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1962, Cambridge (UK)

Brian Josephson

Étudiant en thèse sous la direction de Brian Pippard 

Suit les cours de P.W. Anderson (Bell Labs) alors en 
séjour sabbatique en Angleterre

Problème à N corps quantique 

Supraconductivité (théorie BCS) 

Brisure spontanée de symétrie et fonction d’onde macroscopique 
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La prédiction de Josephson 'Volume 1, nur~be, r 7 

PHYSICS L E T T E R S  

1 July 1932 

P O S S I B L E  NEW E F F E C ' F 3  IN S U P E R C O N D U C T I V E  T U N N E L L I N G  * 

B. D. JOSEPHSON 
Cave~dish Laboratory, Cambridge. England Received 8 June 19~2 

We fiere present an approach to the calculation 

of tunnelling currents between two meta ls  that is 

sufficiently general to deal with the case when both 

metals are  superconducting. In that case new ef- 

fects are predtoted~ due to the possibi l i ty  that e~ec- 

tron pa i rs  may tunnel through the ba r r i e r  leaving 

the q~mst-particle dlstrtDution unchanged, 

Our proceaure,  following ttmt of Cohen et aL 1), 

i s  to tre~t the te rm in the Hamlltonian which t r ans -  

f e r s  electrons across  the ba r r i e r  as  a perturbation. 

W~ sssume that in Lhe absence of the t ransfer  t e rm 

there exist  quasi -par t ic le  operators  of definite 

energies~ whose corresponding nunther operators  

are  constant. A difficulty, due to the fact that we have a sys- 

tem containing two disjoint  superconducting r e -  

gions, a r i s e s  if we t ry  to describe quas i -par t ic les  

by the usual t~goliubov operators  2). This is  be- 

cause s ta tes  defined as eigeafanetions of the Bogo- 

tinbev quasi -par t ic le  musher  operators  contain 

phase-coherent superposit ions of states with the 

same total number of electrons but different num- 

bers  in the two regions. However, if the regions 

are  independent these s ta tes  must  be capable of 

s-uperpoeit~on with a rb i t ra ry  phases. On switehthg- 

on the t ransfer  ~erm the par t icular  phases chosen 

will  affect the predicted tunnelling current.  This 

beh~viour i s  of fundamental importance to the a r -  

gum ,nt that follows. The neglect, in the quasi-  

p~rdele  approximation, of the collective excitations 

of zero energy 3) results in au unphysical restric- 

tion in th~ free choice of phases, but may be avoid- 

ed by working with the projected states with definite 

munbers of electrons ~n both sides of th_ barrier. 

Corresponding to these projections we use opera-  

tors  which a l te r  ~ e  nmnbers of electrons on the 

two sides by definite v~m~ers **. /n par~icalar,  

corresponding to the BogoItabov operators e~ we 

• 

. 

+ ~. 

use quasi-partv)le ereafmn operators  %k, ahk 

which respectively add or remove an electron from 

~he same side as  i"-, quasi-r~r~icle and leave the 

* Work suppor~d by Trinity College, Cmnbrldge, ,and the 

Department of Scientific and h~dustrial Research. 

** We shal~ use subscripts 1 and r to distinguish n i t re -  

tots on the two sides, and k to denote an operator re- 

ferring fx) either s~de. 

number on the other sid¢~ unchanged, and pair crea- 

tion operators S~ f which add a palr of electrons on 

one side leaving the quasl-particle dls~rlbuflon un- 

clmnged. The Hermitean conjugate destruction 

operators  have s imi l a r  definitions. The S epera-  

to r s ,  re fe r r ing  to maeroseopieally occupied states,  

may be treated as  th'ne dependent c-numbers t *  

and we normal ise  them to have unit amplitude, tye- 

lations expressing electron operators  in t e rms  o~ 

q ~ s i - p a r t i c l e  opera',ors, equal-Vhne anticommuta- 

t i e s  relat ions and nu.rnber operator  relat ions may 

be derived from those of the Boguliubov theory by 

requir ing beth sides of the equations to have the 

same effect on N l and Nr,  the numbers of electrons 

on the two s ides  of the bar r ie r .  For  example, 

a~;, + 

+ 

=U kaek  O + v  k a h k l ,  a e k a e k = n  k ,  
(1) 

+ = S~ n k . 
% k ahl~ 

Noting that the Bogo~ubev Hamiltontan is H - rtN 

(~ = chemical potential), we take our unperturbed 

Hamiltonlml to be 

HO = ~k nk Ek ÷ Xt N~ + kr  Nr  , 
where Ek is the quasl-particle energy in the Bogo ~ 

linbev the~ "ry, and deri~'e the commutation rela- 

tlons 

[no,~] ~ ( %  - x~) ~ ,  (~) 4- 
[ao ,S~]  ~ 2 x~ se. 

In the presence of ~unnelllng the Hamlltonla~, Is 

H e + HT, where H T exiJressed in electron opera- 

~ors is 

f These are equivalent ~ the operators which cbm~ge 1/~ 

to IN + 2) In ~e theory of Gor'kov 4): 

ff Cf. N.N. Bogoltubov ~t el. ~'). The phase of an3 oper~- 

tor Is related to t ~  orientation of th e plume eor~nir~ 

the pseudospin ~rators ~.. Physical ob~ervable~ 

~.aanot depe~A on the phase of s single S operatol~, but 

they can depend on the r~atlve phases of the S opera-- 

tors associated with two sup~roonductin~ regions, as 

In the phenomena dealt with here• 

25 i 

En l’absence de différence de potentiel électrique entre les deux supraconducteurs, 
un courant peut néanmoins circuler entre les deux :

I = f(φa − φb)

  phases des fonctions d’onde associées aux paires de Cooperφa, φb :

φa
φb
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La réception de l’idée de Josephson

P.W. Anderson (Physics Today 1970), partisan de l’idée :

In 1962 we had already postulated that superconductivity consisted of coherence of the de 
Broglie waves representing pairs of electrons inside the superconductor. Prior to Josephson, the 
phase  of these macroscopic waves was thought to be unmeasurable in principle ...φ

D’autres physiciens ont eu une attitude plus circonspecte, 
comme Bardeen au congrès LT8 à Londres en septembre 1962

al Gor’kov equations, which allow for a varia-
tion of the energy gap parameter with posi-
tion, one sees that D will drop to zero very rap-
idly in the barrier. In effect, electrons in this
region are not paired and the wavefunction is
essentially the same as in the normal state.6

Later, Ambegaokar and Baratoff would use Gor’kov’s
formalism and draw the opposite conclusion. Bardeen had
not addressed tunneling with the comprehensiveness and
vigor he had applied to the development of BCS theory.
(See the article by Schrieffer in PHYSICS TODAY, April
1992, page 46). 

The second discovery came in 1961, when Bascom
Deaver and William Fairbank at Stanford University and,
independently, Robert Doll and Martin Näbauer in Ger-
many demonstrated the quantization of magnetic flux.
These experiments confirmed Fritz London’s 1948 theo-
retical prediction that a current in a superconductor could
be described by the macroscopic wavefunction c = +c+eif.
Only the wavefunction’s phase f changes through the
body of the superconductor. Consequently the flux thread-
ing a superconducting ring cannot have arbitrary values.
It can only be an integral multiple of the flux quantum
F0 = h/2e. The experimental confirmation of London’s
prediction provided the first direct demonstration of a
macroscopic quantum effect.7,8

Just a month after this discovery, Bardeen wrote a
paper entitled “Quantization of Flux in a Superconducting
Cylinder,”9 in which he used a macroscopic phase variable.
But, apparently, he gave no further thought to the role of

the phase. Meanwhile, Joseph-
son was studying various dif-

ferent formulations of the
theory.4 His mantra
became: The phase is “real
enough to produce . . . flux
quantization.” How can I
make it more explicit in
experiments? 

The third discov-
ery was published in
1960 by Hans Meiss-
ner in a paper enti-
tled “Superconduc-
tivity of Contacts
with Interposed Bar-
riers.”10 Meissner’s
experiments used su-
perconducting wires

of tin, coated with a
thin layer of a normal

metal such as copper.
Bringing two such wires

together, he found that the con-
tact was superconducting despite

the normal-metal overlay. This is called
the “proximity effect”—the induction of superconductivity
into normal metal. Meissner concluded that “the density
of superconducting electrons in the normally conducting
layer decreases relatively slowly with distance from the
superconductor,”10 with a range of about 300 nm into the
normal metal. This empirical conclusion was supported by
Parmenter’s theoretical work within the framework of
BCS theory.

Subsequent experiments by Paul Smith and cowork-
ers Sidney Shapiro, John Miles, and James Nicol con-
firmed Meissner’s results and addressed criticisms of his
experiments. Smith and coworkers took an additional
step. They asked for Cooper’s conclusion of the proximity
effect. At the IBM Conference on Fundamental Research
in Superconductivity in June 1961, Cooper gave theoreti-
cal support to Meissner and Parmenter’s conclusions.11

Cooper’s theoretical view contradicted Bardeen’s state-
ment of six months earlier.6

Was Bardeen aware of this difference of opinion?
Cooper had been Bardeen’s postdoc when they developed
the BCS theory. Cooper told me he remembered their
being together at the IBM conference. Either then or later,
he tried to change Bardeen’s mind, but to no avail. That
was a critical error for Bardeen, because the physics of the
proximity effect is similar to superconductive tunneling.

Cohen, Falicov, and Phillips
Following the IBM conference at which Cooper spoke,
Bardeen had 15 months to rethink his ideas before his
eventual confrontation with Josephson. In the meantime,
at the University of Chicago, Cohen, Falicov, and Phillips
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THE NOBEL LAUREATE
VERSUS

THE GRADUATE STUDENT
In 1962, Brian Josephson,

a 22-year-old research
student at Cambridge Uni-
versity, suggested a new
and surprising effect. A
supercurrent, he argued,
can tunnel through a thin
insulating barrier.1 Univer-
sity of Illinois theorist John
Bardeen disagreed, and
that mattered. At age 54,
Bardeen was the most cele-
brated solid-state theorist of his time. He had shared the
1956 Nobel Prize in Physics with William Shockley and
Walter Brattain for the invention of the transistor. He
would share a second Nobel prize in 1972 with Leon Coop-
er and Robert Schrieffer for their 1957 solution (the BCS
theory) of the long-standing riddle of superconductivity.

Bardeen publicly dismissed young Josephson’s tun-
neling-supercurrent assertion in a “Note added in proof”
to a 1962 article in Physical Review Letters:

In a recent note, Josephson uses a somewhat
similar formulation to discuss the possibility
of superfluid flow across the tunneling region,
in which no quasi-particles are created. How-
ever, as pointed out by the author [Bardeen, in
a previous publication], pairing does not
extend into the barrier, so that there can be no
such superfluid flow.2

Bardeen’s reproach led to a face-to-face debate in Lon-
don that September. When I considered writing about this
historic confrontation, I contacted Josephson and others
who played roles in the drama. In an e-mail to me last
year, Josephson offered the admonition: “Beware ye, all
those bold of spirit who want to suggest new ideas.”

The odds in the upcoming debate were stacked in
Bardeen’s favor. Superconductivity was his turf, BCS the-
ory his grand creation. Nonetheless, Josephson insisted
that Bardeen was wrong about superconductive tunneling.
Josephson’s insight into tunneling theory made the phase
of the macroscopic wavefunction accessible to experimen-
tal control. That had profound consequences. It eventually
raised metrology to extraordinary precision (1 part in 1019),
thus strengthening the foundations of physics.

I did not see the debate in London, but I learned of it
in 1965 from Don Langenberg, who was then at the Uni-
versity of Pennsylvania. I have remained fascinated by
the disparities between the antagonists, and by the out-
come. As befits good science, the dispute was eventually
resolved by experimental results, not by prestige. What
would the sociologists who call for the deconstruction of

science make of that?
The story of Joseph-

son’s discovery has been
told by his mentor Philip
Anderson (PHYSICS TODAY,
November 1970, page 23),
his thesis adviser Brian
Pippard,3 and by Josephson
himself.4 In those retellings,
however, the role of Bardeen
has been largely ignored.
Bardeen had wide influ-

ence, and he was very much in the picture. He disagreed
with a number of prominent theorists—among them,
Anderson, Cooper, Morrel Cohen, Leo Falicov, James
Phillips, Robert Parmenter, Vinay Ambegaokar, and Alex-
is Baratoff—regarding the theory of tunneling. Thus he
was involved in private debate with these theorists, and
then in public debate with young Josephson.

In the aftermath of the BCS theory came the discov-
eries of magnetic-flux quantization, the proximity effect,
and—most prominently—the novelties of tunneling. These
intertwined subjects provided the context for the debate.

Three discoveries
Bardeen’s genius, Anderson once told me, was his
“remarkable talent for picking the right problem to
attack.” Bardeen’s interest in tunneling began with Ivar
Giaever’s experimental discovery, in 1960, of novel effects
in single-particle tunneling. These exciting new results
were the talk of the laboratory when Bardeen visited Gen-
eral Electric as a member of the laboratory’s scientific
review panel that summer.

Giaever’s experiments—done while he was a graduate
student at Rensselaer Polytechnic Institute—used thin-
film tunneling structures that were “sandwiches” of alu-
minum, very thin aluminum oxide, and lead. He hoped to
see a change in the electrical characteristics of these
devices as the temperature was lowered to make the lead
superconducting. BCS theory predicted an energy gap in
superconducting lead, but its effect on tunneling was uncer-
tain. Giaever’s experiments showed a dramatic effect: The
energy gap was displayed with beautiful resolution, much
better than by other methods. No one had predicted this
result. It was a major advance, a triumph of intuition.5

For Bardeen, it was new physics. What could he do
with it? Standing on the threshold of a significant theo-
retical discovery, Bardeen submitted for publication a
paper entitled “Tunneling from a Many-Particle Point of
View,” offering an explanation for Giaever’s results. This
paper contained an error, a mistake that was not impor-
tant for Giaever’s experiments. But it was decisive for
Bardeen’s later assessment of tunneling supercurrents.
Bardeen wrote: 

If one looks at the [tunneling] problem more
closely, from the viewpoint of the more gener-

46 JULY 2001    PHYSICS TODAY © 2001 American Institute of Physics, S-0031-9228-0107-030-2

DONALD MCDONALD spent 29 years as a staff scientist at NIST in
Boulder, Colorado, doing research on the Josephson effect and supercon-
ducting electronics. Now he is a founding partner of Boulder Metric Inc.
(McDonald@indra.com).

John Bardeen, the leading condensed
matter theorist of his day, was quite
wrong when he dismissed a startling

prediction by the unknown
Brian Josephson.

Donald G. McDonald
Physics Today, July 2001
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Confirmation de l’idée de Josephson dès 1963

Vox,UMI. 10, NUMB@a 6 PHYSICAL REVIE%' LETTERS 15 MaRcH 1965

PROBABLE OBSERVATION OF THE JOSEPHSON SUPERCONDUCTING TUNNELING EFFECT

Josephson' has recently p
a new kind of tunneling cur
ing barrier between two su
This anomalous current be
tunneling of condensed elec
the Fermi surfaces of the t
voltage difference across th
the current should be dc bu
limits of the order of magn
nel current above the gap,
tive value of the phase of th
or "second Green's function I"on the two sides,
while at a nonzero voltage difference b, V it is
alternating at a frequency 2eh V/h.
We have observed an anomalous dc tunneling

current at or near zero voltage in very thin tin
oxide barriers between superconducting Sn and
Pb, which we cannot ascribe to superconducting
leakage paths across the barrier, and which be-
haves in several respects as the Josephson cur-
rent might be expected to.
Figure 1 shows an X —F recorder plot of the

tunneling current vs voltage for one of these
structures at -1.5'K. The lead and tin films

ii H =6.10 3GAuss
I. =0.6S rnA

0.3— H = 0.4 GpssI -0.3 rnA

P. %. Anderson and J. M. Rowell
Bell Telephone Laboratories, Murray Hill, New Jersey

(Received 11 January 1963)
0

redicted theoretically are both approximately 2000A thick, and the
rent through an insulat- junction has dimensions 0.025x0. 065 cm and
perconducting metals. a resistance (both metals normal} of 0.40.
haves like a direct Voltage is applied to two arms of the junction
tron pairs between from a 1-kQ potentiometer and the resulting
wo metals. %hen the current flow is measured as voltage across a
e barrier is zero, series resistor of 10Q. The voltage appearing
t may range between across the barrier is taken directly from the
itude of the usual tun- other two arms of the junction. Figure 2 shows
depending on the rela- the plot with current scale expanded to show the
e energy gap function anomalous region near the origin. The current

I-z
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FIG. 1. Current-voltage characteristic for a tin-
tin oxide-lead tunnel structure at -1.O'K, (a) for a
field of 6 x 10 3 gauss and (b) for a field 0.4 gauss.

FIG. 2. Current-voltage characteristic for structure
of Fig. 1 with expanded current scale. Note the con-
ductance at low voltages in a field -20 gauss.
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More detailed studies on the anisotropy of the
self-activated luminescence center, including the
polarization of the thermoluminescence associated
with the center, are now in progress.

~For example, D. Dutton, J. Phys. Chem. Solids
6, 101 (1958); A. Lempicki, J. Electrochem. Soc.
107, 404 (1S60).
2D. L. Birman, J. Electrochem. Soc. 107, 409 (1960).
3P. P. Feofilov, J. Phys. Radium 17, 656 (1956);
J. Lambe and%. D. Compton, Phys. Rev. 106, 684
(1S57).
4R. J. Elliott, I. G. Matthews, and E. %. J. Mitchell,

Phil. Nag. 3, 360 (1958).
5Kindly supplied by Dr. A. Addamiano, General Elec-

tric Co. , Cleveland, Ohio.
6A. Addamiano and M. Aven, J. Appl. Phys. 31, 36

(196O).
~Actually about 10 /& according to x-ray analysis.
S. Shionoya, T. Koda, K. Era, and H. Fujiwara,

J. Phys. Soc. Japan 18, Suppl. II, 299 (1963).
SJ. S. Prener and F. E, Williams, J. Chem. Phys.

25, 361 (1956).
~op. H. Kasai and Y. Otomo, Phys. Rev. Letters 7,
17 (1961); J. Chem. Phys. 37, 1263 (1962).
~~In the nomenclature used here, m or cr dipole means
parallel or perpendicular, respectively, to the sym-
metry axis of the center. See E. U. Condon and G. H.
Shortley, Theory of Atomic Spectra (University Press,
Cambridge, 1935), Chap. IV; also reference 12.
L. Patrick, Phys. Rev. 117, 1439 (1960).

JOSEPHSON CURRENTS IN SUPERCONDUCTING TUNNELING: THE EFFECT OF MICRO&AVES
AND OTHER OBSERVATIONS*

Sidney Shapiro
Arthur D. Little, Inc. , Cambridge, Massachusetts

{Received 13 June 1963)

In the course of experiments on the effect of
micromave fields on superconducting tunneling,
we have had occasion over the past few months
to fabricate many tunneling crossings of low re-
sistance (5-20 0 with a crossing area of 1.5
x10 4 cm~). Every one of these samples has
exhibited the zero-voltage currents predicted by
Josephson' and attributed, in effect, to the tun-
neling of Cooper pairs. The observation of these
currents has already been reported by Anderson
and Rowell. ' Our experiments have brought to
light several new effects which we summarize
below.
The samples were Al/Al, O~/Sn. Two five-mil-

wide Al lines, evaporated onto cleaned glass sub-
strates, were oxidized in a glom discharge gen-
erated in an atmosphere of about 0. 1 Torr of dry
oxygen for 15 seconds. A five-mil-wide cross-
strip of Sn was then evaporated forming two sam-
ples on each substrate.
The tunneling current versus voltage charac-

teristics were displayed on an X-Y oscilloscope.
A low-impedance source was used to drive the
loop containing the sample and the current-meas-
uring resistor. The latter, and thus the circuit
load line, could be varied, either in calibrated
steps or continuously, from 10 Q to 10000 Q.
The source was either dc, ac, or both in com-
bination. Generally 60-cps ac was used though
other frequencies were employed as desired.

No attempt was made to shield the earth's mag-
netic field. Most data mere taken at about 0.O'K.
The following observations were noted in the

course of experiments with a large number of
tunneling crossings:
1. Using an ac display, Fig. 1 shows for a

typical sample the zero-voltage current pre-
dicted by Josephson and previously observed
with a dc technique by Anderson and Romell.
During each haU-cycle of the sweep, current

FIG. 1. I-V characteristic near origin showing zero-
voltage Josephson current and negative resistance switch-
ing trace. Vertical scale 58. 8 p, V/cm, horizontal scale
13O nA/cm.
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light several new effects which we summarize
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wide Al lines, evaporated onto cleaned glass sub-
strates, were oxidized in a glom discharge gen-
erated in an atmosphere of about 0. 1 Torr of dry
oxygen for 15 seconds. A five-mil-wide cross-
strip of Sn was then evaporated forming two sam-
ples on each substrate.
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teristics were displayed on an X-Y oscilloscope.
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load line, could be varied, either in calibrated
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bination. Generally 60-cps ac was used though
other frequencies were employed as desired.

No attempt was made to shield the earth's mag-
netic field. Most data mere taken at about 0.O'K.
The following observations were noted in the

course of experiments with a large number of
tunneling crossings:
1. Using an ac display, Fig. 1 shows for a

typical sample the zero-voltage current pre-
dicted by Josephson and previously observed
with a dc technique by Anderson and Romell.
During each haU-cycle of the sweep, current

FIG. 1. I-V characteristic near origin showing zero-
voltage Josephson current and negative resistance switch-
ing trace. Vertical scale 58. 8 p, V/cm, horizontal scale
13O nA/cm.

I

V

existence d’un courant  
non nul (  nA),  
en l’absence de voltage

∼ ± 200

Ont suivi sur des plateformes supraconductrices 

• le SQUID (1964): superconducting quantum interference device

• les standards électriques (1969): le Volt Josephson

puis de multiples autres applications, jusqu’aux qubits supraconducteurs ( )∼ 2000

• L’effet tunnel macroscopique (1985)    [prix Nobel 2025]
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L’effet Josephson au delà de la supraconductivité

1985 : Hélium liquide superfluide (3He ou 4He) passant dans des ouvertures sub-microns

1966-73 : effet Josephson interne (3He) 

φa
φb

a

b

couplage cohérent 
(radiofréquence)

Depuis , expériences avec des gaz d’atomes froids manipulés par laser∼ 2005
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Plan du cours

Cours 1 : La jonction Josephson et le double puits de potentiel

Cours 2 : La dynamique d’une jonction Josephson et l’effet tunnel macroscopique

Cours 3 : L’effet Josephson alternatif et les résonances de Shapiro

Cours 4 : Les jonctions internes et la représentation de Schwinger

Cours 5 : Les condensats fragmentés

Cours 6 : Du SQUID supraconducteur au SQUID atomique
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Cours 1 

La jonction Josephson et le double puits de potentiel
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Plan de ce cours

Un peu d’électrocinétique de base

Les dipôles usuels (R,L,C), formulation lagrangienne du circuit LC

Les deux relations de Josephson

Le modèle RCSJ : Resistively and capacitively shunted junction

Jonction Josephson pour des gaz d’atomes froids

Le double puits de potentiel



Les dipôles usuels en électrocinétique

Résistance , capacité , inductance R C L

Le circuit  et sa fréquence propre LC ω = 1/ LC

Énergies associées       E = ∫
t
V(t′￼) I(t′￼) dt′￼

Formulation lagrangienne du circuit LC

Formulation hamiltonienne du circuit LC
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Quantification du circuit LC

Degré de liberté décrit par une paire de variables conjuguées  ou encore  {Φ, pΦ} {Φ, Q}

Quantification “canonique”:   opérateurs    avec la relation de commutation  {Φ̂, Q̂} [Φ̂, Q̂] = iℏ

On se donne une unité de charge “naturelle”  , par exemple la charge  pour une paire de Cooperq0 q0 = 2e

unité naturelle de flux :    Φ0 =
2πℏ
q0

Opérateurs sans dimension :    (flux réduit)    et      (nombre de charges) φ̂ = 2π
Φ̂
Φ0

̂n =
Q̂
q0

[φ̂, ̂n] = i relation importante que l’on retrouvera 
pour les jonctions Josephson 
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2. 

La jonction Josephson
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Géométries possibles

a b

ρa eiφa ρb eiφb

isolant, métal normal,… 
épaisseur  quelques dizaines de nanomètres ∼

lien faible



Les deux relations de Josephson

Relation 1 :   lien entre courant et différence de phase

Relation 2 :   lien entre l’évolution de la phase et la tension
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Le modèle RCSJ (resistively and capacitively shunted junction)

Les deux relations de Josephson ne suffisent pas à décrire l’ensemble des phénomènes possibles

Par exemple : que se passe-t-il si on branche un générateur de courant délivrant une intensité supérieure à  ?Ic

Ic sin'

R

C
a b

I I

Capacité formée par les deux parois de la jonction (  à  Farad)10−15 10−10

Dissipation décrite par  d’origine variée (0.1 à 100 Ohms) : courant de quasi-particules, 
inhomogénéités de la barrière, etc.

R



Le courant total dans le modèle RCSJ

Ic sin'

R

C
a b

I I

Les énergies en présence dans le cas sans dissipation ( )  et un courant extérieur R = ∞ I = 0

• Énergie liée à la capacité  

• Énergie liée à la jonction idéale 

C

I = Ic sin φ
jonction  pendule pesant⇔
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Les oscillations plasma

Petites oscillations du “pendule” autour de sa position d’équilibre, pour un courant extérieur I = 0

a b 0 = Ic sin φ +
ℏC
2e

··φ avec      sin φ ≈ φ

Mouvement harmonique de pulsation    ω =
2eIc

ℏC

Situation voisine du circuit  avec une paramétrisation en termes d’énergies caractéristiques :LC

EC ≡
q2

0

C
=

(2e)2

C
EJ ≡

ℏIc

2e
⟹ ℏω = ECEJ

Valeurs typiques :    μA         pF        GHzIc = 2 C = 1 ω/(2π) = 10
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3. 

Jonction Josephson pour un condensat de Bose-Einstein d’atomes

Description par une approche champ classique : l’équation de Schrödinger non-linéaire / Gross-Pitaevskii 

iℏ
∂ψ
∂t

= −
ℏ2

2m
∇2ψ + V(r) ψ(r, t) + Ng |ψ(r, t) |2 ψ(r, t)

cinétique potentiel interaction
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Le double puits

V(x)

x

V(x)

x

Potentiel harmonique Boîte à fond plat

Barrière centrale formée par un faisceau laser très focalisé (  micromètre)∼
Hauteur de la barrière  potentiel chimique  du fluide : franchissement possible par effet tunnel≳ μ

μbμa
μbμa

a b
a b

Différence importante avec un supraconducteur :

• Le supraconducteur est un système ouvert et la densité de charges reste constante 

• Le fluide atomique est un système isolé et le nombre total d’atomes  reste constantNa + Nb
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Modèle à deux modes

x

Φa Φb

On décrit l’état du système par une fonction d’onde macroscopique :

ψ(r, t) = αa(t) Φa(r) + αb(t) Φb(r) |αa |2 + |αb |2 = 1

Les modes spatiaux  et  sont supposés fixés (indépendants du temps)Φa(r) Φb(r)

L’évolution des coefficients  et  peut être obtenueαa(t) αb(t)

• en projetant l’équation de Gross-Pitaevskii       sur les deux modes  et  iℏ
∂ψ
∂t

= ⋯ Φa(r) Φb(r)

• par une approche variationnelle dépendant du temps à partir de la fonctionnelle d’énergie 
de Gross-Pitaevskii E[αa, αb]

résultats identiques
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Construction des deux modes  et Φa Φb

On considère pour simplifier le cas symétrique

Etat fondamental de l’énergie de Gross-Pitaevskii

�40 �20 0 20 40

0

x

�0(x)

on le choisit réel et positif

Etat excité de l’énergie de Gross-Pitaevskii avec 
une différence de phase de  entre les deux côtésπ

�40 �20 0 20 40

0

x

�1(x)

on le choisit réel et positif pour x > 0

La différence d’énergie  est due au couplage tunnel :      potentiel chimiqueE1 − E0 E1 − E0 ≪
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Construction des deux modes  et   (suite)Φa Φb

On a construit les états stationnaires  et  : Φ0 Φ1

�40 �20 0 20 40

0

x

�0(x)

�40 �20 0 20 40

0

x

�1(x)

On considère les combinaisons linéaires symétriques et antisymétriques :

�40 �20 0 20 40

0

x

�a,b(x)

Φa(x) =
1

2
(Φ0(x) − Φ1(x))

Φb(x) =
1

2
(Φ0(x) + Φ1(x))
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Limitation de cette approche à deux modes

ψ(r, t) = αa(t) Φa(r) + αb(t) Φb(r)

Les états accessibles :

avec   |αa |2 + |αb |2 = 1

Nombre de particules dans chaque mode :                      Na = N |αa |2 Nb = N |αb |2

• Approche bien adaptée pour décrire des situations proches de l’équilibre 

Na ∼ N/2 Nb ∼ N/2

x

Φa Φb

• Néglige toutes les excitations à l’intérieur d’un des deux puits

correct si on se limite à des énergies d’excitation ∼ E1 − E0
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Variables n, φ

x

Φa Φb
Partant de la situation avec  et  atomes de part et d’autre de la 
barrière, on a à l’instant  :

N̄a N̄b
t

Na(t) = N |αa(t) |2 = N̄a + n(t) Nb(t) = N |αb(t) |2 = N̄b − n(t)

ψ(r, t) = αa(t) Φa(r) + αb(t) Φb(r)

On introduit également les phases   et  :             φa φb αa(t) = |αa | eiφa αb(t) = |αb | eiφb

Phase relative :      φ ≡ φa − φb

La dynamique du double puits peut se décrire en terme d’équations couplées pour    et  n φ
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L’énergie du double puits (cas symétrique)

x

Energie totale :       E(n, φ) = Ea(Na) + Eb(Nb) + Etunnel(n, φ)

N̄a + n N̄b − n

Développement pour  :  n ≪ N

Ea(Na) = Ea(N̄a) + ( ∂Ea

∂Na ) n +
1
2 ( ∂2Ea

∂N2
a ) n2 + ⋯

   : compressibilité
∂2Ea

∂N2
a

=
∂μa

∂Na
≡ UaEb(Nb) = Eb(N̄b) − ( ∂Eb

∂Nb ) n +
1
2 ( ∂2Eb

∂N2
b ) n2 + ⋯

    : potentiel chimique
∂Ea

∂Na
= μ̄a

    Énergies sur site :   ⇒ Ea(Na) + Eb(Nb) = Cte + Δμ n +
1
2

ECn2

     joue le rôle d’une énergie de chargeEC =
∂μa

∂Na
+

∂μb

∂Nb
Δμ = μ̄a − μ̄b
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L’énergie tunnel Etunnel(n, φ)

Hamiltonien tunnel en seconde quantification : Ĥtunnel ∝ − ( ̂ab̂† + ̂a†b̂)
Dans l’approximation “champ classique” utilisée ici :

̂a ⟶ Na eiφa

̂a† ⟶ Na e−iφa

b̂ ⟶ Nb eiφb

b̂† ⟶ Nb e−iφb

Ĥtunnel ⟶ Etunnel ∝ − NaNb (ei(φa−φb)+c.c.)
       NaNb = N̄aN̄b γ(n)

ei(φa−φb)+c.c. = 2 cos(φa − φb)

dont on déduit l’énergie tunnel :

On écrira cette énergie sous la forme :    Etunnel = − EJ γ(n) cos φ

Le terme  est nouveau par rapport aux jonctions supraconductrices !γ(n)

φ = φa − φb

N̄a + n N̄b − n

  à l’équilibreγ(n) = 1
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On récapitule… E(n, φ) = Ea(Na) + Eb(Nb) + Etunnel(n, φ)

Énergie totale (à une constante additive près) :    

• Détermination de  à partir de la compressibilité du gaz :        EC EC ∼
∂μ
∂N

• Détermination de   en comparant les deux situations   et EJ {n = 0, φ = 0} {n = 0, φ = π}

�40 �20 0 20 40

0

x

�0(x)

�40 �20 0 20 40

0

x

�1(x) EJ =
1
2

(E1 − E0)

E(n, φ) = Δμ n +
EC

2
n2 − EJ γ(n) cos φ
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4. 

Equations du mouvement d’une jonction atomique  

et oscillations plasma
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Équations du mouvement de la jonction atomique

La dynamique de la jonction se déduit directement de son énergie : 

E(n, φ) = Δμ n +
EC

2
n2 − EJ γ(n) cos φ

On trouve :

ℏ ·n = EJ γ(n) sin φ

ℏ ·φ = − (Δμ + nEC) + EJ γ′￼(n) cos φ

équivalent à la 1ère relation de Josephson (à  près)γ(n)

  : équivalent du voltage 
pour la jonction supra

Δμ

équivalent à la 2ème relation de Josephson  

(à  près)γ′￼(n) =
dγ
dn

ℏ ·n =
∂E
∂φ

Équations de Lagrange : ℏ ·φ = −
∂E
∂n
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Les oscillations plasma d’une jonction atomique

On considère une jonction proche de son état fondamental :     N̄a = N̄b =
N
2

⇒ Δμ = 0

On suppose  de plus     et n ≪ N φ ≪ 1

γ(n) ≡
NaNb

N/2
= 1 −

4n2

N2
≈ 1 −

2n2

N2
γ′￼(n) = −

4n
N2

Les équations du mouvement se simplifient pour donner :

ℏ ·n = EJ φ

ℏ ·φ = − (EC +
4EJ

N2 ) n
   Mouvement oscillant à la pulsation  :⇒ ωp (ℏωp)2 = EJ (EC +

4EJ

N2 )

Na,b =
N
2

± n

ℏ ·n = EJ γ(n) sin φ

ℏ ·φ = − (Δμ + nEC) + EJ γ′￼(n) cos φ
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Les deux régimes d’oscillation plasma d’une jonction (champ classique)

(ℏωp)2 = EJ (EC +
4EJ

N2 )

EC

4EJ

N2

ℏωp = EJEC

régime Josephson

γ(n) ≈ 1
γ′￼(n) ≈ 0

régime de Rabi

ℏωp = 2EJ /N

  joue un 
rôle important
γ′￼(n)
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Première observation ! Albiez et al, PRL 95, 010402 (2005)

Double puits de potentiel contenant 
 atomes de 87Rb∼ 1150

Séparation entre les deux centres : m4.4 μ

On mesure les nombres  par imagerie 
directe ou la phase  par les 
interférences entre les deux nuages (après 
expansion)

Na,b
φ = φa − φb

Expérience réalisée dans le régime Josephson   EC ≫ 4EJ /N2

EJ /Nh = 2 Hz
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En conclusion

Jonction Josephson idéale décrite par les deux relations
I = Ic sin φ

ℏ ·φ = 2eV

Le modèle RCSJ pour prendre en compte 
les effets capacitifs et dissipatifs

Ic sin'

R

C
a b

I I

Passage à une jonction atomique 

ℏ ·n = EJ γ(n) sin φ

ℏ ·φ = − (Δμ + nEC) + EJ γ′￼(n) cos φ

Equivalence avec une jonction supra 
si on peut prendre γ(n) ≈ 1, γ′￼(n) = 0

φa φb

φ = φa − φb

EJ ≡
ℏIc

2e
EC ≡

(2e)2

C

N̄a + n N̄b − n


