (30)

qui entraîne

sin (φ(t)) = Im
î
eiφ(t)

ó
= Im

[
eiφ0 ei

2eV0
ℏ t

+∞∑
n=−∞

(−i)nJn

Å
2eV1

ℏω

ã
e−inωt

]
.

(31)
On remarque en effet qu’un terme de la somme sur n peut donner une
contribution non nulle à la moyenne sur le temps si on a

2eV0

ℏ
= nω (32)

ce qui n’est autre que la condition de quantification (10). La moyenne tem-
porelle de sinφ vaut alors

⟨sinφ⟩ = Jn

Å
2eV1

ℏω

ã
sin(φ0 − nπ/2) . (33)

Le terme sin(φ0 − nπ/2) peut prendre n’importe quelle valeur entre −1 et
1, et on obtient donc un plateau de valeurs de Ī compris entre les deux
bornes :

nℏω
2eR

− IcJn

Å
2eV1

ℏω

ã
et

nℏω
2eR

+ IcJn

Å
2eV1

ℏω

ã
(34)

ou encore ∣∣∣∣ ĪIc − n
ω

ωc

∣∣∣∣ < ∣∣∣∣Jn Å2eV1

ℏω

ã∣∣∣∣ . (35)

Chaque plateau est centré sur la droite résistive Ī = V0/R et sa largeur,
donnée par la fonction de Bessel Jn(2eV1/ℏω), va décroître rapidement aux
grands n, à V1/ω fixé.

3 Un standard électrique

3-1 Mise en série de jonctions

Comme nous l’avons vu ci-dessus, le domaine de fréquences ω/2π uti-
lisable en pratique se situe dans le domaine s’étendant entre 10 et 100 GHz.
Pour le choix ω/2π = 100GHz, le quantum ℏω/2e vaut 0.2 mV, ce qui est
très faible. Même si on verrouille la diode sur un indice n supérieur à 1,
on reste dans le domaine du millivolt alors que les besoins pratiques sont
plutôt dans le domaine du volt, voire la dizaine de volts.

La solution à ce problème est simple sur le papier : il suffit de mettre un
grand nombre de jonctions en série, de sorte que les tensions s’ajoutent et
on peut atteindre ainsi des valeurs supérieures au volt. C’est effectivement
ce qui est fait en pratique, mais cela passe par un certain nombre d’étapes
délicates.

On voit sur la figure 14 extraite de l’article de HAMILTON (2000) le prin-
cipe de la mise en série de jonctions Nb//Al2O3/Nb, avec une microonde
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de fréquence 75 GHz. On dispose 16 lignes comportant 1263 jonctions cha-
cune, soit 20 208 jonctions au total mises en série. Du point de vue de la
propagation de la microonde, les 16 lignes sont en parallèle, ce qui permet
d’assure une bonne homogénéité de l’intensité I1.

3-2 Plateaux de tension à courant nul

Les premiers dispositifs de séries de jonctions Josephson à fin métrolo-
gique comportaient une vingtaine de jonctions, chacune avec une capacité
C relativement faible, conduisant à une caractéristique du type de celles
montrées en figures 12-13. Pour ce type de jonction, il faut imposer un cou-
rant I0 non nul à chaque jonction pour se placer sur le plateau désiré.

Le courant I0 à appliquer diffère d’une jonction à l’autre du fait d’im-
perfections lors de la fabrication. Pour un dispositif utilisant une vingtaine
de jonctions, il est possible (mais délicat) de contrôler chacun des 20 cou-
rants individuels I0. Quand on passe à une assemblée de 20 000 jonctions,
cela devient irréaliste.

Pour contourner ce problème, on se tourne vers des jonctions de plus
grande capacité, donc de plus grand paramètre βc, typiquement βc ≥ 100.
Dans ce cas, la caractéristique comporte des segments de voltage quantifiés
Vn pour un courant I0 nul. La figure 15 présente des caractéristiques cal-
culées dans le modèle RCSJ et la figure 16 une caractéristique mesurée ex-
périmentalement. Il n’est alors plus nécessaire de contrôler le courant biais
de chaque jonction. Il faut simplement trouver un moyen de verrouiller la
jonction – ou l’ensemble de jonctions – sur le segment n désiré. Pour les
standards de 10volts comme celui représenté en figure 14, l’entier n peut
prendre toutes les valeurs entre -75 000 et +75 000 (HAMILTON 2000).

La caractéristique de la figure 16 résulte d’une optimisation du courant
I1 induit par la microonde. Pour un courant plus faible, la plage en ten-
sion sur laquelle on observe des marches se réduit. Pour des courants plus
forts, on observe plus de marches, mais leur longueur diminue et elles ne
croisent plus l’axe I0 = 0. On peut utiliser le résultat (35) pour estimer si la
marche n croise l’axe de courant nul I = 0. Il faut pour cela que

n
ω

ωc
<

∣∣∣∣Jn Å2eV1

ℏω

ã∣∣∣∣ (36)

shaded volume in Fig. 4, increases with f and is ultimately
set by a trade-off between stability and the economics of
providing a very-high-frequency microwave source. While
stable arrays have been demonstrated at frequencies as low
as 24 GHz,68,69 most practical standards operate in the range
70–96 GHz. Table I lists a typical set of junction parameters
for a commonly used design.

B. Array design

The I–V curve shown in Fig. 1!b" shows steps covering
the range from about !1 to "1 mV and is for a junction
driven by a nearly optimum level of microwave current. At
lower microwave current the steps cover a smaller range of
voltage, and at higher microwave current the steps become
smaller and begin to move off the zero-current axis. In a
large array, every junction must generate a large zero-
crossing step, and thus the microwave power must be ad-
justed to a value low enough to accommodate the one junc-
tion receiving the largest microwave drive. Thus, in order to

obtain the largest voltage from the smallest number of junc-
tions, an array standard requires a circuit design that can
deliver nearly uniform microwave power to many thousands
of junctions, all of which are connected in series. The solu-
tion to this problem is a simple extension of Fig. 3 to a series
of junctions in a line over a ground plane, as shown in Fig.
5!a". This results in a microwave stripline that can propagate
microwave power with relatively low loss.44 The capacitive
impedance of the junctions is so small !approximately 1 m#"
relative to the stripline impedance !approximately 3 #" that
each junction has a very minor effect on the propagation of
microwave power in the stripline. Typically, each junction
will absorb about 0.02%–0.04% of the power propagating
through it. It is thus possible to connect several thousand
junctions in series and still achieve a power uniformity of
about #1.5 dB. With careful design, striplines with as many
as 4800 junctions have been used.57

Because 10 V Josephson standards require about 20 000
junctions, it is necessary to adopt a series/parallel circuit
similar to that shown in Fig. 5!b".46 Here, a network of low-
and high-pass filters allow the microwave power to be split
into four parallel paths while maintaining a dc path in which
all junctions are connected in series.

A typical integrated-circuit layout for an array of 20 208
junctions is shown in Fig. 6. The microwave-drive power is
collected from a waveguide by a finline antenna, split 16
ways, and injected into 16 junction striplines of 1263 junc-
tions each. The junction striplines are separated from a su-
perconductive ground plane by about 2 $m of SiO2 dielec-
tric. Symmetry in the splitting network ensures that the same
power is delivered to each subarray. Several precautions are
required to avoid reflections that would lead to standing
waves and the consequent nonuniform power distribution
within the subarrays: !1" Each stripline is terminated by a
matched load that consists of several wavelengths of resis-
tive stripline. The use of a resistive stripline rather than a
discrete resistor guarantees a near-perfect match over a wide
range of fabrication parameters.44 !2" The dimensions of ca-
pacitors in the low- and high-pass filters are chosen to avoid
resonances near the drive frequency. !3" The microwave
bend radius has a minimum value of three times the stripline
width.48 Sharper bends result in unacceptable reflections. In
order to meet the bend requirement while still packing the
array strips close together, ‘‘curly’’ bends that turn 215° and

FIG. 5. !a" Series of Josephson junctions arranged to form a stripline and !b"
the circuit of a typical Josephson voltage standard.

FIG. 6. Layout of a 20 208 junction, 10 V Josephson
array voltage standard chip.

3614 Rev. Sci. Instrum., Vol. 71, No. 10, October 2000 Clark A. Hamilton

Downloaded 07 Jan 2013 to 152.14.136.96. Redistribution subject to AIP license or copyright; see http://rsi.aip.org/about/rights_and_permissions

shaded volume in Fig. 4, increases with f and is ultimately
set by a trade-off between stability and the economics of
providing a very-high-frequency microwave source. While
stable arrays have been demonstrated at frequencies as low
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junctions in series and still achieve a power uniformity of
about #1.5 dB. With careful design, striplines with as many
as 4800 junctions have been used.57

Because 10 V Josephson standards require about 20 000
junctions, it is necessary to adopt a series/parallel circuit
similar to that shown in Fig. 5!b".46 Here, a network of low-
and high-pass filters allow the microwave power to be split
into four parallel paths while maintaining a dc path in which
all junctions are connected in series.

A typical integrated-circuit layout for an array of 20 208
junctions is shown in Fig. 6. The microwave-drive power is
collected from a waveguide by a finline antenna, split 16
ways, and injected into 16 junction striplines of 1263 junc-
tions each. The junction striplines are separated from a su-
perconductive ground plane by about 2 $m of SiO2 dielec-
tric. Symmetry in the splitting network ensures that the same
power is delivered to each subarray. Several precautions are
required to avoid reflections that would lead to standing
waves and the consequent nonuniform power distribution
within the subarrays: !1" Each stripline is terminated by a
matched load that consists of several wavelengths of resis-
tive stripline. The use of a resistive stripline rather than a
discrete resistor guarantees a near-perfect match over a wide
range of fabrication parameters.44 !2" The dimensions of ca-
pacitors in the low- and high-pass filters are chosen to avoid
resonances near the drive frequency. !3" The microwave
bend radius has a minimum value of three times the stripline
width.48 Sharper bends result in unacceptable reflections. In
order to meet the bend requirement while still packing the
array strips close together, ‘‘curly’’ bends that turn 215° and

FIG. 5. !a" Series of Josephson junctions arranged to form a stripline and !b"
the circuit of a typical Josephson voltage standard.

FIG. 6. Layout of a 20 208 junction, 10 V Josephson
array voltage standard chip.
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FIGURE 14. Dispositif comportant un grand nombre (> 20 000) jonctions Jo-
sephson en série permettant de réaliser un étalon de tension dans la gamme de la
dizaine de volts. Figure adaptée à partir de HAMILTON (2000).
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FIGURE 15. Exemples de caractéristiques calculées par le modèle RCSJ, présen-
tant plusieurs plateaux Vn pour I0 = 0. Calcul effectué dans le modèle RCSJ avec
β = 100, i1 = 10, ω̃ = 0.2 (haut) et β ≈ 105, i1 = 80, ω̃ ≈ 10−2 (bas).
La caractéristique du bas est plus précisément obtenue pour les paramètres phy-
siques fournis par KAUTZ (1996) pour sa figure 1(b) : Ic = 0.2mA, R = 100Ω,
C = 20 pF, I1 = 16mA et ω/2π = 100GHz.

FIGURE 16. Exemple d’une observation expérimentale des marches de Shapiro
pour une jonction de grande capacité. Figure adaptée de HAMILTON (2000).

Comme la valeur de la fonction de Bessel Jn(x) est toujours comprise entre
−1 et +1, on voit sur cette équation que les plateaux croisant l’axe I = 0 ne
peuvent être obtenus que si ω < ωc (au moins dans le régime où l’approche
en terme de tension modulée sinusoïdalement est correcte).

3-3 Le verrouillage sur un plateau Vn donné

Une fois réalisée la caractéristique courant-tension du système Joseph-
son avec plusieurs dizaines de milliers de plateaux Vn quantifiés, traver-
sant tous l’axe I0 = 0, il reste à verrouiller ce dispositif sur le plateau désiré
pour disposer d’un standard délivrant des valeurs discrètes de voltage. Le
processus réel est complexe et son principe est résumé sur la figure 17.

On impose aux bornes du système une tension Vs avec une résistance
de biais Vs. La tension Vs est proche de la tension recherchée et Rs est choi-
sie de sorte que l’intersection de la caractéristique du système Josephson
et de la droite Vs − RsI ne comporte qu’un seul (ou quelques) points. Un
contrôle judicieux de Rs et Vs permet alors d’amener le système Joseph-
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FIGURE 17. Principe du montage électrique permettant de verrouiller l’étalon de
tension sur un pic Vn déterminé. Figure adaptée de HAMILTON (2000) .

son au point choisi : I0 = 0, V̄ = Vn. Une fois ce plateau atteint, le sys-
tème peut y rester verrouillé pendant plusieurs heures avec une stabilité
relative meilleure que 10−9. On trouvera dans HAMILTON (2000) ou sur la
page wikipedia "Josephson Voltage Standard" des exemples d’algorithmes
permettant d’utiliser la tension ainsi réalisée pour déterminer une tension
inconnue.

4 Effet Shapiro pour des jonctions atomiques

4-1 Effet Shapiro dans 3He superfluide

Nous avons décrit en § 1-2 le dispositif expérimental du groupe de Ber-
keley qui a permis l’observation de l’effet Josephson ac avec un bain de 3He
superfluide (PEREVERZEV, LOSHAK et al. 1997). Ce même montage a per-
mis quelques années plus tard la caractérisation de résonances de Shapiro
pour l’hélium 3 par SIMMONDS, MARCHENKOV et al. (2001).
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FIG. 1. A schematic diagram of the experimental apparatus.

allows the application of electrostatic pressures to it. The
upper membrane is magnetically coupled to a supercon-
ducting dc-SQUID displacement transducer that registers
its position [17]. The Si chip containing the microaperture
array is glued to the center of the lower membrane. The
cell can be cooled well below the superfluid transition
temperature using a nuclear demagnetization cryostat. All
experiments reported here were at zero ambient pressure
and at a temperature where we have determined that the
current phase relation is sine-like [13].

We control the value of Pdc using a feedback system
with which we vary the electrostatic forces applied to the
lower membrane so that the deflection of the upper mem-
brane (our pressure gauge), and thus Pdc, is held fixed [18].
We create the pressure Pac by applying an oscillating volt-
age to the upper electrode. These oscillations are at suf-
ficiently high frequency that the feedback system ignores
them. By knowing the amplitude of the applied voltage
we can calculate the magnitude of ac pressure oscillations
PV applied across the fluid in the cell. Because the system
in Fig. 1 is a hydrodynamic resonant circuit [19], PV is
not identical to Pac, the amplitude of pressure oscillations
across the weak link. In fact, Pac ! anPV , where an rep-
resents the transfer function of the hydrodynamic system
in Fig. 1. The value of the transfer function an depends on
the temperature T and on frequency. As long as v is far
from any natural resonances [19] in the system the transfer
function will be close to unity (an ! 1).

To test Eqs. (3) and (5) we measure both the zero-
pressure current I0 and the current-pressure (I-P) rela-
tion, as a function of ac excitation. To measure I0 we
use the fact that, in this type of cell, f exhibits periodic
motion identical to a rigid pendulum [20,21]. For small
amplitude pendulum oscillations, the angular frequency
vp becomes a direct measure of the critical current be-
cause v2

p ~ Ic [21]. Thus by recording the frequency of

the small amplitude oscillations we determine the effec-
tive zero-pressure critical current I0. We determine the
frequency vp by taking the Fourier transform of the low
amplitude segment of the pendulum-mode motion of the
membrane [21]. A typical Fourier transform is shown in
the inset panel of Fig. 2(a). In this figure we plot the
ratio I0"Ic # $v2

p%Pac&'"$v2
p %Pac ! 0&' as a function of

$%2m3Pac"r&"%h̄v&'. The solid line in this panel is the
prediction for the zero-pressure mass current I0"Ic. We
can clearly see in Fig. 2(a) that I0"Ic does indeed follow
the prediction given by Eq. (5) for n ! 0.

The I-P characteristic at the dc pressures corresponding
to Josephson frequencies satisfying Eq. (3) (with n . 0)

FIG. 2. (a) The n ! 0 case: A plot of the ratio I0"Ic #
$v2

p%Pac&'"$v2
p%Pac ! 0&' as a function of $%2m3Pac"r&"%h̄v&'.

For n ! 0, the value of the transfer function Pac"PV # a0 !
1.25 is determined by requiring the zeros of our data to fit the
zeros of the Bessel function J0. The solid line in this panel
is the prediction for the zero-pressure mass current I0"Ic . We
determine the frequency vp by taking the Fourier transform of
the low amplitude segment of the pendulum-mode motion of the
membrane [21]. A typical Fourier transform of the pendulum
mode is shown in the inset panel. (b) The n ! 1 case: A plot
of the current feature I1"Ic as a function of $%2m3Pac"r&"%h̄v&'.
The inset shows that the current feature occurs at vJ ! v and
indicates our definition of I1. Fitting of the data to the J1 Bessel
function zeros gives the value a1 ! 1.16. (c) The n ! 2 case:
Similar to (b) except now vj ! 2v. Here a2 ! 1.04. The
double circles indicate the points derived from the raw data in
each inset.
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FIGURE 18. Montage expérimental de SIMMONDS, MARCHENKOV et al. (2001)
similaire à celui montré en figure 3, avec cette fois-ci une modulation sinusoïdale
de la position de la paroi souple (position répérée par x(t)), ce qui conduit à une
modulation de la pression, analogue mécanique du cas envisagé en § 2-4.

Le principe de l’expérience est de moduler de façon contrôlée la pres-
sion d’un côté de la membrane rigide percée de trous (figure 18). Cette
modulation est obtenue en agissant au moyen d’électrodes disposées sur
la paroi souple. C’est l’équivalent mécanique de la modulation de la ten-
sion électrique pour une jonction supraconductrice. On est donc directe-
ment dans le cas de figure envisagé en § 2-4, qui conduit à des plateaux en
courant dont la largeur est donnée par des fonctions de Bessel [eq. (35)].

La différence de pression entre les deux côtés de la membrane percée
s’écrit donc

P (t) = P0 + P1 sin(ωt) (37)

et un courant de particules de moyenne temporelle non nulle va pouvoir
se produire à travers cette membrane si la condition de résonance

2mP0

ρ
= n ℏω (38)

est remplie (équivalent du résultat (32) avec la masse 2m d’une paire de
Cooper pour 3He).

Intéressons-nous au cas n = 1 pour lequel la résonance se produit pour
ω/2π = 105Hz pour la pression P0 choisie. Pour un choix donné de l’am-
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FIGURE 19. Caractéristique courant-pression (avec Pdc ≡ P0) permettant d’ob-
server une résonance de Shapiro dans un bain de 3He superfluide. Les courbes, ob-
tenues pour différentes valeurs de P1, sont décalées les unes par rapport aux autres
pour améliorer la lisibilité. Figure adaptée de SIMMONDS, MARCHENKOV et al.
(2001).

plitude de modulation P1, on s’attend alors à observer un plateau de cou-
rant de largeur 2|J1(2mP1/ℏωρ)|. Ces plateaux sont bien visibles sur la fi-
gure 19 et leur largeur est en bon accord avec la variation en fonction de
Bessel attendue (figure 20). SIMMONDS, MARCHENKOV et al. (2001) ont
également observé la résonance correspondant à n = 2.

4-2 Barrière mobile dans un gaz quantique

Nous avons vu au chapitre précédent comment une barrière se dépla-
çant à vitesse constante dans un gaz quantique uniforme permettait de
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FIG. 1. A schematic diagram of the experimental apparatus.

allows the application of electrostatic pressures to it. The
upper membrane is magnetically coupled to a supercon-
ducting dc-SQUID displacement transducer that registers
its position [17]. The Si chip containing the microaperture
array is glued to the center of the lower membrane. The
cell can be cooled well below the superfluid transition
temperature using a nuclear demagnetization cryostat. All
experiments reported here were at zero ambient pressure
and at a temperature where we have determined that the
current phase relation is sine-like [13].

We control the value of Pdc using a feedback system
with which we vary the electrostatic forces applied to the
lower membrane so that the deflection of the upper mem-
brane (our pressure gauge), and thus Pdc, is held fixed [18].
We create the pressure Pac by applying an oscillating volt-
age to the upper electrode. These oscillations are at suf-
ficiently high frequency that the feedback system ignores
them. By knowing the amplitude of the applied voltage
we can calculate the magnitude of ac pressure oscillations
PV applied across the fluid in the cell. Because the system
in Fig. 1 is a hydrodynamic resonant circuit [19], PV is
not identical to Pac, the amplitude of pressure oscillations
across the weak link. In fact, Pac ! anPV , where an rep-
resents the transfer function of the hydrodynamic system
in Fig. 1. The value of the transfer function an depends on
the temperature T and on frequency. As long as v is far
from any natural resonances [19] in the system the transfer
function will be close to unity (an ! 1).

To test Eqs. (3) and (5) we measure both the zero-
pressure current I0 and the current-pressure (I-P) rela-
tion, as a function of ac excitation. To measure I0 we
use the fact that, in this type of cell, f exhibits periodic
motion identical to a rigid pendulum [20,21]. For small
amplitude pendulum oscillations, the angular frequency
vp becomes a direct measure of the critical current be-
cause v2

p ~ Ic [21]. Thus by recording the frequency of

the small amplitude oscillations we determine the effec-
tive zero-pressure critical current I0. We determine the
frequency vp by taking the Fourier transform of the low
amplitude segment of the pendulum-mode motion of the
membrane [21]. A typical Fourier transform is shown in
the inset panel of Fig. 2(a). In this figure we plot the
ratio I0"Ic # $v2

p%Pac&'"$v2
p %Pac ! 0&' as a function of

$%2m3Pac"r&"%h̄v&'. The solid line in this panel is the
prediction for the zero-pressure mass current I0"Ic. We
can clearly see in Fig. 2(a) that I0"Ic does indeed follow
the prediction given by Eq. (5) for n ! 0.

The I-P characteristic at the dc pressures corresponding
to Josephson frequencies satisfying Eq. (3) (with n . 0)

FIG. 2. (a) The n ! 0 case: A plot of the ratio I0"Ic #
$v2

p%Pac&'"$v2
p%Pac ! 0&' as a function of $%2m3Pac"r&"%h̄v&'.

For n ! 0, the value of the transfer function Pac"PV # a0 !
1.25 is determined by requiring the zeros of our data to fit the
zeros of the Bessel function J0. The solid line in this panel
is the prediction for the zero-pressure mass current I0"Ic . We
determine the frequency vp by taking the Fourier transform of
the low amplitude segment of the pendulum-mode motion of the
membrane [21]. A typical Fourier transform of the pendulum
mode is shown in the inset panel. (b) The n ! 1 case: A plot
of the current feature I1"Ic as a function of $%2m3Pac"r&"%h̄v&'.
The inset shows that the current feature occurs at vJ ! v and
indicates our definition of I1. Fitting of the data to the J1 Bessel
function zeros gives the value a1 ! 1.16. (c) The n ! 2 case:
Similar to (b) except now vj ! 2v. Here a2 ! 1.04. The
double circles indicate the points derived from the raw data in
each inset.
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FIG. 1. A schematic diagram of the experimental apparatus.

allows the application of electrostatic pressures to it. The
upper membrane is magnetically coupled to a supercon-
ducting dc-SQUID displacement transducer that registers
its position [17]. The Si chip containing the microaperture
array is glued to the center of the lower membrane. The
cell can be cooled well below the superfluid transition
temperature using a nuclear demagnetization cryostat. All
experiments reported here were at zero ambient pressure
and at a temperature where we have determined that the
current phase relation is sine-like [13].

We control the value of Pdc using a feedback system
with which we vary the electrostatic forces applied to the
lower membrane so that the deflection of the upper mem-
brane (our pressure gauge), and thus Pdc, is held fixed [18].
We create the pressure Pac by applying an oscillating volt-
age to the upper electrode. These oscillations are at suf-
ficiently high frequency that the feedback system ignores
them. By knowing the amplitude of the applied voltage
we can calculate the magnitude of ac pressure oscillations
PV applied across the fluid in the cell. Because the system
in Fig. 1 is a hydrodynamic resonant circuit [19], PV is
not identical to Pac, the amplitude of pressure oscillations
across the weak link. In fact, Pac ! anPV , where an rep-
resents the transfer function of the hydrodynamic system
in Fig. 1. The value of the transfer function an depends on
the temperature T and on frequency. As long as v is far
from any natural resonances [19] in the system the transfer
function will be close to unity (an ! 1).

To test Eqs. (3) and (5) we measure both the zero-
pressure current I0 and the current-pressure (I-P) rela-
tion, as a function of ac excitation. To measure I0 we
use the fact that, in this type of cell, f exhibits periodic
motion identical to a rigid pendulum [20,21]. For small
amplitude pendulum oscillations, the angular frequency
vp becomes a direct measure of the critical current be-
cause v2

p ~ Ic [21]. Thus by recording the frequency of

the small amplitude oscillations we determine the effec-
tive zero-pressure critical current I0. We determine the
frequency vp by taking the Fourier transform of the low
amplitude segment of the pendulum-mode motion of the
membrane [21]. A typical Fourier transform is shown in
the inset panel of Fig. 2(a). In this figure we plot the
ratio I0"Ic # $v2

p%Pac&'"$v2
p %Pac ! 0&' as a function of

$%2m3Pac"r&"%h̄v&'. The solid line in this panel is the
prediction for the zero-pressure mass current I0"Ic. We
can clearly see in Fig. 2(a) that I0"Ic does indeed follow
the prediction given by Eq. (5) for n ! 0.

The I-P characteristic at the dc pressures corresponding
to Josephson frequencies satisfying Eq. (3) (with n . 0)

FIG. 2. (a) The n ! 0 case: A plot of the ratio I0"Ic #
$v2

p%Pac&'"$v2
p%Pac ! 0&' as a function of $%2m3Pac"r&"%h̄v&'.

For n ! 0, the value of the transfer function Pac"PV # a0 !
1.25 is determined by requiring the zeros of our data to fit the
zeros of the Bessel function J0. The solid line in this panel
is the prediction for the zero-pressure mass current I0"Ic . We
determine the frequency vp by taking the Fourier transform of
the low amplitude segment of the pendulum-mode motion of the
membrane [21]. A typical Fourier transform of the pendulum
mode is shown in the inset panel. (b) The n ! 1 case: A plot
of the current feature I1"Ic as a function of $%2m3Pac"r&"%h̄v&'.
The inset shows that the current feature occurs at vJ ! v and
indicates our definition of I1. Fitting of the data to the J1 Bessel
function zeros gives the value a1 ! 1.16. (c) The n ! 2 case:
Similar to (b) except now vj ! 2v. Here a2 ! 1.04. The
double circles indicate the points derived from the raw data in
each inset.
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FIGURE 20. Largeur du plateau de courant de la figure 19 en fonction de l’am-
plitude de modulation en pression Pac ≡ P1. Figure extraite de SIMMONDS,
MARCHENKOV et al. (2001).

simuler l’équivalent d’un courant constant imposé à une jonction supra-
conductrice. La généralisation de ce dispositif pour observer l’équivalent
de résonances de Shapiro est alors naturel : au lieu de bouger la barrière à
vitesse constante, on lui donne un mouvement du type

x(t) = vt+ x1 sin(ωt) (39)

comme représenté sur la figure 21, extraite de la proposition théorique de
SINGH, POLO et al. (2024).

Dans cette étude théorique, les auteurs ont considéré un gaz 2D de mo-
lécules de 6Li décrit par l’équation de Gross-Pitaevskii, avec une densité de
5.6 atomes par micron carré. Ils ont pris en compte les effets de température
finie en ajoutant un bruit adéquat sur la fonction d’onde initiale. La taille
du gaz est 512 × 27 microns et le paramètre d’interaction (sans dimension
à 2D) est g̃ = 0.1.

Après le déplacement de la barrière, ils déterminent les nombres
d’atomes Na et Nb de part et d’autre de la barrière et calculent z =
(Na −Nb)/(Na +Nb). Cette valeur de z est comparée à z̄, qui serait obtenu
si les densités et donc les potentiels chimiques étaient restés parfaitement
égaux de part et d’autre de la barrière.

La quantité ∆z = z − z̄ (équivalent de la tension pour une jonction su-
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as a time-averaged atom imbalance; see Fig. 1(b). We
demonstrate how the observed dynamics is controlled by
specific features of phonon excitations and vortex nucle-
ation. The results are obtained by classical-field methods
that include fluctuating bosonic fields beyond mean-field
description [49–52]. We benchmark our results with the
dynamics of a driven RCSJ circuit model.
System and method—We simulate the dynamics of a

generic condensate of bosons using classical-field dynam-
ics within the truncatedWigner approximation [49–52]. We
consider a homogeneous cloud of bosons confined in a box
of dimensions Lx × Ly. The system is described by the
Hamiltonian

Ĥ0 ¼
Z

dr
!
ℏ2

2m
∇ψ̂†ðrÞ ·∇ψ̂ðrÞþ g

2
ψ̂†ðrÞψ̂†ðrÞψ̂ðrÞψ̂ðrÞ

"
:

ð1Þ

ψ̂ (ψ̂†) is the bosonic annihilation (creation) operator. The
interaction g ¼ g̃ℏ2=m is given in terms of the dimension-
less parameter g̃ ¼

ffiffiffiffiffiffi
8π

p
as=lz, where m is the mass, as is

the s-wave scattering length, and lz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=ðmωzÞ

p
is the

harmonic oscillator length in the transverse direction.
Within the classical-field representation we replace the
operators ψ̂ in Eq. (1) and the equations of motion by
complex numbers ψ . The initial states ψðr; t ¼ 0Þ are
sampled in a grand canonical ensemble with chemical
potential μ and temperature T via a classical Metropolis
algorithm [53]. The resulting distribution provides the
fluctuations of ψðr; t ¼ 0Þ around its mean-field value.
Finally, each initial state is propagated using the equations
of motion

iℏψ̇ðr; tÞ ¼
$
−
ℏ2

2m
∇2 þ Vðr; tÞ þ gjψ j2

%
ψðr; tÞ; ð2Þ

which include the barrier potential given by Vðr; tÞ ¼
V0ðtÞ exp½−2ðx − xðtÞÞ2=w2&. V0ðtÞ, w and xðtÞ are the
barrier’s strength, width, and location. For numerical
calculations, we discretize space on a lattice of size
Nx × Ny and a discretization length l ¼ 0.5 μm. While
we present our results for the concrete realization provided
by 6Li2 molecules, we emphasize that our protocol can be
applied to any cold-atom degenerate gas. We choose
the density n ≈ 5.6 μm−2, g̃ ¼ 0.1, T=T0 ¼ 0.06, and
Lx × Ly ¼ 512 × 27 μm2. The critical temperature T0 is
estimated by T0 ¼ 2πnℏ2=ðmkBDcÞ, where Dc ¼
lnð380=g̃Þ is the critical phase-space density [56,57]. We
use w=ξ ¼ 1.1 and V0 in the range V0=μ≡ Ṽ0 ¼ 1–4,
where ξ ¼ ℏ=

ffiffiffiffiffiffiffiffiffiffiffi
2mgn

p
is the healing length and μ ¼ gn is

the mean-field energy. To create the weak link at the
location xðtÞ ¼ x0 ¼ Lx=2, we ramp up V0 linearly over
200 ms and wait for 50 ms. Following [31,32], the
Josephson current can be obtained by moving the barrier
at a constant velocity v until it reaches the final position xf,
as depicted in Fig. 1(a). Here, we will discuss the dynamics
of the system obtained when the barrier features a periodic
driving in addition to its motion with constant velocity,

xðtÞ ¼ vtþ x1 sinð2πftÞ; ð3Þ

where x1 is the amplitude and f is the frequency of
driving. We calculate the atom number NLðtÞ [NRðtÞ] in
the left (right) reservoir to determine the imbalance
zðtÞ ¼ ½NLðtÞ − NRðtÞ&=N, where N ¼ ðNL þ NRÞ is the
total atom number. The barrier motion induces an external
current given by IextðtÞ ¼ ðz̄N=2Þ × jvj=Δx, whereΔx is the
displacement and z̄ is the equilibrium imbalance at the final
location xf ¼ x0 þ Δx. Throughout the Letter we fix the
driving time tf to four cycles. We calculate zðtÞ for various
values of v; see inset of Fig. 1(b). By fitting zðtÞwith a linear
function we obtain the value of the time-averaged imbalance

FIG. 1. Atomic Josephson junction and emergence of Shapiro
steps. (a) Simulation of a Josephson junction consisting of two
clouds separated by a tunneling barrier of height V0 and width w.
The barrier is moved at constant velocity v (arrow) from the
position x0 until the final position xf, which induces an external
current Iext. In addition, we modulate the barrier location using
the protocol xðtÞ ¼ vtþ x1 sinð2πftÞ, where f is the frequency
and x1 is the amplitude of driving. NL (NR) represents the atom
number of the left (right) reservoir. (b) Imbalance Δz ¼ z − z̄ as a
function of v for the undriven case (dashed line). z̄ is the
equilibrium imbalance determined at xf that varies with v.
Time-averaged imbalance hΔzi shown for f ¼ 45 Hz and
x1 ¼ 1, 2, 3, 4, and 5 μm. Inset shows the time evolution of
zðtÞ at different v for the driving with x1 ¼ 3 μm, where Tp ¼
1=f is the driving period. We use the barrier height V0=μ ¼ 1.5,
where μ is the mean-field energy.
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FIGURE 21. Barrière mobile dans un gaz 2D. La position de la barrière s’écrit
x(t) = vt+ x1 sin(ωt). Le mouvement donne naissance à des marches de Shapiro
pour x1 ̸= 0. Ces résultats sont obtenus en intégrant numériquement l’équation
de Gross-Pitaevskii dépendant du temps, avec une condition initiale qui simule
une température non nulle (truncated Wigner approximation). Figure extraite
de SINGH, POLO et al. (2024).

praconductrice), est tracée en figure 21 en fonction de la vitesse moyenne
v (équivalent du courant) pour différentes valeurs de l’amplitude de mo-
dulation x1, à fréquence ω/2π = 45Hz fixée. Les résultats sont conformes
à ce qu’on attend intuitivement : on trouve des plateaux pour ∆z, corres-
pondant à une différence de potentiel chimique ∆µ entre les deux côtés de
la jonction :

∆µ = n ℏω (40)

SINGH, POLO et al. (2024) ont procédé à une calibration soigneuse de
la barrière à partir de la caractéristique calculée. Ils ont montré que l’on
pouvait effectivement la décrire par les mêmes paramètres que ceux du

hΔzi at tf, where hΔzi ¼ hzi − z̄ðxfÞwith xf ¼ jvj × tf. h::i
refers to the time-averaged response throughout the
Letter. In Fig. 1(b), the driven response shows the formation
of Shapiro steps in comparison to the undriven system,which
we explain below. For the undriven case, we show Δz ¼
z − z̄ðxfÞ determined at the same tf as the driven case.
We quantify the change in the chemical potential
Δμ ¼ NEcΔz=2, where Ec ¼ 4ð∂μ=∂NÞ is the effective
charging energy.
Characterization of the dc-ac regimes—We first intro-

duce the driven RCSJ model and then analyze the dc-ac
regimes of the undriven junction. We note that this is
intrinsically different from the two-mode Gross-Pitaevskii
equations, which converge to the RCSJ model in the ideal
underdamped limit only. The RCSJ model is a lumped
elements circuit to model the dynamics of JJs [35]. The
Kirchhoff law of the driven RCSJ circuit reads

Iext þ I1ω̃ cosðωtÞ ¼ Ic sinϕ − GΔμ − CΔμ̇; ð4Þ

where Ic is the critical current, ϕ ¼ ϕL − ϕR the phase
difference across the junction, G the conductance, and
C ¼ 1=Ec the capacitance. The Josephson relation for the
phase dynamics is ℏϕ̇ ¼ −Δμ, meaning that Δμ plays the
role of the voltage across the junction. I1ω̃ is the amplitude
and ω is the frequency of ac drive, with ω̃ ¼ ω=ωJ, where
ωJ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IcEc=ℏ

p
is the Josephson frequency. By using the

expression of Δμ we provided above, the circuit is
described as an effective driven resistively shunted junction
model

żN=2þ I1ω̃ cosðωtÞ ¼ Ic sinϕþ ℏGϕ̇: ð5Þ

The undriven case (i.e., I1 ¼ 0) is solved analytically,
yielding the time-averaged chemical potential hΔμi ¼
G−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2ext − I2c

p
, which we use to fit our results for the

ΔμðIext; tfÞ curve. Based on this fit, we determine Ic andG.
Here, for the undriven case, we use the constant

displacement of Δx ¼ 150 μm, which results in the same
equilibrium imbalance z̄ ¼ 0.59 at xf for all v. As shown in
Fig. 2(a), there is a nonzero Δμ only when Iext exceeds Ic,
which marks the transition from the dc to ac Josephson
effect. The junction becomes resistive with a finite Δμ
above Ic. We map out the ac resistive regime for a wide
range of Ṽ0 in Fig. 2(b). The onset of the resistive regime
occurs at a low value of Ic for high Ṽ0. We compare
the results of Ic with the predictions of the critical current
Ic;p ¼ Ibt0ðṼ0; wÞ derived for an ideal Josephson junction
[37]. The bulk current Ib ¼ cn0Ly is determined using the
sound velocity c ¼

ffiffiffiffiffiffiffiffiffiffiffi
gn=m

p
and the condensate density n0.

We use the variational solution of the tunneling amplitude
t0ðṼ; dÞ obtained across a rectangular barrier of width d
and height Ṽ [37], with d ≈ 1.1w and Ṽ ¼ Ṽ0 [53]. In
Fig. 2(b) the results of Ic;p show good agreement with the
simulation results.
To characterize the resistive regime, we study the

dynamics of the condensate’s local density and phase.
While we observe no distinctive change in the dynamics
for Iext below Ic, characteristic density patterns due to
phonon and vortex excitations, resulting in an increase of
the imbalance, occur for Iext above Ic [53]. We identify
vortex excitations by calculating the phase winding around
the lattice plaquette of size l × l using

P
□

δθðx; yÞ ¼
δxθðx; yÞ þ δyθðxþ l; yÞþ δxθðxþ l; yþ lÞþ δyθðx; yþ lÞ,
where θðx; yÞ is the phase field of ψðx; yÞ and the phase
differences between sites are taken to be δx=yθðx; yÞ∈
ð−π; π%. We associate a vortex (an antivortex) by a phase
winding of 2π (−2π). By counting all vortices and anti-
vortices we determine the total vortex number Nv and
average it over the initial ensemble. Figure 2(c) shows a
rapid growth of Nv above Ic and no vortex excitation below
Ic. This confirms that the energy in the resistive regime is
dissipated by the creation of vortex-antivortex pairs, which
is analogous to phase slips in 4He [11,12] and atomic weak
links [36].

FIG. 2. Characterizing an atomic Josephson junction. (a) Imbalance z − z̄ as a function of v for Ṽ0 ¼ 1.5 (dots) and its correspondence
to the current-chemical potential results (second axes). We fit the response with hΔμi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2ext − I2c

p
=G (continuous line) to determine the

critical current Ic and the conductance G. (b) z − z̄ as a function of Ṽ0 and Iext=Ib, where Ib is the bulk current. The results of Ic (dots)
are compared with the theoretical prediction Ic;p (continuous line); see text. (c) Total vortex number Nv determined from the same
simulations as in (b), which shows a sharp onset of vortex growth above Ic (dots). (d) Conductance G (dots) and Stewart-McCumber
parameter βc (squares) determined for Ṽ0 in the range 1–4.
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FIGURE 22. Paramètres de la barrière utilisée par SINGH, POLO et al. (2024).

modèle RCSJ des jonctions supraconductrices. Nous montrons en figure 22
leurs résultats pour les paramètres G ≡ 1/R et βc en fonction de la hau-
teur Ṽ0 = V0/µ de la barrière. Le potentiel créé par la barrière est supposé
ici gaussien avec une demi-largeur à 1/e2 (waist) fixée à 1.1 ξ, où ξ est la
longueur de cicatrisation.

4-3 Observation expérimentale des plateaux

Fin 2025, deux équipes ont publié leur observation de résonances de
Shapiro sur un gaz d’atomes froids grâce à une barrière tunnel modulée.
BERNHART, RÖHRLE et al. (2025) ont utilisé un gaz 3D de 87Rb en géo-
métrie cylindrique et DEL PACE, HERNÁNDEZ-RAJKOV et al. (2025) ont
travaillé sur un gaz de 6Li (fermions) dans le régime unitaire et placé dans
une géométrie quasi2D.

Nous montrons en figure 23 le résultat obtenu par BERNHART, RÖHRLE

et al. (2025). On voit clairement apparaître des plateaux à ∆µ constant
quand on varie la vitesse moyenne de la jonction (donc le courant moyen
la traversant). La valeur des plateaux est proche de la valeur quantifiée at-
tendue [eq. (40)] pour la fréquence de modulation choisie, ω/2π = 90Hz.
Quand on varie cette fréquence de modulation entre 50 et 200 Hz, on véri-
fie que la position des plateaux se déplace en suivant la loi ∆µ ∝ ω (figure
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and e the elementary charge (5, 35). For our neutral atom implementa-
tion, this results in the quantization condition

To confirm this fundamental relation, we vary fm and determine the 
height Δμ of the first step (Fig. 2A). In Fig. 2B, we show the results for 
the simulation and for the experiment by averaging over several realiza-
tions with different modulation amplitudes. The simulation reproduces 
the relation trend accurately, but the experiment measures a 10% larger 
slope. The reason for this small deviation lies in the uncertainties of the 
experimental parameters (atom number and trapping potential), which 
enter the calculation of μ [see also (32)]. Taking this into account, we 
conclude that we indeed confirm the behavior Δμ = hfm (Fig. 2B). Our 
results show that the driving protocol is capable of producing a prede-
termined chemical potential difference, which may enable the transfer 
of the voltage standard to the realm of ultracold quantum gases (23, 36). 
In addition, our results are useful in situations where the relation be-
tween the atomic density and the chemical potential, μ(n), is not known. 
Measuring the density difference at both sides of the junction directly 
reveals dμ(n)/dn, which is referred to as the inverse thermodynamic 
density of states. Performing stepwise measurements by decreasing the 
density allows for the determination of the equation of state μ(n).

Next, we analyze the width of the Shapiro steps by varying the modu-
lation amplitude Im/Ic at a fixed modulation frequency of fm = 90 Hz 
(32). In Fig. 2, C and D, the widths of the zeroth and first steps display 
a Bessel- function behavior as a function of Im/Ic, which is in agreement 
with the results of numerical simulations (32). To support this observa-
tion, we use the analytical prediction of an ac voltage–driven Josephson 
junction, which yields the step width In = Ic

|||Jn
(
Vm∕Vn

)|||, where Jn is 
the Bessel function of the n- th order and Vm the modulation voltage 
(5, 37). For an ac current–driven junction, this can be mathematically 
transformed into

Δμ = nhfm  (2)

In = Ic

|||||
Jn

(
α
Im

Ic

)|||||  (3)
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C

Fig. 1. Shapiro steps in an ultracold atomic Josephson junction. (A) The system consists of a cylindrically shaped superfluid, which is split by a movable optical barrier 
creating a weak link. The barrier as well as the two confining endcaps are realized with tightly focused laser beams. In the measurement protocol, the barrier is moved linearly (dc 
particle current) through the superfluid with an additional harmonic modulation (ac particle current), which is sketched in the figure. (B) At the end of the protocol, a real- space 
absorption image of the atomic cloud is taken, using matter wave imaging (32, 33). From the atom number imbalance between the two superfluids, their chemical potential 
difference is derived. The pictures are taken with a modulation current Im = 0.8Ic. The position of the barrier is marked as a dashed orange line. The atomic density is given in arbitrary 
units (a.u.). (C) Measured Shapiro steps for fm = 90 Hz and different modulation amplitudes Im. The horizontal lines indicate the ideal Shapiro step height, given by Eq. 2. Every data 
point is the average of about 25 measurement runs, and the vertical bars indicate the errors of the mean. (D) Comparison between experiment and classical- field simulation  
at T = 35 nK (32). (E) Simulations of the system at different Im (32).
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Fig. 2. Characteristics of the Shapiro steps. (A) Dependence of the step height on 
the modulation frequency fm, where the step height is determined using sigmoid  
fits (continuous lines). (B) Measurements of the step height (dots) are compared with 
the numerical simulations (triangles) and the prediction Δμ/h = fm (continuous  
line). (C and D) Measurements (dots) and simulation (triangles) of zeroth (C) and first 
(D) step widths (I0 and I1) for varying Im/Ic. The solid blue lines are a fit to the 
experimental data, following Eq. 3, where both curves are fitted simultaneously with 
the same fit parameter αfit, yielding αfit = 2.15 ± 0.08. The dashed orange lines 
indicate the theoretical prediction, following Eq. 3 (see text).
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and e the elementary charge (5, 35). For our neutral atom implementa-
tion, this results in the quantization condition

To confirm this fundamental relation, we vary fm and determine the 
height Δμ of the first step (Fig. 2A). In Fig. 2B, we show the results for 
the simulation and for the experiment by averaging over several realiza-
tions with different modulation amplitudes. The simulation reproduces 
the relation trend accurately, but the experiment measures a 10% larger 
slope. The reason for this small deviation lies in the uncertainties of the 
experimental parameters (atom number and trapping potential), which 
enter the calculation of μ [see also (32)]. Taking this into account, we 
conclude that we indeed confirm the behavior Δμ = hfm (Fig. 2B). Our 
results show that the driving protocol is capable of producing a prede-
termined chemical potential difference, which may enable the transfer 
of the voltage standard to the realm of ultracold quantum gases (23, 36). 
In addition, our results are useful in situations where the relation be-
tween the atomic density and the chemical potential, μ(n), is not known. 
Measuring the density difference at both sides of the junction directly 
reveals dμ(n)/dn, which is referred to as the inverse thermodynamic 
density of states. Performing stepwise measurements by decreasing the 
density allows for the determination of the equation of state μ(n).

Next, we analyze the width of the Shapiro steps by varying the modu-
lation amplitude Im/Ic at a fixed modulation frequency of fm = 90 Hz 
(32). In Fig. 2, C and D, the widths of the zeroth and first steps display 
a Bessel- function behavior as a function of Im/Ic, which is in agreement 
with the results of numerical simulations (32). To support this observa-
tion, we use the analytical prediction of an ac voltage–driven Josephson 
junction, which yields the step width In = Ic

|||Jn
(
Vm∕Vn

)|||, where Jn is 
the Bessel function of the n- th order and Vm the modulation voltage 
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Fig. 1. Shapiro steps in an ultracold atomic Josephson junction. (A) The system consists of a cylindrically shaped superfluid, which is split by a movable optical barrier 
creating a weak link. The barrier as well as the two confining endcaps are realized with tightly focused laser beams. In the measurement protocol, the barrier is moved linearly (dc 
particle current) through the superfluid with an additional harmonic modulation (ac particle current), which is sketched in the figure. (B) At the end of the protocol, a real- space 
absorption image of the atomic cloud is taken, using matter wave imaging (32, 33). From the atom number imbalance between the two superfluids, their chemical potential 
difference is derived. The pictures are taken with a modulation current Im = 0.8Ic. The position of the barrier is marked as a dashed orange line. The atomic density is given in arbitrary 
units (a.u.). (C) Measured Shapiro steps for fm = 90 Hz and different modulation amplitudes Im. The horizontal lines indicate the ideal Shapiro step height, given by Eq. 2. Every data 
point is the average of about 25 measurement runs, and the vertical bars indicate the errors of the mean. (D) Comparison between experiment and classical- field simulation  
at T = 35 nK (32). (E) Simulations of the system at different Im (32).
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Fig. 2. Characteristics of the Shapiro steps. (A) Dependence of the step height on 
the modulation frequency fm, where the step height is determined using sigmoid  
fits (continuous lines). (B) Measurements of the step height (dots) are compared with 
the numerical simulations (triangles) and the prediction Δμ/h = fm (continuous  
line). (C and D) Measurements (dots) and simulation (triangles) of zeroth (C) and first 
(D) step widths (I0 and I1) for varying Im/Ic. The solid blue lines are a fit to the 
experimental data, following Eq. 3, where both curves are fitted simultaneously with 
the same fit parameter αfit, yielding αfit = 2.15 ± 0.08. The dashed orange lines 
indicate the theoretical prediction, following Eq. 3 (see text).
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FIGURE 23. Gauche : schéma expérimental de BERNHART, RÖHRLE et al.
(2025). Droite : caractéristiques courant - potentiel chimique mettant en évidence
les deux premières résonances de Shapiro. Pour la plus grande amplitude de mo-
dulation (notée ici Im), on notera un écart par rapport à la relation attendue
∆µ = ℏω ; cet écart peut être dû à une incertitude sur la mesure du nombre
d’atomes et la forme du potentiel de confinement, qui interviennent dans la cali-
bration du potentiel chimique. Figures extraites de BERNHART, RÖHRLE et al.
(2025).

24).

4-4 Les processus dissipatifs en jeu

Pour terminer cette description des expériences récentes sur les réso-
nances Shapiro, il est intéressant de regarder les processus dissipatifs qui
permettent à la jonction d’atteindre le régime stationnaire conduisant à la
formation de plateaux. Les simulations numériques fondées sur l’équation
de Gross-Pitaevskii sont très utiles pour cela, pourvu qu’elles aient été vali-
dées précédemment par comparaison avec l’expérience, en ce qui concerne
le fonctionnement de la jonction elle-même.

Comme nous l’avons déjà indiqué pour une jonction statique, la nature
de ces processus dissipatifs dépend de la dimensionalité du système. Dans
l’expérience "tubulaire" de BERNHART, RÖHRLE et al. (2025), on constate
que la dissipation est liée à l’émission de solitons sombres ou d’anneaux
de vorticité en aval de la jonction, en phase avec le mouvement de la bar-
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To confirm this fundamental relation, we vary fm and determine the 
height Δμ of the first step (Fig. 2A). In Fig. 2B, we show the results for 
the simulation and for the experiment by averaging over several realiza-
tions with different modulation amplitudes. The simulation reproduces 
the relation trend accurately, but the experiment measures a 10% larger 
slope. The reason for this small deviation lies in the uncertainties of the 
experimental parameters (atom number and trapping potential), which 
enter the calculation of μ [see also (32)]. Taking this into account, we 
conclude that we indeed confirm the behavior Δμ = hfm (Fig. 2B). Our 
results show that the driving protocol is capable of producing a prede-
termined chemical potential difference, which may enable the transfer 
of the voltage standard to the realm of ultracold quantum gases (23, 36). 
In addition, our results are useful in situations where the relation be-
tween the atomic density and the chemical potential, μ(n), is not known. 
Measuring the density difference at both sides of the junction directly 
reveals dμ(n)/dn, which is referred to as the inverse thermodynamic 
density of states. Performing stepwise measurements by decreasing the 
density allows for the determination of the equation of state μ(n).

Next, we analyze the width of the Shapiro steps by varying the modu-
lation amplitude Im/Ic at a fixed modulation frequency of fm = 90 Hz 
(32). In Fig. 2, C and D, the widths of the zeroth and first steps display 
a Bessel- function behavior as a function of Im/Ic, which is in agreement 
with the results of numerical simulations (32). To support this observa-
tion, we use the analytical prediction of an ac voltage–driven Josephson 
junction, which yields the step width In = Ic
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Fig. 1. Shapiro steps in an ultracold atomic Josephson junction. (A) The system consists of a cylindrically shaped superfluid, which is split by a movable optical barrier 
creating a weak link. The barrier as well as the two confining endcaps are realized with tightly focused laser beams. In the measurement protocol, the barrier is moved linearly (dc 
particle current) through the superfluid with an additional harmonic modulation (ac particle current), which is sketched in the figure. (B) At the end of the protocol, a real- space 
absorption image of the atomic cloud is taken, using matter wave imaging (32, 33). From the atom number imbalance between the two superfluids, their chemical potential 
difference is derived. The pictures are taken with a modulation current Im = 0.8Ic. The position of the barrier is marked as a dashed orange line. The atomic density is given in arbitrary 
units (a.u.). (C) Measured Shapiro steps for fm = 90 Hz and different modulation amplitudes Im. The horizontal lines indicate the ideal Shapiro step height, given by Eq. 2. Every data 
point is the average of about 25 measurement runs, and the vertical bars indicate the errors of the mean. (D) Comparison between experiment and classical- field simulation  
at T = 35 nK (32). (E) Simulations of the system at different Im (32).
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Fig. 2. Characteristics of the Shapiro steps. (A) Dependence of the step height on 
the modulation frequency fm, where the step height is determined using sigmoid  
fits (continuous lines). (B) Measurements of the step height (dots) are compared with 
the numerical simulations (triangles) and the prediction Δμ/h = fm (continuous  
line). (C and D) Measurements (dots) and simulation (triangles) of zeroth (C) and first 
(D) step widths (I0 and I1) for varying Im/Ic. The solid blue lines are a fit to the 
experimental data, following Eq. 3, where both curves are fitted simultaneously with 
the same fit parameter αfit, yielding αfit = 2.15 ± 0.08. The dashed orange lines 
indicate the theoretical prediction, following Eq. 3 (see text).
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FIGURE 24. Évolution de la position des plateaux ∆µ avec la fréquence de modu-
lation de la barrière. Figures extraites de BERNHART, RÖHRLE et al. (2025).

rière. Plus précisément, la stabilisation du plateau n est obtenue grâce à
l’émission de n solitons en une période d’oscillation (figure 25). La nature
solitonique de ces excitations est révélée par la simulation numérique, qui
donne le profil de phase en plus de la distribution en densité. La formation
de ces solitons est à l’origine de la différence de densité qui apparaît entre
les deux côtés de la jonction.

Nous montrons également en figure 26 le résultat obtenu par DEL PACE,
HERNÁNDEZ-RAJKOV et al. (2025) sur un gaz de Fermi unitaire dans une
géométrie quasi2D. Dans ce cas, le processus dissipatif dominant est la for-
mation de paires de vortex de circulations opposées, à raison d’une paire
par période de modulation pour le plateau n = 1.

Une question ouverte à ce stade porte sur l’utilisation pratique de ces
résonances de Shapiro : peuvent-elles, à l’instar du cas supraconducteur,
avoir un intérêt métrologique pour mesurer très précisément des potentiels
chimiques?
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with α = RIc/fm. We use the independently de-
termined system parameters R and Ic (32) to 
calculate this parameter, obtaining αth = 1.93 ± 
0.07. Using αth, we plot the result of Eq. 3 as the 
orange dashed line in Fig. 2, C and D. Notably, 
this fit parameter free model supports the over-
all trend of our measurements and simulations.

Microscopic dynamics
Compared with solid- state physics, the time and 
length scales in quantum gas experiments are 
orders of magnitude larger, which enables the 
in situ study of collective excitations, quasipar-
ticles, and related microscopic phenomena. To 
that end, we follow the time evolution of the 
real- space atomic density. Using only a constant 
barrier velocity—i.e., no ac particle current—we 
measure the dc and ac Josephson regime 
(Fig. 3A). Below the critical current, no imbal-
ance is created, and only a single phononic 
density wave is emitted from the initial accel-
eration of the barrier (Fig. 3A, I and II). The 
group velocity of the emitted phonons coincides 
with a reference measurement, where a single 
perturbation creates a phonon wave packet 
(32). In the ac Josephson regime above the criti-
cal current, atoms are pushed away by the bar-
rier, and a density depletion remains in its wake 
(Fig. 3A, III).

In the Shapiro regime, we see that the phase 
dynamics is instead characterized by two dis-
tinct collective excitations: phonons and local-
ized density depletions (Fig. 3, B and C). Phonons 
are emitted at distinct times in both directions 
thanks to the oscillatory motion of the barrier. 
This is particularly visible on the zeroth plateau 
(Fig. 3, B and C, I). Increasing the constant cur-
rent I beyond the zeroth plateau yields a chemical 
potential difference and atom number imbal-
ance; this phenomenon is characterized by the 
formation of “depletion waves” that move back-
ward compared with the barrier motion (blue 
lines propagating to the left in Fig. 3, B and C, 
II and III). These excitations are observed to have 
a smaller group velocity—i.e., a steeper slope (32). 
By additionally using the phase information of 
the simulation in Fig. 4A, we observe that such 
density depletions are accompanied by phase 
jumps across the density minimum and identify 
them as solitonic excitations (38). Analyzing the 
transverse phase profile right after the emission 
(32), we find that the solitonic excitations mani-
fest themselves as vortex rings. These solitonic 
excitations are responsible for most of the reduc-
tion in density, ultimately causing the particle 
imbalance across the junction (Fig. 4, B and 
C). Specifically, the simulation shows that for 
the n- th plateau, n solitonic excitations are, on 
av erage, emitted backward during one driving 
cycle (Fig. 3C, II and III) (32). This creates the 
reduced density in the wake of the moving barrier and therefore gives 
rise to the resistive regime. This statement is supported by the fact 
that the rate of emitted solitonic excitations displays a steplike behavior 
in close parallel with the staircase displayed by the chemical potential 
(fig. S13). Depending on the system geometry, the emerging solitonic 

excitations can be different. For instance, in the theoretical proposal 
(31), a larger two- dimensional system was used, and vortex- antivortex 
pairs were generated at the barrier. The appearance of vortex rings 
has been observed in previous studies (39, 40) as well as the emis-
sion of solitons from a barrier (41, 42).

A

B

C

Fig. 3. Microscopic system dynamics. Time evolution of the atomic density in the experiment [(A) and (B)] and 
in the simulation (C). (A) Constant barrier velocity. We show the time evolution for three different currents, 
indicated in the I − Δμ plot on the left. (B) Constant plus periodically modulated barrier velocity (Shapiro 
protocol), where Im = 0.8Ic and fm = 90 Hz. (C) Classical- field simulations of the driven junction, with Im = 0.8Ic 
and fm = 90 Hz. Each horizontal line in the images corresponds to a transversely integrated absorption image, 
which are stacked together. The color code indicates the relative change of the line density with respect to a 
reference image without barrier.

A B C

Fig. 4. Dynamics of solitonic excitations. (A) Time evolution of the phase δϕ(x, t) = ϕ(x, t) − ϕm(t) along the 
central x line of a single trajectory of the system for I/Ic = 0.9, Im/Ic = 0.8, and fm = 90 Hz, where ϕm(t) is 
obtained after averaging the wave function over x. The periodic barrier motion (white dashed line) modifies the 
local phase near the barrier, which results in the creation of solitonic excitations moving to the left. The red arrows 
in (A) and (B) are a guide to the eye for the position of the solitonic excitations. (B and C) Snapshots of the phase 
profile δϕ(x, y) of a single trajectory (B) and the averaged density profile Δn(x, y) for the central z plane (C) at 
times t = 0, 14.3, 19.5, 26.8, and 31 ms. During each driving cycle, the barrier motion (white vertical dashed line) 
emits one solitonic excitation, whose subsequent time evolution manifests itself as density dips in (C). The 
positions of the phase jumps in (A) are marked with red arrows. At time 14.3 ms, the phase profile of a vortex ring 
is visible (32). There are also phononic excitations that propagate in both forward and backward directions. In (C), 
we show the relative change of the density with respect to a reference cloud without barrier. In (B) and (C), the 
thermal wings outside the Thomas- Fermi region of the condensate are shaded in gray.
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FIGURE 25. Origine de la dissipation conduisant aux résonances de Shapiro.
Haut : expérience, bas : résultats numériques. On voit que n solitons sont émis
par période pour le plateau n. Il y a également émission de phonons se propageant
à la vitesse c. Figure extraite de BERNHART, RÖHRLE et al. (2025)
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dynamics of the junction, which undergoes n phase- slippage processes 
in the nth step of each modulation cycle, as illustrated in the wash-
board potential analogy of Fig. 1C (ii) for n = 1.

As a direct measurement of the phase in the unitary regime is chal-
lenging (because of strong interactions limiting the fringe contrast), 
we probe the synchronization dynamics in the strongly interacting 
regime by detecting the number of emitted vortex pairs Nd as a function 
of the injected current (Fig. 4), revealing the occurrence of phase- 
slippage processes. In the nonmodulated case, vortices are observed 
to proliferate for IDC > Ic, signaling a contribution to the junction con-
ductance stemming from collective excitations, in agreement with 
previous observations in three- dimensional atomic JJs (42, 49). For the 
AC drive, the number of detected vortex pairs instead shows a step like 
trend that closely resembles the Shapiro steps observed in the I − Δμ curve 
measured under the same driving conditions. In particular, in the 2nd 
Shapiro step, Nd doubles with respect to the 1st step, highlighting that, 
as a result of the underlying synchronized phase dynamics, the number 
of phase slips is proportional to the step number. The dissipative and 
resistive dynamics giving rise to the Shapiro steps in our atomic JJ are 
dominated by the collective excitations of the system, playing a role simi-
lar to that of quasiparticles produced by Cooper pair breaking in SJJ. 
Indeed, in all explored configurations, the junction always works in the 
regime of Δμ ≪ Δ, with Δ being the superfluid gap, where broken pairs 
are energetically suppressed and the only accessible excitations are col-
lective ones—namely, phonons, solitons and vortices (42).

Discussion and outlook
We have observed Shapiro steps in a current- driven atomic JJ composed 
of two weakly coupled strongly interacting Fermi gases. Shapiro steps 
appear as quantized plateaus in the relative chemical potential—the 

A

B

C

D

F

E

Fig. 3. Phase dynamics and dynamical locking in a driven atomic JJ in the BEC regime. (A) Current- voltage characteristic for a BEC junction under DC (light green 
symbols), and DC+AC drive at ω = 2π × 175 Hz and IAC ∕ IC = 1.4

(
1
)
 (dark green symbols). Solid lines represent the numerical simulation results (see main text), with IAC = 0 

(orange) and IAC ∕ Ic = 1.4 (dark purple). Dashed lines represent the fit (light green) with the analytical and numerical solutions (dark green) of the overdamped RCSJ model 
(40). The shaded area accounts for the Ic fitting error. Inset: Shapiro step height characterization for a BEC junction. Symbols report the experimental step height obtained 
from the average over at least two repetitions plotted following the same color code as for Fig. 1C; dotted lines mark Δμ = nℏω; and the solid lines represent the step height 
obtained from numerical simulations. (B) Current- phase relation under same experimental conditions as in (A), vertically shifted by 0.3π for the DC+AC case. Solid and 
dashed lines represent the results of the numerical simulation and RCSJ model (40), respectively, as in (A). (C) Time evolution of the interference pattern between the 
reservoirs for IAC ∕ Ic = 1.4

(
1
)
 and IDC ∕ Ic = 0.14 (i), IDC ∕ Ic = 0.83 (ii), marked by the black and red symbols in (A) and (B). Each row reports the integrated fringe profile, 

averaged over five repetitions. Red arrows signal the occurrence of phase slips; the yellow dotted line marks the barrier position. (D) Measured phase- time evolution from a 
sinusoidal fit of the fringe patterns. Solid and dashed lines represent the results of the numerical simulation and RCSJ model, respectively. (E) Drive current under the same 
experimental conditions as in (C) and (D). (F) Single- shot density profiles in time- of- flight at t∕T = 1.03 (i), 1.38 (ii), 1.73 (iii), 2.08 (iv), and 2.43 (v), showcasing the vortex 
emission process. Vortices are marked in yellow dashed circles. The yellow dotted line marks the barrier position.

Fig. 4. Vortex- antivortex pairs as phase- slip proxies in a unitary JJ. Number of 
emitted vortex- antivortex pairs as a function of the bias current IDC ∕ Ic for IAC ∕ Ic = 0 
(light blue), and IAC ∕ Ic = 2.8

(
2
)
 (dark blue). We measure the number of vortices after 

three periods of driving with a frequency ω = 2π × 175 Hz. The background color 
highlights the regions of the 0th, 1st, and 2nd Shapiro steps, with a color gradient 
reflecting the measured Δμ under the same driving conditions. Error bars represent 
the standard deviation of the mean over three to five realizations.
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FIGURE 26. Évolution d’un gaz de Fermi unitaire dans une géométrie quasi2D en
présence d’une barrière modulée (position marquée par la ligne pointillée jaune).
On s’est placé ici sur le plateau n = 1 et les instants de mesure sont ωt/2π =
1.03, 1.38, 1.7, 2.08, 2.43. Figure extraite de DEL PACE, HERNÁNDEZ-RAJKOV

et al. (2025)
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