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Séminaire

Eleni Diamanti, LIP6 Sorbonne Université 
Ressources et applications des réseaux quantiques 
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Effet Josephson et phase quantique

a b

φ = φa − φb

  : un courant électrique peut circuler en l’absence de différence de potentiel électriqueI = Ic sin φ

P.W. Anderson (1970) :

In 1962 we had already postulated that superconductivity consisted of coherence of the de 
Broglie waves representing pairs of electrons inside the superconductor. Prior to Josephson, 
the phase  of these macroscopic waves was thought to be unmeasurable in principle ...φ

Comment exploiter cette phase ?     Utiliser un phénomène d’interférence !
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Le SQUID Superconducting quantum interference device

J

J′￼

I

I′￼

Iext Iext
Régime non dissipatif :

Iext = Ic sin φ + I′￼c sin φ′￼

Comment faire varier la phase   ?      Que peut-on détecter avec ce dispositif ?φ − φ′￼

Réponses :     Pour une jonction supraconductrice, sensibilité aux effets magnétiques

Pour une jonction atomique, sensibilité aux effets rotationnels
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Plan de ce cours

1. le SQUID supraconducteur

2. Exemples de qubits supraconducteurs

Boîte à paires de Cooper, transmon

Rôle central de l’invariance de jauge

3. Modélisation d’un SQUID atomique 

L’équivalence  “champ magnétique    rotation”⟷

4. Expériences avec des SQUIDS atomiques



Champ magnétique et invariance de jauge

Champ magnétique  et potentiel vecteur ⃗B ⃗A

Hamiltonien pour une particule de masse  et de charge  m q

Changement de jauge magnétique - changement de jauge quantique

Invariant de jauge le long d’un circuit  𝒞
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Effet Meissner et longueur de pénétration

Courant local à l’intérieur de l’anneau :    ⃗j( ⃗r) = q ρ( ⃗r) ⃗v( ⃗r)

On suppose ici     uniforme :ρ( ⃗r) = ρs

⃗j( ⃗r) =
qρs

m [ℏ ⃗∇ θ − q ⃗A ( ⃗r)]

On prend en compte l’équation d’Ampère :     ⃗∇ × ⃗B = μ0 ⃗j

On va pouvoir éliminer  au profit de ⃗j ⃗B
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Effet Meissner et longueur de pénétration (2)

⃗j( ⃗r ) =
qρs

m [ℏ ⃗∇ θ − q ⃗A ( ⃗r )]
⃗∇ × ⃗B = μ0 ⃗j

On prend le rotationnel de la première équation :    ⃗∇ × ⃗j = −
q2ρs

m
⃗B

On prend le rotationnel de la seconde équation :    −∇2 ⃗B = −
μ0q2ρs

m
⃗B

Pour avoir une intuition, géométrie planaire :                               
d2B
dx2

=
1
λ2

L
B ⇒ B(x) = B0 exp(−x/λL)

Le champ magnétique  et le courant  tendent exponentiellement vite vers 0 à l’intérieur du 
supraconducteur : le courant circule en surface et “expulse” le champ du coeur du matériau

⃗B ⃗j

Pour des supraconducteurs “usuels”,   est de l’ordre de quelques dizaines de nanomètresλL

            avec       : longueur de pénétration de London∇2 ⃗B =
1
λ2

L

⃗B λL =
m

μ0q2ρs



Anneau supraconducteur et champ magnétique

⃗j( ⃗r) =
qρs

m [ℏ ⃗∇ θ − q ⃗A ( ⃗r)]
nul au coeur du matériau si r ≫ λL

2R
2r

Quantification du flux total à travers l’anneau  :             Φ = nΦ0 Φ0 =
2πℏ
|q |

Si on n’a pas  : quantification du fluxoïder ≫ λL



Le SQUID

Définition invariante de jauge des phases  et φ φ′￼

Relation fondamentale du SQUID :

φ − φ′￼ = 2π (n −
Φ
Φ0 )

    : flux magnétique total à travers l’anneauΦ

Φ0 =
2πℏ
|q |

J

J′￼



Le courant total dans un SQUID

φ

φ′￼

Pour simplifier, jonctions identiques :

I = Ic sin φ

I′￼ = Ic sin φ′￼

Courant total :         (régime non dissipatif)Iext = I + I′￼
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Premières mises en évidence

Jaklevic et al. (1965)  [groupe de J.E. Mercerau, Ford Motor Company, Michigan]

A 1634 JAKLEVIC, LAMBE, MERCEREAU, AND SiLVER

Figure 1 is a reproduction (taken from an oscilloscope
face) of an actual I Upl-ot of one of these junctions. The
single particle tunneling curve first studied by Giaever
is evident, showing the sharp threshold at V=26 with
the current rising to the ohmic part of the characteristic.
The normal resistance of the junction is measured from
this portion of the trace. At U=O the Josephson super-
current is seen, which for this junction is 80% of theo-
retical magnitude. At the start of the tracing cycle, the
voltage across the junction remains at V=O until I, is
reached, at which time it switches to the normal curve
along the circuit load line and traces out this curve until
the voltage again reaches zero at which point it starts
over again in the Josephson regime, this time in the
negative direction. The most successful junctions ex-
hibited maximum currents greater than one-half the
predicted —',trhR„' with a few exceeding 90%%uo. When
shorts were present, the Giaever-type curve became
washed-out and the Josephson current could not be
reduced to zero by the application of a magnetic field.
For no junction did the maximum supercurrent exceed
the predicted value. In the initial testing of a junction,
it is necessary to cool it while shielding from the earth' s
magnetic field. Otherwise Aux is apparently trapped in
the films or junctions, severely attenuating the Joseph-
son current.
Multiple-junction structures were made following the

the above procedure and required. more elaborate mask-
ing techniques. The masks were made from 3-mil
stainless-steel sheet stock spot welded or epoxy-bonded
to aluminum frames. The insulation needed to create
the area separating the two films was built up with
multiple layers of Formvar, from 1 to 20 p, thick. On
occasion, collodian films were also used. A typical
test sample slide is shown in Fig. 6 which depicts a
completed double junction structure together with the
electrodes. These electrodes were of fired silver paint
(Englehard 32-A) through which the electrical leads
were connected to the sample.

Measurements were made with the sample immersed
in liquid helium whose temperature could be controlled
by a pressure regulated high-speed vacuum pump. A
standard Pyrex double Dewar container with 2-liter
capacity was used. A vacuum sealed cap was provided
for the Dewar through which shielded lead-throughs
carried the electrical leads down to the sample. A lead
cylinder with a diameter of 2—, in. and 7 in. length was
in place around the samples during measurements to
screen them from stray magnetic fields. The whole
Dewar was surrounded by a double-walled mu-metal
cylinder to provide for further shielding. The recording
traces of the maximum Josephson current versus the
applied magnetic field were obtained conveniently by
use of an ac averaging technique. A current source drives
the sample at 350 cps with a current amplitude always
exceeding the maximum possible Josephson current.
The voltage signal is amplified with a high-impedance
low-noise preamplifier. This voltage is detected with
a, full wave (or half-wave) phase sensitive detector. The
average dc signal output from this detector is introduced
on the Y axis of an X-V plotter, the Xaxis being driven
by the coil current producing the magnetic field. Be-
cause the magnitude of the maximum Josephson current
determines the relative time the interferometer voltage
remains at V=O, changes in the average dc signal are
proportional to the maximum Josephson current. This
is true for currents greater than about 100 pA. Below
this level the simple proportionality is lost and the
response is sublinear. However, such detail was not
considered of importance for the purposes of the experi-
ments reported here.
The small solenoids were constructed by closely wind-

ing a fine insulated copper wire around a beryllium-
copper core with the core providing the return path.
This was done on a small fixture designed to rotate the
core. One type was of 1-mil wire wound on a 3 mil core
giving an over-all diameter, including insulation, of
6 mils. A second size was similarly constructed of —, mil
wire around a 1 mil core, with an over-all diameter of
2.2 mils. These were made in batches of four or Inore
and within a given batch were identical in number of
turns and length of windings. The calibration was done

s . s

-500 -400 -X6 -200 -IOO 0 IOO 200 300
MAGNETIC FIELD ( MILLIGAUSS)

I I

pro.~6."",:Schematic of J.'a completed junction pair. A uniform
magnetic 6eld is applied parallel to the long dimension of the sub-
strate e. The Formvar insulator c is applied over the base tin 61m g
to mask out the junctions f and separate u from the second tin
Glm b.

Pro. 7. Experimental trace of I~,„versus magnetic field showing
interference and di6raction eBects. The field periodicity is 39.5
and 16 mG for A and 8, respectively. Approximate maximum
currents are 1 mA (A) and 0.5 mA (8). The junction separation
is 8'=3 mm and junction width m=0.S mm for both cases. The
zero o8set of A is due to a background magnetic Geld.courant critique de l’ordre du milliampère, séparation entre les jonctions  mm≈ 3

 périodicité  mGauss  (4 microTeslas)40
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Fonctionnement pratique Īc(Φ) = 2Ic cos (2π
Φ
Φ0 )

  désigne le flux total :    Φ Φ = Φext + LI On travaille dans le régime   LI ≪ Φext

Surface de 1 mm2 : un changement de  de 10-9 T   induit un changement de  B π/2

Bande passante élevée : 100 MHz

Sensibilité ultime :    Tesla en 1 seconde de mesure3 10−16

Principaux concurrents : magnétomètres mesurant la 
précession de Larmor (pas d’environnement cryogénique)

Sensors 2025, 25, 4625 21 of 32

 

 

(a) (b) 

Figure 16. (a) Shielded room with an MEG system operating in an institute of diagnosis and treatment;
the inset represents the helmet with the SQUID arrays (adapted from [121], an open-access article
distributed under the terms of the Creative Commons Attribution License (CC BY)); (b) example
of OPM helmet (adapted from https://nyaspubs.onlinelibrary.wiley.com/doi/10.1111/nyas.1493
5 (accessed on 25 May 2025), an open-access article distributed under the terms of the Creative
Commons Attribution License (CC BY)).

The SQUID system and patients are usually positioned in a shielded room. MEG
rooms are typically shielded µ-metal rooms with an aluminum layer between two µ-metal
layers. These can be obtained commercially from several manufacturers [122–125]. In
Table 1, a comparison between the parameters of MEG based on SQUIDs and OPMs is
reported.

EEG usually complements MEG measurements, and both signals are amplified and
transmitted from the shielded room for further processing. MEG installations also have
provisions for stimulus delivery and typically have an intercom and a video camera for
observation and communication with the subject. Evoked MEG measurements use a range
of stimulation equipment. Visual stimulators use nonmagnetic goggles, projector screens,
or computer monitors. Sound stimulators usually deliver sound via nonmagnetic plastic
tubing or to a shielded room via piping. Somatosensory experiments use electrical or
tactile stimulators. Various switches and detectors are used for voluntary or forced finger
movements.

Table 1. Comparison between main parameters of SQUID-MEG AND OPM-MEG.

Parameter SQUID-MEG OPM-MEG Reference

Operating temperature Cryogenic cooling (4.5 K) * Tint 150 �C; Tex 40 �C [126]

Noise floor 2–5 fT/
p

Hz 7–10 fT/
p

Hz [127]

Dynamic range ± 20 nT ±5 nT (up to ±150 nT in closed
loop) [126]

Bandwidth Up to MHz Up to 2 kHz [128]

Field strength (source depth 4 cm) 30 fT (3 cm from the scalp) 100 fT (6 mm from the scalp) [129]

Shielding required required [126]

Spatial resolution millimeters millimeters [130]

Distance from scalp 2–3 cm 6 mm [131,132]

Helmet Rigid, movement restriction Wearable no movement restriction [131]

Cost High maintenance low maintenance [132]

* Tint temperature inside the vapor cell, Tex = temperature outside the sensor casing.

Regardless of the method used, care must be taken not to introduce stimulation
artefacts. The wires of electrical stimulators must be firmly twisted. Computer monitors

C. Bonavolonta et al., Sensors 25, 4625 (2025) 
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Plan

1. le SQUID supraconducteur

2. Exemples de qubits supraconducteurs

Boîte à paires de Cooper, transmon

Rôle central de l’invariance de jauge

3. Modélisation d’un SQUID atomique 

L’équivalence  “champ magnétique    rotation”⟷

4. Expériences avec des SQUIDS atomiques
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Les critères à remplir pour des “bons” qubits 
DiVincenzo (2000)

• Espace des états qui peut être réduit à un espace de Hilbert de dimension 2 :     { |0⟩, |1⟩}

• Long temps de cohérence 

• Initialisation dans un état donné, par exemple   |0⟩

• Transformations unitaires dans l’espace de dimension 2

• Lecture de l’état du qubit dans une base,   par exemple{ |0⟩, |1⟩}

• Couplage des qubits par paires pour réaliser des portes logiques
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Les qubits supraconducteurs

On va décrire brièvement ici : 

• La boîte à paires de Cooper

• Le transmon (IBM, Google, Intel,…)

Autres types de qubits utilisés :

• Qubits de chat (Alice & Bob, Amazon)

• Fluxonium (Atlantic Quantum)

• Qubits de phase

• Qubits de flux

• …

Google AI Quantum
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La boîte à paires de Cooper 

Boîte : îlot central supraconducteur contenant  paires de Coopern

out signal for the quantum state of the qubit. However,
it requires a longer ‘‘measurement time’’ until the noisy
signal resolves different qubit states. Finally, on the still
longer ‘‘mixing time’’ scale, the measurement process
itself destroys the information about the initial quantum
state.

Many results and observations made in the context of
the normal-state single-electron transistor also apply to
other physical systems, e.g., a superconducting SET
(SSET) coupled to a charge qubit (Averin, 2000b; Cottet
et al., 2000) or a dc SQUID monitoring as a quantum
magnetometer the state of a flux qubit (see, for example,
Mooij et al., 1999; Averin, 2000b; Friedman et al., 2000).
The results can also be compared to the nonequilibrium
dephasing processes discussed theoretically (Aleiner
et al., 1997; Gurvitz, 1997; Levinson, 1997) and demon-
strated experimentally by Buks et al. (1998).

One of the motivations for quantum-state engineering
with Josephson devices is their potential application as
logic devices and quantum computing. By exploiting the
massive parallelism of the coherent evolution of super-
positions of states, quantum computers could perform
certain tasks that no classical computer could do in ac-
ceptable times (Bennett, 1995; DiVincenzo, 1995;
Barenco, 1996; Aharonov, 1998). In contrast to the de-
velopment of physical realizations of qubits and gates,
i.e., the ‘‘hardware,’’ the theoretical concepts of quan-
tum computing, the ‘‘software,’’ are already rather ad-
vanced. As an introduction, and in order to clearly de-
fine the goals, we present in Appendix A an ideal model
Hamiltonian with sufficient control to perform all the
needed manipulations. (We note that the Josephson-
junction devices come rather close to this ideal model.)
In Appendix B we show by a few representative ex-
amples how these manipulations can be combined for
useful computations.

Various other physical systems have been suggested
as possible realizations of qubits and gates. They are
discussed in much detail in a recent Fortschritte der
Physik special issue entitled Experimental Proposals for
Quantum Computation (Braunstein and Lo, 2000). In
some systems quantum manipulations of a few qubits
have already been demonstrated experimentally. These
include ions in electromagnetic traps manipulated by la-
ser irradiation (Cirac and Zoller, 1995; Monroe et al.,
1995), nuclear magnetic resonance (NMR) on ensembles
of molecules in liquids (Cory et al., 1997; Gershenfeld
and Chuang, 1997) and cavity QED systems (Turchette
et al., 1995). In comparison, solid-state devices, including
the mentioned Josephson systems, are more easily em-
bedded in electronic circuits and scaled up to large reg-
isters. Ultrasmall quantum dots with discrete levels and,
in particular, spin degrees of freedom embedded in
nanostructured materials are candidates as well. They
can be manipulated by tuning potentials and barriers
(Kane, 1998; Loss and DiVincenzo, 1998). Because of
the difficulties of controlled fabrication, their experi-
mental realization is still at a very early stage.

II. JOSEPHSON CHARGE QUBIT

A. Superconducting charge box as a quantum bit

In this section we describe the properties of low-
capacitance Josephson junctions, in which the charging
energy dominates over the Josephson coupling energy,
and discuss how they can be manipulated in a quantum-
coherent fashion. Under suitable conditions they pro-
vide physical realizations of qubits with two states dif-
fering by one Cooper pair charge on a small island. The
necessary one-bit and two-bit gates can be performed by
controlling applied gate voltages and magnetic fields.
Different designs will be presented that differ not only
in complexity, but also in the accuracy and flexibility of
the manipulations.

The simplest Josephson-junction qubit is shown in
Fig. 1. It consists of a small superconducting island
(‘‘box’’) with n excess Cooper-pair charges (relative to
some neutral reference state), connected by a tunnel
junction with capacitance CJ and Josephson coupling en-
ergy EJ to a superconducting electrode. A control gate
voltage Vg is coupled to the system via a gate capacitor
Cg . Suitable values of the junction capacitance, which
can be fabricated routinely by present-day technologies,
are in the range of femtofarad and below, CJ!10!15 F,
while the gate capacitances can be chosen still smaller.
The relevant energy scale, the single-electron charging
energy EC"e2/2(Cg"CJ), which depends on the total
capacitance of the island, is then in the range of a
Kelvin2 or above, EC#1 K. The Josephson coupling en-
ergy EJ is proportional to the critical current of the Jo-
sephson junction (see, for example, Tinkham, 1996).
Typical values considered here are in the range of 100
mK.

We choose a material such that the superconducting
energy gap $ is the largest energy in the problem, larger
even than the single-electron charging energy. In this

2Throughout this review we frequently use temperature units
for energies.

FIG. 1. A Josephson charge qubit in its simplest design formed
by a superconducting single-charge box.

359Makhlin, Schön, and Shnirman: Quantum-state engineering
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Ĥ =
EC

2
̂n2 − EJ cos φ̂ Régime de Fock :  EC ≫ EJ

Traitement quantique nécessaire car EC ≫ kBT

Cours 5 :       cos φ̂ =
1
2 (eiφ̂ + e−iφ̂) =

1
2 ∑

n
( |n + 1⟩⟨n | + |n⟩⟨n + 1 |)

Paramètre de contrôle : la tension de contrôle     ou, de manière équivalente,         Vg ng =
CgVg

2e

Ĥ(ng) =
EC

2
( ̂n − ng)2 − EJ cos φ̂

Makhlin et al.,  
Rev. Mod. Phys. (2001)

Proposition de  
Bouchiat et al. (1998)
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Niveaux d’énergie de l’hamiltonien Ĥ(ng) Ĥ(ng) =
EC

2
( ̂n − ng)2 − EJ cos φ̂

Limite  : les états propres sont les états 
nombre ,     entier positif ou négatif

EJ = 0
|n⟩ n

→1.5 →1 →0.5 0 0.5 1 1.5

0

0.2

0.4

ng

E/EC

|n = 0⟩ |n = 1⟩|n = − 1⟩

Un qubit possible

   non nul, mais petit devant  EJ EC

cos φ̂ =
1
2 ∑

n
( |n + 1⟩⟨n | + |n⟩⟨n + 1 |)

→1.5 →1 →0.5 0 0.5 1 1.5

0

0.2

0.4

ng

E/EC

EJ = 0.04EC

EJ = 0
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Le qubit formé autour de ng = 1/2

0.3 0.4 0.5 0.6 0.7
0

0.1

0.2

|0→

|1→ |0→

|1→
|↑→

|+→

ng

E/EC

EJ = 0.04EC

EJ

Comment peut-on contrôler  , par exemple pour 
mettre 2 qubits voisins en résonance l’un avec l’autre ?

EJ

Réponse : remplacer la boîte unique par un SQUID !

!↓!, respectively. Then switching the system suddenly to
the degeneracy point for a time "t and back produces a
rotation in spin space,

U1-bit#$%!exp" i
$

2
&x#!" cos

$

2
i sin

$

2

i sin
$

2
cos

$

2
# , (2.9)

where $!EJ"t/' . Depending on the value of "t , a spin
flip can be produced or, starting from !0!, a superposi-
tion of states with any chosen weights can be reached.
[This is exactly the operation performed in the experi-
ments of Nakamura et al., (1999); see Sec. II.D.] Simi-
larly, a phase shift between the two logical states can be
achieved by changing the gate voltage ng for some time
by a small amount, which modifies the energy difference
between the ground and excited states.

Several remarks are in order:

(1) Unitary rotations by Bx and Bz are sufficient for all
manipulations of a single qubit. By using a sequence
of no more than three such elementary rotations we
can achieve any unitary transformation of a qubit’s
state.

(2) The example presented above, with control of Bz
only, provides an approximate spin flip for the situ-
ation in which the idle point is far from degeneracy
and EC"EJ . But a spin flip in the logical basis can
also be performed exactly. We must switch from the
idle point ( idle to the point where the effective mag-
netic field is orthogonal to the idle one, (!( idle
#)/2. This changes the Hamiltonian from H
!$ 1

2 "E(( idle)*z to H!$ 1
2 "E(( idle#)/2)*x . To

achieve this, the dimensionless gate charge ng
should be increased by EJ /(4EC sin 2(idle). For the
limit discussed above, ( idle%1, this operating point is
close to the degeneracy point, (!)/2.

(3) An alternative way to manipulate the qubit is to use
resonant pulses, i.e., ac pulses with frequency close
to the qubit’s level spacing. We do not describe this
technique here as it is well known from NMR meth-
ods.

(4) So far we have been concerned with the time depen-
dence during elementary rotations. However, fre-
quently the quantum state should be kept un-
changed for some time, for instance, while other
qubits are manipulated. Even in the idle state, (
!( idle , because the energies of the two eigenstates
differ, their phases evolve relative to each other.
This leads to coherent oscillations, typical for a
quantum system in a superposition of eigenstates.
We have to keep track of this time dependence with
high precision and, hence, of the time t0 from the
very beginning of the manipulations. The time-
dependent phase factors can be removed from the
eigenstates if all the calculations are performed in
the interaction representation, with the zero-order
Hamiltonian being the one at the idle point. How-
ever, the price for this simplification is an additional

time dependence in the Hamiltonian during opera-
tions, introduced by the transformation to the inter-
action representation. This point has been discussed
in more detail by Makhlin et al. (2000b).

(5) The choice of the qubit’s logical basis is by no means
unique. As follows from the preceding discussion,
we can perform x and z rotations in the charge ba-
sis, !↑! , !↓!, which provides sufficient tools for any
unitary operation. On the other hand, since we can
perform any unitary transformation, we can choose
any other basis as a logical basis as well. The Hamil-
tonian at the idle point is diagonal in the eigenbasis
(2.7), while the controllable part of the Hamiltonian,
the charging energy, favors the charge basis. The
preparation procedure (thermal relaxation at the
idle point) is more easily described in the eigenbasis,
while coupling to the meter (see Sec. V) is diagonal
in the charge basis. So the choice of the logical states
remains a matter of convention.

(6) A final comment concerns normal-metal single-
electron systems. While they may serve as classical
bits and logic devices, they are ruled out as potential
quantum logic devices. The reason is that, due to the
large number of electron states involved, their phase
coherence is destroyed in the typical sequential tun-
neling processes.

B. Charge qubit with tunable coupling

A further step towards the ideal model (A1), in which
the tunneling amplitude (x component of the field) is
controlled as well, is the ability to tune the Josephson
coupling. This is achieved by the design shown in Fig. 3,
where the single Josephson junction is replaced by two
junctions in a loop configuration (Makhlin et al., 1999).
This dc SQUID is biased by an external flux +x , which
is coupled into the system through an inductor loop. If
the self-inductance of the SQUID loop is low (Tinkham,

FIG. 3. A charge qubit with tunable effective Josephson cou-
pling. The single Josephson junction is replaced by a flux-
threaded SQUID. The flux in turn can be controlled by a
current-carrying loop placed on top of the structure.

361Makhlin, Schön, and Shnirman: Quantum-state engineering
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Makhlin et al., Rev. Mod. Phys. (2001)
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De la boîte au transmon transmission line shunted plasma oscillation qubit

Koch et al. (2007)

Avantage de la boîte à paire de Cooper : le qubit 
est très bien isolé des autres états quantiques

0.4 0.6

0

0.2

0.4

0.6

0.8

1

1.2

ng

E/EC

Inconvénient : grande sensibilité au bruit de charge

Si  dévie de la valeur , l’énergie 

des deux états  varie notablement 

ng ng = 1/2
| ± ⟩

| + ⟩

| − ⟩Remède : rendre les bandes plus plates en augmentant  EJ /EC

On place une grande capacité en parallèle :  augmente,    diminueC EC =
(2e)2

C
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De la boîte au transmon

→1.5 →1 →0.5 0 0.5 1 1.5

0

0.2

0.4

ng

E/EC
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Régime de Fock

Régime Josephson
oscillation plasma

puce Sycamore (Google)

ν0→1 ∼ 6.0 GHz

ν1→2 ∼ 5.8 GHz

bande 0

bande 1

bande 2
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Plan

1. le SQUID supraconducteur

2. Exemples de qubits supraconducteurs

Boîte à paires de Cooper, transmon

Rôle central de l’invariance de jauge

3. Modélisation d’un SQUID atomique 

L’équivalence  “champ magnétique    rotation”⟷

4. Expériences avec des SQUIDS atomiques
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L’équivalence     “champ magnétique  rotation”⟷

Particule chargée dans un champ magnétique uniforme Particule neutre dans un référentiel en rotation

Force de Lorentz       ⃗F = q ⃗v × ⃗B Force de Coriolis       ⃗F = 2m ⃗v × ⃗Ω
+ force centrifuge

Hamiltonien     Ĥ =
1

2m [ ̂ ⃗p − q ⃗A ( ̂ ⃗r)]
2 Hamiltonien     Ĥ =

1
2m [ ̂ ⃗p − ⃗A ( ̂ ⃗r)]

2
−

1
2

mΩ2r2

jauge symétrique pour  uniforme : ⃗B ⃗A =
1
2

⃗B × ⃗r ⃗A = m ⃗Ω × ⃗r

Equivalence entre les deux problèmes, aussi bien au niveau classique que quantique

     un SQUID atomique va constituer un détecteur de rotation⇒

q = 1
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Le principe du SQUID atomique

Le rôle du flux magnétique  est joué par   ( : surface de l’anneau)  Φ ΩS S

Différence notable pour le problème à N corps :

Φ = Φext + LI Ω = Ωext

contrepartie : il n’y a pas d’effet Meissner pour un anneau en rotation

On intègre la relation :      

sur les arcs de cercle  et 

m ⃗v = ℏ ⃗∇ θ − ⃗A

𝒞1 = [a → a′￼] 𝒞2 = [b′￼ → b]

φ − φ′￼ = 2π (n −
Ω
Ω0 ) − (φ𝒞1

+ φ𝒞2)

Ω0 =
ℏ

mR2
=

πℏ
mS

contribution de la vitesse  : 
“inductance cinétique”

⃗v( ⃗r )

φ

φ′￼

⃗A = m ⃗Ω × ⃗r
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Inductance cinétique négligeable ?

φ − φ′￼ = 2π (n −
Ω
Ω0 ) −(φ𝒞1

+ φ𝒞2)
phases   : intégrale de la vitesse sur les contours  φ𝒞j

𝒞j

Lien entre intensité et vitesse :             : densité superfluideI = ρsv ρs

On travaille avec    : régime non dissipatif pour les jonctionsI ≲ Ic

On aura        (donc négligeable)  si               φ𝒞j
≪ π Ic ≪

ℏ
mR

ρs

quantum d’intensité dans l’anneau 
en l’absence de barrière

Ω0 =
ℏ

mR2
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Plan

1. le SQUID supraconducteur

2. Exemples de qubits supraconducteurs

Boîte à paires de Cooper, transmon

Rôle central de l’invariance de jauge

3. Modélisation d’un SQUID atomique 

L’équivalence  “champ magnétique    rotation”⟷

4. Expériences avec des SQUIDS atomiques

La terre tourne-t-elle bien sur elle-même ?
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Arguments first proposed over thirty years ago, based on funda-
mental quantum-mechanical principles, led to the prediction1–3

that if macroscopic quantum systems are weakly coupled together,
particle currents should oscillate between the two systems. The
conditions for these quantum oscillations to occur are that the
two systemsmust both have a well defined quantum phase, f, and
a different average energy per particle, m: the term ‘weakly
coupled’ means that the wavefunctions describing the systems
must overlap slightly. The frequency of the resulting oscillations is
then given by f = (m2 − m1)/h, where h is Planck’s constant. To date,
the only observed example of this phenomenon is the oscillation
of electric current between two superconductors coupled by a
Josephson tunnelling weak link4. Here we report the observation
of oscillating mass currents between two reservoirs of superfluid
3He, the weak link being provided by an array of submicrometre
apertures in a membrane separating the reservoirs. An applied
pressure difference creates mass-current oscillations, which are
detected as sound in a nearby microphone. The sound frequency
(typically 6,000–200Hz) is precisely proportional to the applied
pressure difference, in accordance with the above equation.
These superfluid quantum oscillations were first detected while
monitoring an amplified microphone signal with the human ear.
The theory underlying the above equation was developed in the

context of generalizing the ideas of Josephson4. He predicted that in
a superconducting tunnel junction, the quantum phase difference,
Df, across the function is related to the electrical current, I, through
it, by the equation

I ¼ Ic sin ðDfÞ ð1Þ

where Ic is the critical current of the junction. The phase difference
evolves in time t according to

!ðDfÞ
!t

¼ !
Dm

ð2Þ

where is Planck’s constant divided by 2p, and Dm is the chemical-
potential5 difference across the junction. For a fixed Dm, Df evolves
in time as Df ¼ !Dmt= , and the corresponding current oscillates
as I ¼ Ic sin ð !Dmt= Þ. The chemical-potential difference (per
Cooper pair) between two superconductors biased at voltage
difference DV is given by Dm ¼ 2eDV where e is the charge on the
electron, and the corresponding Josephson frequency
f j ¼ 2eDV =h ¼ 4:82 " 1014 HzV! 1.
Equations (1) and (2), often called the d.c. and a.c. Josephson

relations respectively, were re-derived in a more general context by
Josephson, Anderson and Feynman1–3 who realized that the equa-
tions were applicable for any two, weakly coupled, phase-coherent
systems. The dramatic aspect of the superconducting case is that the
two coupled systems are macroscopic rather than microscopic.
For several decades physicists have recognized a close analogy

between superconductors and superfluid helium6 in that they are
both systems where a large number of particles occupy a single
coherent quantum state. It has therefore been natural to search for
quantum current oscillations in superfluids. The required condi-

tions for the oscillations to exist in superfluids are that two samples
of superfluid be separated by a region small enough so that the
wavefunctions of each part can weakly penetrate and overlap that of
the other. An example of this would be two reservoirs of superfluid
helium in contact through a small aperture. Both the diameter and
the length of the aperture must be comparable to the superfluid
healing length7. This is the minimum length scale over which the
magnitude of the superfluid wave function is allowed to vary for

* Permanent address: Institute for High Pressure Physics, Russian Academy of Sciences, Russia.

Figure 1 a, Scanningelectronmicrograph of a small area of the array of apertures

in a silicon nitride (SiN) membrane whose thickness is 50nm. It shows the 3-#m

separation between each aperture, and that the aperturediameter is near 100nm.

Larger-area scans showing the whole array confirm that there are 4,225 holes.

Scale bar at bottom,1#m. b, Schematic diagram of the experimental cell. The pill-

box-shaped inner cell consists of an 140-#m-thick aluminium washer, to which

are attached (by epoxy resin) a stiff diaphragm on the lower side, and a very soft

(1140 $ 170Nm! 1) diaphragm on the top. The Si chip, containing the SiN

membrane through which the array of apertures has been etched, is glued in

position (by epoxy resin) over a small hole in the lower membrane. The upper

membrane is metallized on the outside by evaporating a 100-nm layer of Pb, and

then a 20-nm layer of In, onto its surface. It is at the same potential as the Al

washer. About 100#m above the upper membrane is a thin metallized electrode.

Changes in the potential of this electrode relative to the membrane are used to

apply forces to the soft membrane. Approximately 10#m behind this electrode

are the superconducting wires which form the input coil of the d.c. SQUID. This

system is used as the sensitive position sensor. This whole assembly is immersed

in a container of superfluid 3He in contact with a nuclear demagnetization

refrigerator.

Electrode

d.c. SQUID input coil

Soft membrane

Stiff membrane Aluminium
washer

Microaperture array

Si chip attached
to stiff membrane
by epoxy resin

b

65 × 65 trous, diamètre 100 nm
Surface : 6 cm2

φ − φ′￼ ≈ 2π (n −
Ω
Ω0 )

Ω ∼ Ωterre =
2π

24 × 3600
= 7.3 10−5 s−1

Ω0 =
πℏ

(2m)S
≈ 5 10−5 s−1
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On mesure la fréquence d’oscillation plasma :      avec ici    ℏωp = ĒJEC ĒJ = ℏĪc = 2ℏIc cos(πΩ/Ω0)
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Ω = ⃗Ω terre ⋅ ⃗u

  : vecteur unitaire normal  
au plan de la boucle superfluide

⃗u
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Et les gaz d’atomes froids ?

Pour l’instant, sensibilité trop basse des dispositifs “atomtroniques” pour détecter la rotation terrestre

Ω0 =
πℏ
mS

  ne dépasse par 10-3 mm2 ;  il faudrait 10 mm2 pour un atom lourd (Yb)S

En revanche, les interféromètres à atomes libres atteignent des sensibilités record (10-9 radian/s)

Les SQUIDs à atomes froids ont été pour l’instant limités à des expériences de démonstration

• Groupe de Gretchen Campbell à l’Université du Maryland / NIST

• Groupe de Malcom Boshier à Los Alamos

+    nombreux groupes travaillant sur des géométries annulaires 
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Un exemple de résultat 

Utilisation de barrières mobiles pour simuler : 

• un courant extérieur alimentant l’anneau

• la rotation de l’anneau

Ω = 0 Ω ≠ 0

processing, and a possible test of macroscopic realism, along with
the Leggett–Garg inequality26.

Methods
Josephson effects in an atomtronic SQUID. In the previous work8, Josephson
effects were demonstrated with an atomtronic SQUID by measuring the critical
current through the comparison with the bias current. It was shown that the nor-
malized current defined as _z ¼ 2I=N , where I is the current of the atoms, N is the
total number of atoms, and z ¼ N2"N1

N is the normalized population difference, is a
useful way to describe the Josephson effect18 of an atomtronic SQUID. By moving
two junctions close to each other with a rotation frequency f, a bias current can be
induced. The normalized bias current can be calculated to be _z0 ¼ 4f , where z0 is the
equilibrium normalized population difference for equal chemical potential and
density of atoms. The Josephson effect is in a DC regime when _zc > _z0 and in an AC
regime when _zc < _z0, where _zc is the normalized critical current and there is an atom
density difference between two regions of the atomtronic SQUID in the AC regime.

Generation of painted potentials. Painted potentials are time-averaged optical
potentials from fast scanning laser beams19. Two painting beams were used for this
experiment. One was a vertical painting beam with a wavelength of 834 nm and
waist of 1.7 µm, and the other was a horizontal painting beam with a wavelength of
1064 nm and waist of 12 µm. The painting frequency was 15 kHz for the vertical
beam and 33 kHz for the horizontal beam. The vertical beam painted the atomtronic
SQUID with a trap depth of 82 nK, a barrier full width at half maximum of 2.1 µm, a
barrier height of 42 nK, a radial trap frequency of 520 Hz, and a radius varying from
2.89 to 4.82 µm. The horizontal beam painted a line to create a flat potential to trap
atoms against gravity. This created a box-shaped horizontal trap. This horizontal
beam also creates a vertical trap. The width of this trap was 39 µm with a trap depth
of 1.3 µK and a vertical trap frequency of 297Hz. The painting was performed using
an acousto-optic modulator (AOM) by modulating the frequency and amplitude of
the input to the AOM using arbitrary waveform generators.

Creation of a BEC in an atomtronic SQUID. The 87Rb atoms from a magneto
optical trap were transferred to the quadrupole magnetic trap. RF evaporation
cooling was used to cool atoms in the quadrupole trap down to 10 µK. The transfer
of atoms into the optical trap was done adiabatically to minimize heating. The
optical trap consisted of a vertical painted potential of the rotating atomtronic
SQUID and a horizontal line potential. During evaporation, the vertical trap

remained constant with a fixed rotation rate forming a dimple trap on top of the
much deeper horizontal trap that has a weak axial confinement. The horizontal
trap depth was reduced from 40 µK to final depth of 1.3 µK to lower the tem-
perature of atoms for the production of the BEC with no discernable thermal
atoms. After the BEC was produced, the Josephson junctions were moved to induce
a bias current. To make this junction movement as adiabatic as possible, the
frequency of the junction movement increased from 0 to 0.2 Hz for 200 ms and
then maintained at 0.2 Hz for the next 100 ms. The total movement of the junction
ranged from −7.2 to 7.2 degrees where 0 degree corresponded to the symmetric
configuration of Josephson junctions in an atomtronic SQUID.

Measurement of the winding number states of atoms. The atomtronic SQUID
potential was turned off, and after 12.7 ms, absorption images of atoms were taken
to measure the winding number. After this long expansion, the momentum dis-
tribution of atoms was being measured, and when the winding number n was equal
to zero, there was a peak at the center of images of atoms because atoms had zero
angular momentum in the trap. With a nonzero n and corresponding angular
momentum, there was a hole at the center of images of atoms and the size of the
hole was proportional to n and the angular momentum of atoms. The data were
fitted with Gaussian distributions in order to determine the winding number. For
the experiments reported here, the winding number was either 0 or 1.

Data availability
The data that support the findings of this study are available from the corresponding
authors upon reasonable request.
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Conclusions (1)

Aspect visionnaire de l’article de Josephson (1962)
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P O S S I B L E  NEW E F F E C ' F 3  IN S U P E R C O N D U C T I V E  T U N N E L L I N G  * 

B. D. JOSEPHSON 
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We fiere present an approach to the calculation 

of tunnelling currents between two meta ls  that is 

sufficiently general to deal with the case when both 

metals are  superconducting. In that case new ef- 

fects are predtoted~ due to the possibi l i ty  that e~ec- 

tron pa i rs  may tunnel through the ba r r i e r  leaving 

the q~mst-particle dlstrtDution unchanged, 

Our proceaure,  following ttmt of Cohen et aL 1), 

i s  to tre~t the te rm in the Hamlltonian which t r ans -  

f e r s  electrons across  the ba r r i e r  as  a perturbation. 

W~ sssume that in Lhe absence of the t ransfer  t e rm 

there exist  quasi -par t ic le  operators  of definite 

energies~ whose corresponding nunther operators  

are  constant. A difficulty, due to the fact that we have a sys- 

tem containing two disjoint  superconducting r e -  

gions, a r i s e s  if we t ry  to describe quas i -par t ic les  

by the usual t~goliubov operators  2). This is  be- 

cause s ta tes  defined as eigeafanetions of the Bogo- 

tinbev quasi -par t ic le  musher  operators  contain 

phase-coherent superposit ions of states with the 

same total number of electrons but different num- 

bers  in the two regions. However, if the regions 

are  independent these s ta tes  must  be capable of 

s-uperpoeit~on with a rb i t ra ry  phases. On switehthg- 

on the t ransfer  ~erm the par t icular  phases chosen 

will  affect the predicted tunnelling current.  This 

beh~viour i s  of fundamental importance to the a r -  

gum ,nt that follows. The neglect, in the quasi-  

p~rdele  approximation, of the collective excitations 

of zero energy 3) results in au unphysical restric- 

tion in th~ free choice of phases, but may be avoid- 

ed by working with the projected states with definite 

munbers of electrons ~n both sides of th_ barrier. 

Corresponding to these projections we use opera-  

tors  which a l te r  ~ e  nmnbers of electrons on the 

two sides by definite v~m~ers **. /n par~icalar,  

corresponding to the BogoItabov operators e~ we 

• 

. 

+ ~. 

use quasi-partv)le ereafmn operators  %k, ahk 

which respectively add or remove an electron from 

~he same side as  i"-, quasi-r~r~icle and leave the 

* Work suppor~d by Trinity College, Cmnbrldge, ,and the 

Department of Scientific and h~dustrial Research. 

** We shal~ use subscripts 1 and r to distinguish n i t re -  

tots on the two sides, and k to denote an operator re- 

ferring fx) either s~de. 

number on the other sid¢~ unchanged, and pair crea- 

tion operators S~ f which add a palr of electrons on 

one side leaving the quasl-particle dls~rlbuflon un- 

clmnged. The Hermitean conjugate destruction 

operators  have s imi l a r  definitions. The S epera-  

to r s ,  re fe r r ing  to maeroseopieally occupied states,  

may be treated as  th'ne dependent c-numbers t *  

and we normal ise  them to have unit amplitude, tye- 

lations expressing electron operators  in t e rms  o~ 

q ~ s i - p a r t i c l e  opera',ors, equal-Vhne anticommuta- 

t i e s  relat ions and nu.rnber operator  relat ions may 

be derived from those of the Boguliubov theory by 

requir ing beth sides of the equations to have the 

same effect on N l and Nr,  the numbers of electrons 

on the two s ides  of the bar r ie r .  For  example, 

a~;, + 

+ 

=U kaek  O + v  k a h k l ,  a e k a e k = n  k ,  
(1) 

+ = S~ n k . 
% k ahl~ 

Noting that the Bogo~ubev Hamiltontan is H - rtN 

(~ = chemical potential), we take our unperturbed 

Hamiltonlml to be 

HO = ~k nk Ek ÷ Xt N~ + kr  Nr  , 
where Ek is the quasl-particle energy in the Bogo ~ 

linbev the~ "ry, and deri~'e the commutation rela- 

tlons 

[no,~] ~ ( %  - x~) ~ ,  (~) 4- 
[ao ,S~]  ~ 2 x~ se. 

In the presence of ~unnelllng the Hamlltonla~, Is 

H e + HT, where H T exiJressed in electron opera- 

~ors is 

f These are equivalent ~ the operators which cbm~ge 1/~ 

to IN + 2) In ~e theory of Gor'kov 4): 

ff Cf. N.N. Bogoltubov ~t el. ~'). The phase of an3 oper~- 

tor Is related to t ~  orientation of th e plume eor~nir~ 

the pseudospin ~rators ~.. Physical ob~ervable~ 

~.aanot depe~A on the phase of s single S operatol~, but 

they can depend on the r~atlve phases of the S opera-- 

tors associated with two sup~roonductin~ regions, as 

In the phenomena dealt with here• 

25 i 

Rapidité de la mise en œuvre des développements technologiques 

• Résonances de Shapiro (1963), volt étalon (1972) 

• SQUID (1965) 

Impact également considérable en physique fondamentale 

• Leggett (1980) : plateforme pour des tests macroscopiques de la linéarité de la physique quantique 

• Effet tunnel macroscopique observé par Clarke, Devoret & Martinis (1983) 

À partir de 2000, rôle central dans la conception de qubits supraconducteurs
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Conclusions (2)

Impact au delà de la physique des supraconducteurs 

Effet qui existe pour tout fluide quantique décrit par un paramètre d’ordre ρ eiθ( ⃗r)

Expériences sur les liquides 3He et 4He dans leur état superfluide

Expériences avec des gaz d’atomes froids

Démonstration des effets déjà connus (effet Josephson d.c. et a.c., Shapiro, SQUID), mais moins quantitatifs 

Lien avec la métrologie quantique via les états comprimés N

S

Anneau segmenté  
d’atomes de 87Rb

LKB Collège de France

Exploration de nouveaux régimes comme par exemple 

• régime d’auto-piégeage

• bifurcations et transitions de phase


