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Séminaires

Aujourd’hui : Benoît Vermersch, Quobly & Université Grenoble Alpes 
Observing the quantum Mpemba effect in a quantum processor       

Vendredi 19 juin : Klaus Mølmer, Københavns Universitet & Niels Bohr Institute, Copenhague 
Sensing with quantum trajectories          

 
Vendredi 26 juin : Eleni Diamanti, LIP6 Sorbonne Université 
Ressources et applications des réseaux quantiques 
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Jonctions externes vs. jonctions internes

a b

|a⟩

|b⟩

   : états externes a, b

ψ(x, t) = αa(t)Φa(x) + αb(t)Φb(x) |ψ(t)⟩ = αa(t) |a⟩ + αb(t) |b⟩

états internes (par exemple le spin)

1966 : proposition initiale de Leggett, basée sur un modèle de supraconducteur à deux bandes

1971-72 : découverte de la superfluidité de 3He (Osheroff, Lee & Richardson)

1973-74 : analyse des différentes phases du liquide par Leggett, à partir des anomalies 
                 d’expériences de RMN expliquées en termes d’effet Josephson interne

Les atomes sont tous localisés 
dans la même région spatiale
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Transposition à des gaz d’atomes froids

|a⟩

|b⟩

|a⟩

|b⟩

|e⟩

Différences potentiellement importantes avec une jonction externe :

• Le couplage tunnel, caractérisé par l’énergie , peut être grand EJ

• L’énergie de charge , qui dépend des interactions entre atomes, va faire intervenir 
les trois types d’interaction   

EC

a − a, b − b, a − b
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Régime Josephson et régime de Rabi |a⟩

|b⟩

Na Nb

Énergie de la jonction : E(n, φ) = Δμ n +
EC

2
n2 − EJ γ(n) cos φ

Na(t) = N̄a + n(t)

Nb(t) = N̄b − n(t)
Δμ = μ(N̄a) − μ(N̄b)

γ(n) ≡ (1 +
n

N̄a ) (1 −
n

N̄b )

Les jonctions internes permettent d’étudier plus facilement la transition entre les deux régimes

Possible bifurcation de l’état fondamental de la jonction à la transition 

EC

4EJ

N2

ℏωp = EJEC

régime Josephson
γ(n) ≈ 1

régime de Rabi

ℏωp = 2EJ /N

La variation de  joue un rôle importantγ(n)

oscillation plasma au voisinage de l’état fondamental

Ca particulier simple :      et     Na = Nb = N/2 γ(n) = 1 − 4n2/N2
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Plan du cours

1. Préliminaire : l’atome habillé 

Système à deux niveaux couplé à un champ monochromatique quasi-résonnant

2. L’approximation du mode spatial unique

3. La jonction Josephson retrouvée

4. États stationnaires et bifurcation

Représentation de Schwinger et algèbre d’un grand moment cinétique

lines in Fig. 1(c). For vanishing interaction between
the particles, ! ¼ 0, this corresponds to resonant Rabi
oscillations of N independent particles. The situation
changes drastically for !> 1 since the F! fixed point
undergoes a supercritical pitchfork bifurcation implying
that F! becomes unstable while two new stable fixed

points F" ¼ ½"
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1$ ð1=!2Þ

p
;!' are formed [Fig. 1(c)].

For our system this implies that a single trajectory around
F! splits up in two distinct trajectories around the new
fixed points F", which are delimited by a separatrix.

For a quantitative experimental study of the bifurcation
phenomenon, we study the temporal mean imbalance for
two fixed initial preparations. In the Rabi regime (!< 1)
initial preparations with " ¼ ! and z ¼ "z0 correspond-
ing to points north or south of the equator (see the inset in
Fig. 2) lead to dynamics with a vanishing temporal mean
population imbalance. This results from the fact that both

preparations share the same trajectory; i.e., no separatrix
exists. This is distinct to the Josephson regime where initial
preparations that are enclosed by the separatrix lead to
different trajectories resulting in nonvanishing mean im-
balances. This is demonstrated quantitatively in Fig. 2,
where the resulting temporal mean imbalances for the
initial preparation points ð"0:454;!Þ are shown. The ex-
perimental data clearly reveal the topological change in the
system’s phase space. It is in quantitative agreement with
the analytical predictions (solid lines) [22] calculated by
using independently measured parameters (see [24]).
To put this bifurcation measurement in a more general

context, we examine the whole phase portrait of the system
for characteristic values of ! across the Rabi to Josephson
transition. The nonlinear interaction # is set by a Feshbach
resonance at 9.1 G [25] and is kept constant for all experi-
ments. Different regimes of ! are explored by changing
the linear coupling strength " adjusted by the intensity of
the radio-frequency radiation. We check the resonant cou-
pling condition by regular reference measurements [24].
The measurement of the dynamics with shot noise limited
precision is feasible in our experiment since we prepare the
initial condition on the quantum mechanical uncertainty
level, i.e., coherent spin states [26]. The initial state prepa-
ration is done in a two-step process. The population im-
balance zðt ¼ 0Þ is controlled by the duration of a short
two-photon pulse applied to the particles in state jai. The
dynamics is initiated by a nonadiabatic change of the

FIG. 2 (color online). Direct observation of the symmetry
breaking in the dynamics due to the bifurcation. Two initial
states symmetric in the upper and lower hemisphere (see the
inset) lead to qualitatively different dynamics in the Rabi and
Josephson regime, respectively. In the Rabi regime both initial
states share the same trajectory around the stable fixed point F!,
and the temporal mean imbalance vanishes in both cases. By
increasing ! exceeding the critical value, a separatrix is formed
and the chosen initial preparations lead to two distinct trajecto-
ries separated by this separatrix. The dynamical modes are
characterized by a nonvanishing mean population imbalance.
The solid line represents the theoretical prediction.

FIG. 1 (color online). Interacting many-particle system as a
model system for bifurcation physics. (a) 87Rb offers two hy-
perfine states jai (blue) and jbi (red) which are linearly coupled
via a two-photon transition with Rabi frequency " and which
allow for adjusting the interparticle interaction # via a Feshbach
resonance. (b) The many-particle state is represented on a
generalized Bloch sphere, and its uncertainty area for our ex-
perimental parameters is shown, revealing that a mean field
description is adequate. Points on the sphere represent popula-
tion difference z (z direction) and relative phase " between the
two internal states in the same spatial mode. (c) Trajectories on
the Bloch sphere below and above the bifurcation value of the
ratio ! ¼ #N=". The typical supercritical pitchfork bifurcation
scenario occurs; i.e., a stable fixed point bifurcates in two new
stable fixed points while the original becomes unstable. The
arrows indicate the direction of flow close to these points.

PRL 105, 204101 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

12 NOVEMBER 2010

204101-2

Λ ≡
N2EC

4EJ

2n
N

Zibold et al., PRL 105, 204101



Couplage d’un atome unique avec un champ monochromatique
|a⟩

|b⟩

• Fréquence de Rabi, désaccord

• L’approximation du champ tournant (RWA, rotating wave approximation)

• Hamiltonien effectif indépendant du temps

• Etats “habillés”
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Sphère de Bloch et états habillés

Couplage en  : états habillés            cos(ωt) |1⟩ = (cos(θ/2)
sin(θ/2)) |2⟩ = ( sin(θ/2)

−cos(θ/2))
Couplage en  : états habillés            cos(ωt + γ) |1⟩ = ( cos(θ/2)

eiγ sin(θ/2)) |2⟩ = ( sin(θ/2)
eiγ cos(θ/2))

ω

ε

|1→

|a→

|b⟩

Représentation sur une sphère de rayon 1 par les deux points 
diamétralement opposés :

• Colatitude  ,   longitude     pour  θ γ |1⟩

• Colatitude  ,   longitude     pour  π − θ γ + π |2⟩

Pour une excitation résonante ( ):             les états habillés sont sur l’équateurΔ = 0 θ = π/2 →
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Plan du cours

1. Préliminaire : l’atome habillé 

2. L’approximation du mode spatial unique

3. La jonction Josephson retrouvée

4. États stationnaires et bifurcation

Représentation de Schwinger et algèbre d’un grand moment cinétique



10

Le mode spatial unique

Gaz confiné dans un piège de grande raideur 

Les fréquences d’oscillations   ( ) sont supposées telles que  ωi i = x, y, z   ℏωi ≫ μs

  :   potentiel chimique “de spin” liés à la différence des coefficients d’interaction 

         ou        

μs

gaa − gbb
1
2

(gaa + gbb) − gab

La fonction d’onde spatiale reste alors inchangée au cours de l’évolution des degrés de liberté de spin 

fonction d’onde   Φ(r)

∫ |Φ(r) |2 d3r = 1



• Espace de Hilbert à  particules et seconde quantification N

• Hamiltonien décrivant le couplage cohérent au champ micro-onde ou laser

• Opérateurs création  et destruction ̂a†, b̂† ̂a, b̂

Opérateur “à un corps”:      première quantification    seconde quantification    |a⟩⟨b | ⟶ ̂a†b̂

• Représentation de Schwinger

Algèbre de moment cinétique avec J =
N
2

Ĥcoh = − ℏΩ ̂Jx − ℏΔ ̂Jz
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Énergie d’interaction entre atomes (s’il y a un seul état interne)

fonction d’onde   Φ( ⃗r)

∫ |Φ( ⃗r) |2 d3r = 1

Approximation de champ moyen :

Eint =
1
2 ∫∫ ρ( ⃗r) ρ( ⃗r′￼) V( ⃗r − ⃗r′￼) d3r d3r′￼

  : densité au point ρ( ⃗r) ⃗r

ρ( ⃗r) = N |Φ( ⃗r) |2

Pour des interactions locales :   V( ⃗r − ⃗r′￼) = g δ( ⃗r − ⃗r′￼) ⟹ Eint =
1
2

gN2 ∫ |Φ( ⃗r) |4 d3r

On note           [dimension : (volume)-1 ]ℐ = ∫ |Φ( ⃗r) |4 d3r

Eint =
1
2

ℐgN2



Énergie d’interaction entre atomes (deux états internes    et  )a b

Énergie d’interaction entre atomes (un seul état interne)

Eint =
1
2

ℐgN2

Trois constantes d’interaction : 

a a

bb

a b

: gaa

: gbb

: gab

fonction d’onde   Φ( ⃗r)

∫ |Φ( ⃗r) |2 d3r = 1

ℐ = ∫ |Φ( ⃗r) |4 d3r
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L’hamiltonien total de la jonction interne (approximation du mode spatial unique)

Couplage avec le champ cohérent :     Ĥcoh = − ℏΩ ̂Jx − ℏΔ ̂Jz

Interactions entre atomes (à une constante additive près) :     Ĥint = ℏΔint
̂Jz +

EC

2
̂J2
z

avec      Δ̃ ≡ Δ − Δint

Hamiltonien de Lipkin - Meshkov - Glick (LMG)

Proposé initialement (1965) comme banc d’essai pour tester différentes méthodes d’approximation

Ĥ = Ĥcoh + Ĥint = − ℏΩ ̂Jx − ℏΔ̃ ̂Jz +
EC

2
̂J2
z
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Plan du cours

1. Préliminaire : l’atome habillé 

2. L’approximation du mode spatial unique

3. La jonction Josephson retrouvée

4. États stationnaires et bifurcation

Passage de la dynamique quantique à la dynamique classique
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De la dynamique quantique à la dynamique classique

On se place en point de vue de Heisenberg :

• On choisit un état initial  qui va rester fixé|ψ⟩

• On fait évoluer les opérateurs  décrivant les quantités physiques pertinentes, ici les composantes 𝒪̂ ̂Ji

Équation d’évolution :      iℏ
d𝒪̂
dt

= [𝒪̂, Ĥ]

Un exemple préliminaire : une particule de masse  en mouvement dans le potentiel m V(x) :

Hamiltonien       avec   Ĥ =
̂p2

2m
+ V( ̂x) [ ̂x, ̂p] = iℏ

• On prend la valeur moyenne sur l’état initial :  : retrouve-t-on la dynamique classique ?    iℏ
d⟨𝒪̂⟩

dt
= ⟨[𝒪̂, Ĥ]⟩
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Equations de Heisenberg pour l’hamiltonien LMG

Ĥ = − ℏΩ ̂Jx − ℏΔ̃ ̂Jz +
EC

2
̂J2
z iℏ

d𝒪̂
dt

= [𝒪̂, Ĥ]

Évolution des trois composantes du moment cinétique   ̂Jx, ̂Jy, ̂Jz :

d ̂Jx

dt
= Δ̄ ̂Jy −

EC

2ℏ ( ̂Jy
̂Jz + ̂Jz

̂Jy)
d ̂Jy

dt
= Ω ̂Jz − Δ̄ ̂Jx +

EC

2ℏ ( ̂Jx
̂Jz + ̂Jz

̂Jx)
d ̂Jz

dt
= − Ω ̂Jy

On prend la valeur moyenne :               ???    ⟨ ̂Jα
̂Jβ⟩ ≈ ⟨ ̂Jα⟩⟨ ̂Jβ⟩

[ ̂Jx, ̂Jy] = i ̂Jz
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Quand peut-on avoir      ? ⟨ ̂Jα
̂Jβ⟩ ≈ ⟨ ̂Jα⟩⟨ ̂Jβ⟩

Grand nombre  de particules       N ⇒ J =
N
2

≫ 1

On sait par ailleurs que   ̂J2 = J(J + 1) ≈ J2

   Si l’hypothèse      est vérifiée, on doit avoir      ⟶ ⟨ ̂Jα
̂Jβ⟩ ≈ ⟨ ̂Jα⟩⟨ ̂Jβ⟩ ⟨Jx⟩2 + ⟨Jy⟩2 + ⟨Jz⟩2 ≈ J2

• C’est bien le cas si on prend l’état initial    ,   |J, Mz = ± J⟩ α = x, y, z

• Plus généralement, OK si on prend un “état cohérent de spin” :                : vecteur unitaire quelconque|J, M ⃗u⟩ = J ⃗u

• Ne convient pas pour beaucoup d’autres classes d’états, par exemple  |J, Mz = 0⟩
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Équations d’évolution des moyennes ⟨ ̂Jα⟩
dJx

dt
= Δ̄Jy −

EC

ℏ
JyJz

dJy

dt
= ΩJz − Δ̄Jx +

EC

ℏ
JxJz

dJz

dt
= − ΩJy

Approximation    ⟨ ̂Jα
̂Jβ⟩ ≈ ⟨ ̂Jα⟩⟨ ̂Jβ⟩ ⟹

Paramétrisation du vecteur “moment cinétique moyen”   ⃗J = (Jx, Jy, Jz)

̂Jz =
1
2 (N̂a − N̂b) ⇒ Jz = n

                     Jx =
N
2

γ(n) cos φ Jy = −
N
2

γ(n) sin φ

|Na = N,Nb = 0→

|Na = 0, Nb = N→

↑ω

n
J2

x + J2
y + J2

z =
N2

4
⇒ J2

x + J2
y =

N2

4 (1 −
4n2

N2 )
γ2(n)
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Dictionnaire de passage entre jonctions externes et internes

jonction externe jonction interne

E(n, φ) = − EJ γ(n) cos φ + Δμ n +
EC

2
n2

= −
NℏΩ

2
γ(n) cos φ − ℏΔ̃ n +

EC

2
n2

EJEnergie tunnel

Potentiel chimique Δμ

Energie de charge 
(compressibilité)

EC

N ℏΩ/2 fréquence de Rabi

−ℏΔ̃ désaccord renormalisé

EC Interactions différentielles
ℐ(gaa + gbb − 2gab)

⟨ĤLMG⟩ = − ℏΩ Jx − ℏΔ̃ Jz +
EC

2
J2

z

Jx =
N
2

γ(n) cos φ

Jz = n
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Jonction interne vs. jonction externe

Couplage tunnel   couplage cohérent     ↔ EJ = NℏΩ/2

Exploration de régimes où  devient plus important  
(en comparaison avec les autres paramètres du problème)

EJ

E(n, φ) = − EJ γ(n) cos φ +
EC

2
n2 + ⋯

Energie de charge   EC = (gaa + gbb − 2gab)∫ |Φ |4

Exploration du régime    même si tous les  sont séparément positifsEC < 0 gij

(N.B. : pas de risque de démixtion tant que l’approximation du mode spatial unique est valide) 

|a⟩

|b⟩
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Plan du cours

1. Préliminaire : l’atome habillé 

2. L’approximation du mode spatial unique

3. La jonction Josephson retrouvée

4. États stationnaires et bifurcation

lines in Fig. 1(c). For vanishing interaction between
the particles, ! ¼ 0, this corresponds to resonant Rabi
oscillations of N independent particles. The situation
changes drastically for !> 1 since the F! fixed point
undergoes a supercritical pitchfork bifurcation implying
that F! becomes unstable while two new stable fixed

points F" ¼ ½"
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1$ ð1=!2Þ

p
;!' are formed [Fig. 1(c)].

For our system this implies that a single trajectory around
F! splits up in two distinct trajectories around the new
fixed points F", which are delimited by a separatrix.

For a quantitative experimental study of the bifurcation
phenomenon, we study the temporal mean imbalance for
two fixed initial preparations. In the Rabi regime (!< 1)
initial preparations with " ¼ ! and z ¼ "z0 correspond-
ing to points north or south of the equator (see the inset in
Fig. 2) lead to dynamics with a vanishing temporal mean
population imbalance. This results from the fact that both

preparations share the same trajectory; i.e., no separatrix
exists. This is distinct to the Josephson regime where initial
preparations that are enclosed by the separatrix lead to
different trajectories resulting in nonvanishing mean im-
balances. This is demonstrated quantitatively in Fig. 2,
where the resulting temporal mean imbalances for the
initial preparation points ð"0:454;!Þ are shown. The ex-
perimental data clearly reveal the topological change in the
system’s phase space. It is in quantitative agreement with
the analytical predictions (solid lines) [22] calculated by
using independently measured parameters (see [24]).
To put this bifurcation measurement in a more general

context, we examine the whole phase portrait of the system
for characteristic values of ! across the Rabi to Josephson
transition. The nonlinear interaction # is set by a Feshbach
resonance at 9.1 G [25] and is kept constant for all experi-
ments. Different regimes of ! are explored by changing
the linear coupling strength " adjusted by the intensity of
the radio-frequency radiation. We check the resonant cou-
pling condition by regular reference measurements [24].
The measurement of the dynamics with shot noise limited
precision is feasible in our experiment since we prepare the
initial condition on the quantum mechanical uncertainty
level, i.e., coherent spin states [26]. The initial state prepa-
ration is done in a two-step process. The population im-
balance zðt ¼ 0Þ is controlled by the duration of a short
two-photon pulse applied to the particles in state jai. The
dynamics is initiated by a nonadiabatic change of the

FIG. 2 (color online). Direct observation of the symmetry
breaking in the dynamics due to the bifurcation. Two initial
states symmetric in the upper and lower hemisphere (see the
inset) lead to qualitatively different dynamics in the Rabi and
Josephson regime, respectively. In the Rabi regime both initial
states share the same trajectory around the stable fixed point F!,
and the temporal mean imbalance vanishes in both cases. By
increasing ! exceeding the critical value, a separatrix is formed
and the chosen initial preparations lead to two distinct trajecto-
ries separated by this separatrix. The dynamical modes are
characterized by a nonvanishing mean population imbalance.
The solid line represents the theoretical prediction.

FIG. 1 (color online). Interacting many-particle system as a
model system for bifurcation physics. (a) 87Rb offers two hy-
perfine states jai (blue) and jbi (red) which are linearly coupled
via a two-photon transition with Rabi frequency " and which
allow for adjusting the interparticle interaction # via a Feshbach
resonance. (b) The many-particle state is represented on a
generalized Bloch sphere, and its uncertainty area for our ex-
perimental parameters is shown, revealing that a mean field
description is adequate. Points on the sphere represent popula-
tion difference z (z direction) and relative phase " between the
two internal states in the same spatial mode. (c) Trajectories on
the Bloch sphere below and above the bifurcation value of the
ratio ! ¼ #N=". The typical supercritical pitchfork bifurcation
scenario occurs; i.e., a stable fixed point bifurcates in two new
stable fixed points while the original becomes unstable. The
arrows indicate the direction of flow close to these points.

PRL 105, 204101 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

12 NOVEMBER 2010

204101-2

Λ ≡
N2EC

4EJ

2n
N

Zibold et al., PRL 105, 204101



L’hamiltonien et son état fondamental

On choisit pour simplifier un désaccord renormalisé  nul :Δ̃

Ĥ = − ℏΩ ̂Jx +
EC

2
̂J2
z Ces deux termes ne commutent pas !

N EC

régime Josephsonrégime de Rabi ℏΩ

  domine−ℏΩ ̂Jx

état fondamental : |J, Mx = J⟩

énergie : −
1
2

NℏΩ

   domine
EC

2
̂J2
z

Si   :      état fondamental ,  énergie nulleEC > 0 |J, Mz = 0⟩

Si   :      état fondamental ,  énergie EC < 0 |J, Mz = ± J⟩ −
N2 |EC |

8

evol. douce

bifurcation



L’hamiltonien et son état fondamental de plus haute énergie

On choisit pour simplifier un désaccord renormalisé  nul :Δ̃

Ĥ = − ℏΩ ̂Jx +
EC

2
̂J2
z Ces deux termes ne commutent pas !

N EC

régime Josephsonrégime de Rabi ℏΩ

  domine−ℏΩ ̂Jx

état le plus haut : |J, Mx = − J⟩

énergie : 
1
2

NℏΩ

   domine
EC

2
̂J2
z

Si   :      état le plus haut ,  énergie nulleEC < 0 |J, Mz = 0⟩

Si   :      état le plus haut ,  énergie EC > 0 |J, Mz = ± J⟩
N2EC

8

evol. douce

bifurcation
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Courbes iso-énergies et bifurcation ( )EC < 0

E(n, φ) = − EJ γ(n) cos φ −
|EC |

2
n2

Minimum obtenu pour φ = 0

Λ ≡
N2EC

4EJ
< 0

Bifurcation du minimum pour Λ = − 1

si      minimum en −1 < Λ < 0 : n = 0

si      minimum en Λ < − 1 : n = ± N
2

1 −
1

Λ2

Maximum obtenu pour φ = π
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Transition para-ferromagnétisme pour EC < 0

→0.4 →0.2 0 0.2 0.4

→1

→0.98

→0.96

→0.94

→0.92

n/N

E
EJ

! =-0.9
! =-1
! =-1.1

Brisure de symétrie  due à 

la compétition entre  et 

Z2

Jx J2
z

Transition de phase pour une jonction étendue 
 étudiée dans le groupe de Trento
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Courbes iso-énergies et bifurcation ( )EC > 0

E(n, φ) = − EJ γ(n) cos φ +
EC

2
n2

Minimum obtenu pour φ = 0

Λ ≡
N2EC

4EJ
> 0

Bifurcation du maximum pour Λ = 1

si      maximum en 0 < Λ < 1 : n = 0

si      maximum en 1 < Λ : n = ± N
2

1 −
1

Λ2

Maximum obtenu pour φ = π

Rabi

Josephson
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La dynamique de la jonction retrouvée ( )EC > 0

Régime Josephson   

ici     

Λ ≡
N2EC

4EJ
≫ 1

Λ = 20

Oscillation plasma

Auto-piégeage

Jz

Jx

Jx

Jz

+ états comprimés 
(cours 5)

Jy
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Première mise en évidence  ( )EC > 0 Zibold et al., PRL 105, 204101  
[groupe de M. Oberthaler, Heidelberg]

500 atomes de 87Rb dans un piège fortement confinant 

F = 1
F = 2

|a⟩

|b⟩

m = − 2 −1 0 +1 +2

Préparation des atomes en un point donné  
de la sphère de Bloch : état cohérent de spin

Après un temps d’évolution , on mesure 
le déséquilibre  ou la phase relative 

t
n φ

radio-frequency radiation phase of !ðt ¼ 0Þ ¼ !0 and
simultaneous attenuation of the radiation. After an evolu-
tion time t, either the population difference zðtÞ of the final
state is directly measured or the phase!ðtÞ is mapped onto
an observable population imbalance by applying a short
"=2 pulse before imaging. This last pulse is applied with
two phases differing by 90$ to get a well-defined phase
measurement over the full interval 0 to 2". By repeated
experiments we are able to measure both observables,
allowing the mapping out of the phase portrait.

Figure 3(a) shows the result in the Rabi regime, where
the linear coupling is dominating. The dynamics is char-
acterized by two fixed points; however, the corresponding
trajectories around these are differently distorted. In the
literature, the motion around F0 is known as plasma oscil-
lations already experimentally observed [17,18], while the
trajectories around F", known as " oscillations [22], have
not been demonstrated so far. By reducing the linear cou-
pling the Josephson regime is entered. The transition is
marked by the bifurcation of F" as seen in Fig. 3(b), and
the dynamics corresponding to the new fixed points is
known as macroscopic quantum self-trapping [22]. This
describes the physical fact that the temporal mean popula-
tion imbalance is nonzero. These modes [green shaded
areas in Figs. 3(b) and 3(c)] are separated in phase space
by the separatrix from the plasma and " oscillations which
are characterized by vanishing temporal mean hzi ¼ 0. By
further increasing !, the topology does not change any-
more but the trajectories start to encircle the north and
south poles of the sphere. This implies that the phase
evolution runs without bound and connects the observed
dynamics with the phenomenon of the ac Josephson effect
found in superconductors [27]. It is important to note
that the full analogy is not given due to the spherical
topology arising from particle number conservation. In
superconductors charge neutrality implies that the chemi-
cal potential difference is kept constant, and thus the
dynamics is rather constrained to a cylinder. However,
the analogy is given best for large ! and small absolute
imbalance jzj [28].

The full time dynamics, i.e., particle number difference
and phase difference, is depicted in Fig. 4. The shaded
areas represent the theoretical expectations without free
parameters but including experimental uncertainties of 5%
in !. In the limit of a vanishing interaction (! ¼ 0),
plasma and" oscillations are not distinguishable. For finite
! but still in the Rabi regime [Fig. 4(a)] the difference
between plasma and " oscillations manifests itself most
pronouncedly in the modified oscillation frequency which
is reduced in the case of " oscillations and enhanced for
plasma oscillations [22]. Crossing the critical value of !,
i.e., in the bifurcated regime, the new dynamical mode,
known as macroscopic quantum self-trapping, is observed
[Figs. 4(b) and 4(c)]. In the Josephson regime, but close to
the critical value (1<!< 2), all self-trapping modes have

an oscillating phase difference [Fig. 4(b)], while for !> 2
also running-phase self-trapping modes exist [Fig. 4(c)].
In this work, we demonstrate the experimental realiza-

tion of a quantum mechanical many-particle system exhib-
iting a classical bifurcation. This opens up a new
experimental route for generating nontrivial collective
quantum states. It has been theoretically discussed that a
general feature of the realized system is the potential
for fast generation of macroscopic entanglement at the

FIG. 3 (color online). Experimentally observed phase portraits
of the dynamics showing all possible types of trajectories. The
experimental data for three different values of ! in different
panels are compared to the theoretical model with no free
parameter (solid lines). The theoretical curves are shown addi-
tionally on the Bloch spheres. (a) Phase portrait in the Rabi
regime for ! ¼ 0:78. Plasma (blue) and " oscillations (red) can
be clearly identified. The deformation relative to noninteracting
Rabi oscillations due to the interaction is clearly visible on the
Bloch sphere. (b) The Josephson regime is entered by reducing
the coupling strength " (! ¼ 1:55). Here the bifurcation leads
to new stable solutions showing macroscopic quantum self-
trapping with mean phase ". This is verified by the experimental
data (green squares and green crosses). The black solid line on
the Bloch sphere corresponds to the separatrix defining the
green shaded area of macroscopic quantum self-trapping.
(c) For !> 2 the separatrix encloses the two poles, and self-
trapped trajectories with running phase behavior are found
experimentally for ! ¼ 3:1 (orange squares and circles).
These trajectories resemble the ac Josephson effect found in
superconducting Josephson junctions.
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radio-frequency radiation phase of !ðt ¼ 0Þ ¼ !0 and
simultaneous attenuation of the radiation. After an evolu-
tion time t, either the population difference zðtÞ of the final
state is directly measured or the phase!ðtÞ is mapped onto
an observable population imbalance by applying a short
"=2 pulse before imaging. This last pulse is applied with
two phases differing by 90$ to get a well-defined phase
measurement over the full interval 0 to 2". By repeated
experiments we are able to measure both observables,
allowing the mapping out of the phase portrait.

Figure 3(a) shows the result in the Rabi regime, where
the linear coupling is dominating. The dynamics is char-
acterized by two fixed points; however, the corresponding
trajectories around these are differently distorted. In the
literature, the motion around F0 is known as plasma oscil-
lations already experimentally observed [17,18], while the
trajectories around F", known as " oscillations [22], have
not been demonstrated so far. By reducing the linear cou-
pling the Josephson regime is entered. The transition is
marked by the bifurcation of F" as seen in Fig. 3(b), and
the dynamics corresponding to the new fixed points is
known as macroscopic quantum self-trapping [22]. This
describes the physical fact that the temporal mean popula-
tion imbalance is nonzero. These modes [green shaded
areas in Figs. 3(b) and 3(c)] are separated in phase space
by the separatrix from the plasma and " oscillations which
are characterized by vanishing temporal mean hzi ¼ 0. By
further increasing !, the topology does not change any-
more but the trajectories start to encircle the north and
south poles of the sphere. This implies that the phase
evolution runs without bound and connects the observed
dynamics with the phenomenon of the ac Josephson effect
found in superconductors [27]. It is important to note
that the full analogy is not given due to the spherical
topology arising from particle number conservation. In
superconductors charge neutrality implies that the chemi-
cal potential difference is kept constant, and thus the
dynamics is rather constrained to a cylinder. However,
the analogy is given best for large ! and small absolute
imbalance jzj [28].

The full time dynamics, i.e., particle number difference
and phase difference, is depicted in Fig. 4. The shaded
areas represent the theoretical expectations without free
parameters but including experimental uncertainties of 5%
in !. In the limit of a vanishing interaction (! ¼ 0),
plasma and" oscillations are not distinguishable. For finite
! but still in the Rabi regime [Fig. 4(a)] the difference
between plasma and " oscillations manifests itself most
pronouncedly in the modified oscillation frequency which
is reduced in the case of " oscillations and enhanced for
plasma oscillations [22]. Crossing the critical value of !,
i.e., in the bifurcated regime, the new dynamical mode,
known as macroscopic quantum self-trapping, is observed
[Figs. 4(b) and 4(c)]. In the Josephson regime, but close to
the critical value (1<!< 2), all self-trapping modes have

an oscillating phase difference [Fig. 4(b)], while for !> 2
also running-phase self-trapping modes exist [Fig. 4(c)].
In this work, we demonstrate the experimental realiza-

tion of a quantum mechanical many-particle system exhib-
iting a classical bifurcation. This opens up a new
experimental route for generating nontrivial collective
quantum states. It has been theoretically discussed that a
general feature of the realized system is the potential
for fast generation of macroscopic entanglement at the

FIG. 3 (color online). Experimentally observed phase portraits
of the dynamics showing all possible types of trajectories. The
experimental data for three different values of ! in different
panels are compared to the theoretical model with no free
parameter (solid lines). The theoretical curves are shown addi-
tionally on the Bloch spheres. (a) Phase portrait in the Rabi
regime for ! ¼ 0:78. Plasma (blue) and " oscillations (red) can
be clearly identified. The deformation relative to noninteracting
Rabi oscillations due to the interaction is clearly visible on the
Bloch sphere. (b) The Josephson regime is entered by reducing
the coupling strength " (! ¼ 1:55). Here the bifurcation leads
to new stable solutions showing macroscopic quantum self-
trapping with mean phase ". This is verified by the experimental
data (green squares and green crosses). The black solid line on
the Bloch sphere corresponds to the separatrix defining the
green shaded area of macroscopic quantum self-trapping.
(c) For !> 2 the separatrix encloses the two poles, and self-
trapped trajectories with running phase behavior are found
experimentally for ! ¼ 3:1 (orange squares and circles).
These trajectories resemble the ac Josephson effect found in
superconducting Josephson junctions.
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Recherche des points stationnaires par moyenne d’une trajectoire {n, φ}

lines in Fig. 1(c). For vanishing interaction between
the particles, ! ¼ 0, this corresponds to resonant Rabi
oscillations of N independent particles. The situation
changes drastically for !> 1 since the F! fixed point
undergoes a supercritical pitchfork bifurcation implying
that F! becomes unstable while two new stable fixed

points F" ¼ ½"
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1$ ð1=!2Þ

p
;!' are formed [Fig. 1(c)].

For our system this implies that a single trajectory around
F! splits up in two distinct trajectories around the new
fixed points F", which are delimited by a separatrix.

For a quantitative experimental study of the bifurcation
phenomenon, we study the temporal mean imbalance for
two fixed initial preparations. In the Rabi regime (!< 1)
initial preparations with " ¼ ! and z ¼ "z0 correspond-
ing to points north or south of the equator (see the inset in
Fig. 2) lead to dynamics with a vanishing temporal mean
population imbalance. This results from the fact that both

preparations share the same trajectory; i.e., no separatrix
exists. This is distinct to the Josephson regime where initial
preparations that are enclosed by the separatrix lead to
different trajectories resulting in nonvanishing mean im-
balances. This is demonstrated quantitatively in Fig. 2,
where the resulting temporal mean imbalances for the
initial preparation points ð"0:454;!Þ are shown. The ex-
perimental data clearly reveal the topological change in the
system’s phase space. It is in quantitative agreement with
the analytical predictions (solid lines) [22] calculated by
using independently measured parameters (see [24]).
To put this bifurcation measurement in a more general

context, we examine the whole phase portrait of the system
for characteristic values of ! across the Rabi to Josephson
transition. The nonlinear interaction # is set by a Feshbach
resonance at 9.1 G [25] and is kept constant for all experi-
ments. Different regimes of ! are explored by changing
the linear coupling strength " adjusted by the intensity of
the radio-frequency radiation. We check the resonant cou-
pling condition by regular reference measurements [24].
The measurement of the dynamics with shot noise limited
precision is feasible in our experiment since we prepare the
initial condition on the quantum mechanical uncertainty
level, i.e., coherent spin states [26]. The initial state prepa-
ration is done in a two-step process. The population im-
balance zðt ¼ 0Þ is controlled by the duration of a short
two-photon pulse applied to the particles in state jai. The
dynamics is initiated by a nonadiabatic change of the

FIG. 2 (color online). Direct observation of the symmetry
breaking in the dynamics due to the bifurcation. Two initial
states symmetric in the upper and lower hemisphere (see the
inset) lead to qualitatively different dynamics in the Rabi and
Josephson regime, respectively. In the Rabi regime both initial
states share the same trajectory around the stable fixed point F!,
and the temporal mean imbalance vanishes in both cases. By
increasing ! exceeding the critical value, a separatrix is formed
and the chosen initial preparations lead to two distinct trajecto-
ries separated by this separatrix. The dynamical modes are
characterized by a nonvanishing mean population imbalance.
The solid line represents the theoretical prediction.

FIG. 1 (color online). Interacting many-particle system as a
model system for bifurcation physics. (a) 87Rb offers two hy-
perfine states jai (blue) and jbi (red) which are linearly coupled
via a two-photon transition with Rabi frequency " and which
allow for adjusting the interparticle interaction # via a Feshbach
resonance. (b) The many-particle state is represented on a
generalized Bloch sphere, and its uncertainty area for our ex-
perimental parameters is shown, revealing that a mean field
description is adequate. Points on the sphere represent popula-
tion difference z (z direction) and relative phase " between the
two internal states in the same spatial mode. (c) Trajectories on
the Bloch sphere below and above the bifurcation value of the
ratio ! ¼ #N=". The typical supercritical pitchfork bifurcation
scenario occurs; i.e., a stable fixed point bifurcates in two new
stable fixed points while the original becomes unstable. The
arrows indicate the direction of flow close to these points.
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Conclusions

Extension du concept de jonction Josephson à des degrés de liberté internes

Utile pour 3He liquide superfluide et pour les gaz atomiques ultrafroids

Paramétrisation du problème en terme de dynamique d’un grand moment cinétique  ( )J = N/2

Représentation de Schwinger 

Hamiltonien quantique de la jonction         (LMG)   Ĥ = − ℏΩ ̂Jx +
EC

2
̂J2
z + ⋯

La jonction usuelle retrouvée dans l’approximation    : états cohérents de spin ⟨ ̂Jα
̂Jβ⟩ ≈ ⟨ ̂Jα⟩⟨ ̂Jβ⟩

|a⟩

|b⟩

Na Nb

Que se passe-t-il pour des états de spin tels que l’approximation classique n’est plus valable ?

L’état fondamental lui-même peut-il être non-classique ?


