
Supplementary Information for
Tan’s two-body contact across the superfluid transition of a planar Bose gas
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SUPPLEMENTARY NOTE 1:
RAMSEY INTERFEROMETRY IN A

MANY-BODY SYSTEM CLOSE THE SU(2)
SYMMETRY POINT

In this section, we explain why the vicinity of the SU(2)
symmetry point where all three scattering lengths are
equal (a11 = a12 = a22) allows one to reach a full transfer
from |1〉 to |2〉 in the Ramsey sequence, in spite of the
interactions between the particles. We first explore a
two-particle model before turning to the general N -atom
case.

The two-particle toy model

The analysis of a system with two particles only, which
was pioneered by [1], is often used to gain insight in the
N -body case, see e.g. [2, 3] in the context of microwave
spectroscopy. Here we consider a pair of atoms each with
two internal states |1〉 and |2〉 (Fig.1). The initial state
of the two-particle system is

|11〉 ⊗ |ψ0〉, (1)

where |ψ0〉 describes the external state of the pair and is
symmetric by exchange of the two (bosonic) particles.

The two-body state just after the first π/2 pulse of the
Ramsey sequence is[

1

2
|A〉+

1√
2
|B〉+

1

2
|C〉
]
⊗ |ψ0〉. (2)

Here we have introduced the three states

|A〉 = |11〉 |B〉 =
1√
2

(|12〉+ |21〉) |C〉 = |22〉
(3)

which correspond to the triplet states, resulting from the
coupling of the two internal states viewed as pseudo-spins
1/2.

The time evolution is described by three operators
Ûij(t) and the state of the system reads at time t:

1

2
|A〉 ⊗

(
Û11(t)|ψ0〉

)
+

1√
2
|B〉 ⊗

(
Û12(t)|ψ0〉

)
+

1

2
|C〉 ⊗

(
Û22(t)|ψ0〉

)
. (4)
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Supplementary Fig. 1. Energy levels of the relative motion
of zero angular momentum for a two-particle system in a 3D
harmonic trap of frequency ω, as function of the scattering
length. To model properly the experimental situation, the
characteristic length az =

√
~/mω is chosen equal to the

interparticle distance d = n̄−1/2 (d ∼ az ∼ 160 nm for n̄ =
40 µm−2, i.e. ~ω = ~2n̄/m. Therefore the spacing ∼ 2~ω
between adjacent levels is large compared to the interaction
energy per particle, ∼ ~2n̄g̃/m, since g̃ � 1. The initial
state |ψ0〉 considered in the text is marked as • and the two
other relevant states |φ0〉 and |χ0〉 are marked as ◦. All three
scattering lengths a11, a12, a22 are close to each other (figure
not to scale for actual Rb values).

The action of the second π/2 pulse at time t reads:

|1〉 → 1√
2

(
|1〉+ eiα|2〉

)
|2〉 → 1√

2

(
|2〉 − e−iα|1〉

)
,

(5)
where α = 2πνt is the phase of the microwave at this
time. After the second pulse, we find the fraction f2(t)
transferred to internal state |2〉:

f2(t, α) =
1

2
+

1

4
<
[
eiα
(
〈Û†12Û11〉+ 〈Û†22Û12〉

)]
, (6)

where the averages are taken in state |ψ0〉.
The contact is calculated as the derivative with respect

to the scattering length of the energy of the system (here
the pair of atoms) at constant entropy and in thermal
equilibrium. Therefore we can suppose that |ψ0〉 is an
eigenstate of the two-particle system for the scattering
length a11 and eventually perform a statistical average
over |ψ0〉 at the end of the analysis.
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To calculate the various matrix elements 〈Û†ijÛkl〉 en-
tering in the expression (6) of the Ramsey signal, we
introduce the eigenbases of the two-particle system for
the scattering lengths a12 and a22, denoted respectively
{|φn〉} and {|χn〉}. For 87Rb, the three scattering lengths
a11, a12, a22 are close to each other (5% difference at
most). This means that essentially one state contributes
to the expansion of |ψ0〉 on the basis {|φn〉} or {|χn〉}:

|ψ0〉 ≈ |φ0〉 ≈ |χ0〉. (7)

This validates the assumption of constant entropy needed
for the calculation of the contact: the populations of the
eigenstates of the external motion of the two-particle sys-
tem are quasi-unchanged by the Ramsey pulses (Fig.1).

With this assumption, we find

〈Û†12Û11〉 ≈ ei(E12−E11)t/~, 〈Û†22Û12〉 ≈ ei(E22−E12)t/~

(8)
where Eij includes both the single atom energy ±hν0/2
and the interaction energy of the atom pair. The Ramsey
signal now reads:

f2(t) ≈ 1

2
+

1

4
cos [α+ (E12 − E11)t/~]

+
1

4
cos [α+ (E22 − E12)t/~] . (9)

It is maximal for

2hν = E22 − E11 (10)

as announced in the main text, and it reaches f2 = 1
when a12 is equal to the arithmetic mean of a11 and a22.
These conclusions are unchanged when one subsequently
performs a statistical average over |ψ0〉.

Achieving a full transfer in the N-body Ramsey
sequence

We consider a collection of N two-level atoms with
internal states |1〉, |2〉, and we assume that the initial
state for the Ramsey sequence corresponds to having all
atoms in the internal state |1〉:

|Ψ0〉 =
1√
N !

(
â†1

)N
|0〉, (11)

with a given external many-body state |ψ0〉.
After the first π/2 pulse, the collective internal state

is

|Ψ1〉 =
1√

2N N !

(
â†1 + â†2

)N
|0〉

=
1√

2N N !

N∑
N1=0

(
N

N1

)(
â†1

)N1
(
â†2

)N2

|0〉. (12)

We denote E(N1, N2) the energy of the system with N1

particles in |1〉 and N2 = N −N1 particles in |2〉. After
the evolution for a duration t, the state becomes:

1√
2N N !

N∑
N1=0

(
N

N1

)
e−iE(N1,N2)t/~

(
â†1

)N1
(
â†2

)N2

|0〉.

(13)
The second π/2 pulse at time t corresponds to

â†1 →
1√
2

(
â†1 + eiαâ†2

)
, â†2 →

1√
2

(
â†2 − e−iαâ†1

)
,

(14)
where α = 2πνt is the phase of the microwave at time t.

In the binomial expansion (12), only the terms
(N1, N2) that are close to (N/2, N/2) contribute signifi-
cantly. Therefore we perform a Taylor expansion of the
energy of each term at first order in q = (N1 −N2)/2:

E

(
N

2
+ q,

N

2
− q
)
≈ E

(
N

2
,
N

2

)
+ (µ1 − µ2)q (15)

where

µ1 =

(
∂E

∂N1

)
N2

, µ2 =

(
∂E

∂N2

)
N1

. (16)

With this approximation, each term in the sum (13) has
a phase that is proportional to (N1−N2)t and we expect
a full transfer to level |2〉 after the second Ramsey pulse
for :

hν = µ1 − µ2. (17)

Validity of the expansion (15). In order to give a nec-
essary condition on the parameters of the problem for
(15) to hold, we consider the T = 0 case and use the
expression for the mean-field energy:

E(N1, N2) =
1

2
(N2 −N1)hν0 + (18)

~2

2mL2

(
g̃11N

2
1 + 2g̃12N1N2 + g̃22N

2
2

)
,

where L2 is the area of the box confining the gas. One
then has the exact result:

E

(
N

2
+ q,

N

2
− q
)

= E

(
N

2
,
N

2

)
(19)

+

[
−hν0 +

~2

2m
(g̃11 − g̃22)n̄

]
q

+
~2

2mL2
(g̃11 + g̃22 − 2g̃12)q2.

In practice, we operate the Ramsey scheme in the regime

~t
2m
|g̃11 − g̃22|n̄ ∼ 1 (20)

to obtain a good precision on the determination of
g̃11 − g̃22. Using the fact that for the binomial distri-
bution, 〈q2〉 = N/4, we deduce that the contribution of
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the last line of (19) [which was omitted in Eq. (15)] can
be neglected if:

1

4
|g̃11 + g̃22 − 2g̃12| . |g̃11 − g̃22| (21)

meaning that the interspecies scattering length a12 has
to be close to the average of the intraspecies ones, a11
and a22. This condition is well fulfilled for 87Rb. Note
that the quantity g̃11 + g̃22 − 2g̃12 is also known to give
the angle of the rotation induced by the one-axis twist-
ing Hamiltonian in binary spinor condensates, which is
central to the generation of spin squeezed states [4–7] .

Using the approximate SU(2) symmetry

We have seen above that provided the inequality (21)
is satisfied, one can achieve a full transfer from |1〉 to
|2〉 in the Ramsey sequence operating in the regime (20),
provided the microwave frequency is chosen such that

hν =

(
∂E

∂N1

)
N2

−
(
∂E

∂N2

)
N1

. (22)

Here, the energy E is calculated for the parameters N1 =
N2 = N/2 and the 3 scattering lengths a11, a12 and a22.
Suppose now that all three scattering lengths are close
to each other, so that we can expand:

E(N1, N2, a11, a12, a22) ≈ E(N1, N2, a, a, a) +

(a12 − a11)
∂E

∂a12
+ (a22 − a11)

∂E

∂a22
(23)

where we have set a ≡ a11. The SU(2) symmetry is exact
at the point in parameter space where a12 = a22 = a.

We note that:

∂2E

∂N1 ∂a12

(
N

2
,
N

2
, a, a, a

)
=

∂2E

∂N2 ∂a12

(
N

2
,
N

2
, a, a, a

)
(24)

so that the term ∝ (a12 − a11) does not contribute to
(22). This leads to

h∆ν = (a22−a11)

[
∂2E

∂N1 ∂a22
− ∂2E

∂N2 ∂a22

](
N

2
,
N

2
, a, a, a

)
.

(25)
Now, the Hamiltonian of the binary system for a reg-

ularized zero-range potential is

Ĥ = Ĥ0 +
∑
i,j

aijK̂ij (26)

where

K̂ij =
2π~2

m

∫∫
ψ̂†i (r) ψ̂†j (r

′) δ̂(r−r′) ψ̂j(r′) ψ̂i(r) d3r d3r′.

(27)

Hellmann–Feynman theorem thus leads to:

h∆ν ≈ (a22−a11)

[
∂〈K̂22〉
∂N1

− ∂〈K̂22〉
∂N2

](
N

2
,
N

2
, a, a, a

)
(28)

At the SU(2) point, we can connect the two-component
system with the single component system with the same
scattering length:

〈K̂22〉 =
N2

2

(N1 +N2)2
〈K̂〉 (29)

We then find:

N h∆ν ≈ (a22 − a11) 〈K̂〉, (30)

which also reads, setting ∆a = a22 − a11:

C =
16π2ma2N

~
∆ν

∆a
, (31)

and which coincides with the expressions (3,5) of the
main text.

SUPPLEMENTARY NOTE 2:
ROBUSTNESS OF THE RAMSEY

INTERFEROMETRY

In this section, we confirm experimentally the robust-
ness of Ramsey interferometry for the determination of
the contact. In the previous discussion, we assumed that
no spatial dynamics occurs during the Ramsey sequence.
In Fig. 2, we confirm experimentally this hypothesis by
investigating the variation of the measured frequency
shift and contrast of the Ramsey oscillations for :

• Different values of τ1, the duration of the Ramsey
interrogation.

• Different values of τ2, the duration of the Ramsey
π/2 pulses. The area of the Ramsey pulses is kept
constant by adjusting the microwave field power for
each value of τ2.

We observe no significant variation around the values
chosen in the main text τ1 = 10 ms and τ2 ∼ 100 µs.

SUPPLEMENTARY NOTE 3:
CONTACT AND TWO-BODY CORRELATION

WITHIN BOGOLIUBOV APPROACH

Bogoliubov operators and contact

We consider a 2D Bose gas confined in a square box
L × L with periodic boundary conditions. We denote
âk the operator that annihilates a particle with momen-
tum ~k. We assume that the temperature is low enough
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Supplementary Fig. 2. (Top) Frequency shift ∆ν as a func-
tion of (left) the Ramsey interrogation time τ1 (for τ2 = 66 µs)
and (right) the Ramsey pulse duration τ2 (for τ1 = 10 ms).
(Bottom) Contrast of the Ramsey oscillations as a func-
tion of the same parameters. The contrast is defined as
(Smax −Smin)/(Smax +Smin), where S is the fitted sinusoidal
variation of the Ramsey oscillations (see the inset of Fig. 1 in
the main text).

so that most of the particles accumulate in the ground
state of the box k = 0. Since the confining box has a
finite size, this does not violate Mermin-Wagner theo-
rem, which holds for a gas in the thermodynamic limit.
Note that instead of assuming a macroscopic population
of k = 0, one may also use another version of the Bogoli-
ubov approach in terms of phase and density fluctuations
(see e.g. [8]). In that approach, which leads to the same
results as the one used here, one assumes that the density
fluctuations are small and that the phase fluctuations can
be expanded as a Fourier series (no isolated vortex).

The Bogoliubov Hamiltonian is diagonalized by intro-
ducing the bosonic operators b̂k = ukâk − vkâ†−k with

uk, vk = ±
[

k2 + 2g̃n̄

2k(k2 + 4g̃n̄)1/2
± 1

2

]1/2
, (32)

and the energy of the Bogoliubov modes

εk =
~2k
2m

[
k2 + 4g̃n̄

]1/2
. (33)

The Bogoliubov Hamiltonian reads:

Ĥ = E0 +
∑
k

εk b̂
†
kb̂k. (34)

In the case studied in the paper, where the thickness az
of the gas is large compared to the scattering length, the

ground-state energy E0 can be estimated by averaging
the mean-field 3D result:

E
(3D)
0 =

2π~2a
m

n(3D)N (35)

over the Gaussian density profile n(3D)(z) =

n̄ e−z
2/a2z/

√
πa2z along the z direction:

E0 =

∫
E

(3D)
0 (z) n(z) dz∫

n(z) dz
=

~2g̃
2m

n̄N (36)

The thermal averages are 〈b̂k〉 = 0 and 〈b̂†kb̂k′〉 =
δk,k′ Nk, where Nk is the Bose–Einstein distribution

Nk =
[
eεk/kBT − 1

]−1
. (37)

The internal energy in thermal equilibrium thus reads:

E = E0 +
∑
k

εkNk. (38)

The contact is by definition proportional to the derivative
of this energy with respect to a at constant entropy, i.e.
at constant populations Nk of the modes, which gives:

C = CT=0 + Cthermal (39)

with

CT=0 =
8πma2

~2
∂E0

∂a
= C0 (40)

and

Cthermal =
8πma2

~2

[∑
k

∂εk
∂a
Nk
]

= C0
2

N

∑
k

k√
k2 + 4g̃n̄

Nk. (41)

Density fluctuations

Average density. The average density of the gas is
calculated from n̄ = 〈n̂(r)〉 with n̂(r) = ψ̂†(r)ψ̂(r), and
it can be split into a T = 0 and a thermal component:

n̄T=0 =
N0

L2
+

1

L2

∑
k 6=0

v2k (42)

and

n̄thermal =
1

L2

∑
k 6=0

(u2k + v2k) Nk. (43)
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Density correlations. We start from the 4-field cor-
relation function written in normal order G2(r) =

〈ψ̂†(0)ψ̂†(r)ψ̂(r)ψ̂(0)〉, which we expand up to first or-
der in nthermal/n̄:

G2(r) =
N2

0

L4
+

N0

L4
× (44)∑

k 6=0

eik·r
(
〈â−kâk〉+ 〈â†−kâ

†
k〉+ 2〈â†kâk〉

)
+ 2〈â†kâk〉

We can then calculate the g2 function used in the main
text:

g2(r) =
G2(r)

n̄2
= gT=0

2 (r) + gthermal
2 (r) (45)

and we find by at first order in (n̄− n̄0)/n̄ [see e.g. [8]]:

gT=0
2 (r) = 1 +

2

N

∑
k 6=0

eik·rvk(uk + vk) (46)

and

gthermal
2 (r) =

2

N0

∑
k 6=0

eik·r (uk + vk)
2 Nk. (47)

We notice that

(uk + vk)2 =
k√

k2 + 4g̃n̄
(48)

which shows the relation (6) of the main text:

Cthermal

C0
= gthermal

2 (0). (49)

On the other hand, the integral giving gT=0
2 in r = 0 is

UV divergent since vk ∝ 1/k2 and uk+vk ∼ 1 at infinity.

Lee-Huang-Yang (LHY) correction [9]

In 3D and at zero-temperature, the first beyond-mean-
field correction to the contact is (see e.g. Eq.(2) in [10])

δC

C
=

5

2
× 128

15
√
π

√
n(3D)a3. (50)

In our setup, the average 3D density is n(3D) =
n̄/(az

√
2π). For a 2D density n̄ = 40 atoms/µm2 and

az = 160 nm, this gives n̄(3D) ≈ 1.0×1014 atoms/cm3 and
δC/C ≈ 4.7 %. For this n̄, the mean-field contribution to
the contact corresponds to a shift ∆ν = −22 Hz (Fig. 2 of
the main text), and the LHY correction is ≈ 1 Hz, within
the uncertainty of our measurements. Note that a more
precise theoretical estimate of the LHY correction for our
planar geometry should start from the general expression
of the ground-state energy of a 2D Bose gas [11–13] and
the relation between the 2D scattering length and the 3D
one [14].

Estimate for the contribution of the 3-body contact

Using the transition rates derived in [15], Fletcher et
al. [3] have shown that the contribution of the 3-body
contact to the many-body resonance shift is related to
the shift due to the 2-body contact by:

∆ν3
∆ν2

= 5.0π2 a
C3

C2
. (51)

Now an estimate of C3/C2 for a dilute BEC is provided
by [16]:

C3

C2
∼ 0.02 n(3D)a2 (52)

so that the contribution of the 3-body contact is reduced
by a factor ∼ n(3D)a3 ∼ 10−5 with respect to the contri-
bution of the 2-body contact. Even though the 2D nature
of the thermodynamics of our gas may bring some sig-
nificant corrections to this crude estimate, we can safely
assume that effects related to the 3-body contact cannot
be detected with our experimental protocol.

SUPPLEMENTARY NOTE 4:
VIRIAL EXPANSION AND CONTACT

The 3D case

We consider first a 3D gas with a uniform density
ρ = N/L3, where N is the number of particles and L3

the volume of the gas. The virial expansion consists in
expressing the grand potential Ω and the density ρ as
series in powers of the fugacity z = exp(−µ/kBT ), where
µ is the chemical potential and T the temperature [17]:

− Ω

kBT
=
L3

λ3

∞∑
l=1

bl(T, a) zl, ρλ3 =

∞∑
l=1

l bl(T, a) zl

(53)
with λ =

√
2π ~/

√
mkBT . The ideal Boltzmann gas case

is obtained by keeping only the first order, which imposes
b1 = 1. At order 2, one can eliminate z between these
two equations, which gives:

Ω(L3, T, µ, a)

NkBT
= −1 + b2(T, a) ρλ3. (54)

The free energy F = Ω + µN is at the same order

F (L3, T,N, a)

NkBT
= log(ρλ3/e)− b2(T, a) ρλ3. (55)

We consider now the case where the gas occupies
an area L2 in the xy plane and is strongly confined
along the z direction, with the density profile ρ(z) =
n̄ exp(−z2/a2z)/(

√
πaz). For our experimental parame-

ters, the 3D scattering length a is much smaller than az



6

so that atomic interactions can still be treated with the
3D formalism. Therefore, we can calculate the contri-
bution of interactions (and Bose statistics) to the free
energy ∆F = F − FBoltzmann by averaging the 3D ex-
pression of F over the density profile ρ(z):

∆F (L3, T,N, a)

NkBT
≈ −b2(T, a)λ3

∫
ρ2(z) dz∫
ρ(z) dz

(56)

= −b2(T, a)
n̄λ3√
2πaz

. (57)

Then we calculate the contact of the gas using

C =
8πma2

~2

(
∂F

∂a

)
L2,T,N

. (58)

Using the collisional phase shift δ0(k) ≈ −ka associated
with s-wave scattering, the Beth–Uhlenbeck formula for
a Bose gas leads to [17]:

b2(T, a) =
1

25/2
− 2a

λ
⇒

(
∂b2
∂a

)
T

= − 2

λ
, (59)

and one finds finally in the weakly degenerate regime

C = 2C0. (60)

The 2D case

In [18], H.c Ren gives the result of perturbative ther-
modynamics applied to a regularized contact potential in
2D. Strictly speaking, this is not a virial expansion, i.e.
an expansion in powers of density or fugacity, since the
author takes exactly into account all powers of n̄ in the
ideal gas case.

Starting from the 2D scattering length a2, Ren intro-
duces the dimensionless coupling

α(T ) =
1

ln
(

λ2

2πa22

)
+ γ

(61)

where λ(T ) is the thermal wavelength and γ the Euler
constant, which is related to g̃ by g̃ ≈ 4πα. He then per-
forms a systematic expansion of various thermodynamic
functions in powers of α. Note that the T dependence of
α explicitly breaks the scale invariance of the problem,
as expected after regularization of the contact interaction
in 2D. However for our experimental parameters, this T -
dependence plays a negligible role.

The value of the free energy F reads at order 2 in α:

F (N,L2, T, a2) = F0(N,L2, T ) + α
4π~2N2

mL2

− α2 8πL2~2

mλ4
φ
[
1− e−Nλ

2/L2
]
,(62)

where F0 is the ideal Bose gas result and where the func-
tion φ(z) is defined by:

φ(z) = B(z) +
1

2
D(z) (63)

with

B(z) =

∞∑
r,s,t=1

zr+s+t√
rs(r + t)(s+ t)

ln

√
(r + t)(s+ t) +

√
rs√

(r + t)(s+ t)−√rs
(64)

and

D(z) =

∞∑
r,s=1

zr+s

rs
ln

2rs

r + s
. (65)

Tan’s contact

C =
8πma2

~2

(
∂F

∂a

)
N,L2,T

(66)

can then be calculated using (61) together with the link
between the 2D (a2) and 3D (a) scattering lengths and
the size of the ground state along the z direction (az)
[14, 19, 20]

a2 ≈ 1.863 az exp

(
−
√
π

2

az
a

)
. (67)

The result is plotted in Fig. 3 of the article.

SUPPLEMENTARY NOTE 5:
CLASSICAL FIELD PREDICTIONS

In the main text we compare our measurements to the
results of a classical field simulation [21], which provides
the variation of the quasi-condensate density with the
phase-space density D. Whereas these simulations lead
to reliable results for the equation of state of the 2D
Bose gas for our interaction strength g̃ [22], we find an
unphysical behaviour when we use them to predict the
contact.

First, in the very degenerate regime D � 1, they pre-
dict C/C0 < 1. This could be possibly corrected by nor-
malizing the classical-field prediction by the Bogoliubov
results in this regime, since they should coincide by con-
struction.

More strikingly, the curve does not reach C/C0 = 2 in
the non-degenerate regime, and it even displays a non-
monotonic variation with D. We show in Fig. 3 that this
behaviour is a consequence of the relatively large value
of g̃ used here. When lowering g̃, we recover a monotonic
variation compatible with the expected non-degenerate
limit C = 2C0. This result highlights, as originally stated
in Ref. [21], the limited range of applicability of these
simulations for determining the quasi-condensate density.
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Supplementary Fig. 3. Contact C calculated using the
quasi-condensate density given in Ref. [21] (classical field anal-
ysis), for different values of the interaction parameter g̃. In
the limit g̃ → 0, a monotonic variation of C/C0 from ∼2 to
∼1 is recovered.
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