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Summary. — In these lecture notes, we discuss the physics of a two-dimensional
binary mixture of Bose gases at zero temperature, close to the point where the two
fluids tend to demix. We are interested in the case where one of the two fluids (the
bath) fills the whole space, while the other one (the minority component) contains a
finite number of atoms. We discuss under which condition the minority component
can form a stable, localized wave packet, which we relate to the celebrated "Townes
soliton". We discuss the formation of this soliton and the transition towards a
droplet regime that occurs when the number of atoms in the minority component
is increased. Our investigation is based on a macroscopic approach based on cou-
pled Gross-Pitaevskii equations, and it is complemented by a microscopic analysis
in terms of bath-mediated interactions between the particles of the minority com-
ponent.

Binary mixtures of low-temperature Bose gases can lead to a large variety of phenom-
ena, depending on the strength and nature – repulsive or attractive – of intraspecies and
interspecies interactions [1, 2]. Even when each component is individually stable at the
mean-field level, i.e., it has a positive scattering length, a demixing instability, resp. a
collapse, may occur if the interspecies interaction is sufficiently large and repulsive, resp.
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Figure 1. – Generic phase diagram for a binary mixture as function of the intercomponent
interaction strength g12, assuming repulsive intraspecies (gii > 0). This lecture is devoted
to the 2D case. The study of [3] regarding the generation of quantum droplets stabilized by
beyond-mean-field forces addresses the 3D case.

sufficiently large and attractive (see figure 1).
The vicinity of these two singular points is particularly interesting. For example,

the regime of quantum droplets in three dimensions predicted in [3] occurs close to the
collapse threshold. It takes advantage of the smallness of the mean-field interaction
energy at this point: Beyond-mean-field corrections can play a significant role and they
give access to a liquid state of matter, although the density remains several orders of
magnitude lower than in usual liquids.

In this lecture, we focus on the vicinity of the demixing point. We consider the case
where one component forms an infinite bath filling the entire space, while the second
component contains only a finite number of particles N2. By contrast to [3], all the
effects considered in these notes originates from mean-field interactions. In addition, we
suppose that the system is at zero temperature. The state of the binary mixture is thus
well described by two coupled Gross-Pitaevskii equations.

We wish to address the general question of the equilibrium shape of the minority
component in these conditions: does it fill the whole space as the majority component,
or does it form a stable, localized wave packet immersed in the bath? In the latter case,
is it possible to describe this localized state using a (modified) Gross-Pitaevskii equation
involving only the minority component?

More specifically, we are interested here in the two-dimensional (2D) case. For given
interaction strengths, we show that there exists a threshold value NT for the number of
particles in the minority component, below which this component tends to fill the whole
space. For any N2 > NT, the minority component can form a stable wave packet with
a definite size. When N2 decreases to N+

T , the minority component converges towards a
stationary wave packet that constitutes a realization of the celebrated "Townes soliton"
[4]. This solitary wave is a remarkable example of a scale-invariant object, which can



Townes soliton and beyond: Non-miscible Bose mixtures in 2D 3

exist in principle with an arbitrary size. On the contrary, as N2 increases towards values
much larger than NT, the wave packet gradually evolves towards a droplet-like object
with a density imposed by the bath.

The outline of this lecture is the following. In §1, we briefly review how solitons can
be formed in a fluid described by the Gross-Pitaevski energy functional. We explain the
special feature of the 2D case in relation with scale invariance. Then, we briefly describe
two recent experiments in which Townes solitons were observed with a 2D cold atom
setup [5, 6]. In §2, we present a theoretical modeling of the binary mixture starting
with the coupled Gross-Pitaevskii equations associated to each component. We discuss
various situations in which the degrees of freedom of the bath can be eliminated to the
benefit of a single equation for the minority component. We explain how the system
evolves when the number of particles is increased above the Townes threshold NT and
we describe the transition towards the droplet regime, where the minority component
sits in a localized region of space where the bath is fully depleted. In §3, we turn to
another point of view on this system and study the interactions between the particles
of the minority component that are mediated by the bath. We first address the case
where the mass of a particle of the minority component m2 is much larger than the
mass of a bath particle m1. We show that in this case, the mediated interactions are
well described by a Yukawa potential, with a range related to the bath healing length.
Then, for momenta k of the minority component much smaller than 1/ξ, we use Born
approximation to simplify the description of these mediated interactions, and show that
the result can be extended to the case m1 = m2. This allows us to recover the results
obtained in §2 by the macroscopic approach. Finally, we draw in §4 some conclusions
and perspectives regarding this two-dimensional binary mixture of Bose gases.

1. – Solitons in two dimensions

1.1. The Gross-Pitaevskii energy functional . – A soliton is an emblematic object of
non-linear wave physics [7]. It is defined as a wave packet that maintains its shape over
time, as a result of the competition between non-linear and dispersive effects. In this
lecture, we consider a wave packet ψ(r, t) whose energy at time t is described by the
Gross-Pitaevskii functional in D spatial dimensions:

(1) E[ψ] =
1

2

∫ (
|∇ψ(r, t)|2 + g |ψ(r, t)|4

)
dDr.

This energy functional is relevant in optics (for the propagation of laser beams in a
non-linear medium), in atomic physics (for the classical-field description of a weakly-
interacting Bose gas) and in condensed matter (e.g., as an order parameter for superfluid
liquid helium). Note that we have set here ~ = 1 and m = 1 for the mass of the
particles, in the case where ψ describes a matter-wave field. The first contribution
to (1) corresponds to diffraction or kinetic energy, and the second one to the (cubic)
non-linearity of the medium or to the interactions between particles. The parameter g
characterizes the strength of the non-linear coupling.
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The dynamics associated with the energy functional (1) is described by the Lagrangian

(2) L[ψ] = i

∫
ψ∗(r, t) ∂tψ(r, t) dDr − E[ψ].

The Euler-Lagrange equations then lead to the time-dependent Gross-Pitaevskii equa-
tion:

(3) i∂tψ(r, t) = −1

2
∇2ψ(r, t) + g|ψ(r, t)|2ψ(r, t).

1.2. Dimensional analysis for the soliton size. – Here we consider essentially the
physics of an atomic Bose gas with the number of particles N defined as

(4)
∫
|ψ(r, t)|2 dDr = N.

The non-linear coefficient g in (1) describes the strength of the interactions between the
particles at the mean-field level. Here, we suppose that g < 0, corresponding to an
attractive interaction.

In order to obtain some intuition on the existence and stability of a soliton, we consider
a stationary wave packet of size `, with a central density N/`D, and we perform a
dimensional analysis of the energy per particle deduced from (1):

(5)
E(`)

N
∼ 1

`2
− N |g|

`D
,

up to a numerical factor of order unity in front of each contribution.
The variation of E(`) deduced from (5) is shown in Fig. 2 for dimensions D = 1 and

D = 3. The solution in the one-dimensional case is well known: the attractive interaction
term dominates at large ` and the kinetic energy dominates at small `. Therefore, there
exists a size `∗ ∼ 1/N |g| which corresponds to a stable equilibrium. In the context of
cold atomic gases, such solitons were first observed in [8, 9].

In 3D, the extremum of the energy functional, occurring for a length `∗ ∼ N |g| is
unstable. The expansion term due to the kinetic energy dominates for ` > `∗, and the
contraction term due to the interaction energy leads to a collapse for ` < `∗. For small
atom numbers, the fluid can be stabilized using an additional harmonic confinement,
i.e. by adding a component ∝ `2 to (5) [10]. For large atom numbers, it leads to the
celebrated phenomenon of "Bose Nova" [11].

By contrast to 1D and 3D, the two-dimensional case is critical, in the sense that no
length scale emerges when we try to minimize (5). This is a consequence of the fact that
the parameter g is dimensionless in 2D, while it has the dimension of a length (resp.
the inverse of a length) in 3D (resp. 1D). This absence of length scale associated with
interactions in 2D is an illustration of the scale invariance of the action (2) in this case.
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Figure 2. – Sketch of the energy per particle (5) for a wave packet of size ` in 1D (left) and 3D
(right).

1.3. The 2D case: Townes profile. – For a more quantitative analysis of the extrema
of the energy functional (1) in two dimensions, we turn to the time-independent Gross-
Pitaevskii equation deduced from the minimization of (1):

(6) −1

2
∇2φ(r) + g|φ(r)|2φ(r) = µφ(r)

∫
|φ(r)|2 d2r = N.

Here the chemical potential µ is the Lagrange parameter introduced to take into account
the constraint on the normalization of φ. Once φ(r) is known, the function ψ(r, t) =

φ(r) e−iµt is a solution of the time-dependent Gross Pitaevskii equation (3).
It can been shown that (6) has physically acceptable solutions only for well-defined

values of the product Ng. More precisely, these solutions have an isotropic density
distribution and a phase dependence of the form exp(isθ), θ being the polar angle and
s ∈ Z the embedded vorticity [12]. For s = 0, the node-less solution of (6) exists only for
Ng = −5.85... [4, 13], whereas solutions with one and two nodes require Ng = −38.6...

and Ng = −97.9... respectively [14, 15]. The solution with no node (except in r = 0)
and with embedded vorticity s = 1 (resp. s = 2) requires Ng = −24.1... (resp. Ng =

−44.86...) [16].
The s = 0 node-less solution corresponds to the celebrated Townes soliton. Its radial

profile is given (after an arbitrary rescaling) by the positive solution R(r) of the radial
equation

(7) R′′ +
R′

r
+R3 = R

∫ +∞

0

R2(r) 2πr dr = 2× 5.85... ,

and it is represented in figure 3. Here, we have set R(r) =
√

2|g|φ(r) in (6) and we have
chosen the value µ = −1/2 for the chemical potential (as we show below, this value can
be chosen arbitrarily).
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Figure 3. – Blue solid line: Radial profile of the Townes soliton, corresponding to the isotropic
and nodeless solution of (7) in 2D. Dashed (resp. dash-dotted) line: Solution of (7) with one
node (resp. two nodes). Red solid line: node-less solution with embedded vorticity s = 1.

This solitonic profile was found by Chiao, Garmire and Townes in [4] while they
were searching for the transverse profile of a laser beam that could propagate without
deformation in a non-linear medium, as a result of the competition between diffraction
and self-focusing. This node-less profile does not exhibit any dynamical instability (i.e.
no exponential growth for a small deformation from the ideal profile), by contrast to
the solutions with one (or several) node(s) [17, 18], and we will thus focus on it in the
following. In the context of non-linear optics, the Townes soliton was observed by [19]
and we refer the reader to [20] for a thorough review of the numerous works performed
on multi-dimensional self-trapping of laser beams.

It is well known that the two-dimensional Gross-Pitaevskii action (2) is scale invariant
and, more generally, conformal invariant. It presents a dynamical symmetry described
by the SO(2,1) group [21]. This invariance leads to a series of remarkable properties for
the weakly-interacting 2D Bose gas described by the classical-field approach (1) (for a
review, see [22] and refs. in). In the context of solitons, the scale invariance corresponds
to a special structure of the space of solutions of (6), as we show now. Let us assume that
we choose Ng = −5.85 ; once we have determined a solution φ(r) for a given chemical
potential µ, with the characteristic length µ−1/2 for this state, then we get a continuous
family of solutions of the same equation (6),

(8) φλ(r) = λφ(λr), µλ = λ2µ,

containing the same atom number (
∫
|φλ|2 d2r =

∫
|φ|2 d2r = N). Furthermore, all these

solutions have zero energy for the functional (1), as shown in the next paragraph.

1.4. Dynamics of 2D wave packets. – Among the many consequences of the dynamical
symmetry associated to the Gross-Pitaevskii equation in 2D, we mention the following re-
markable relation between the square of the spatial extension 〈r2〉(t) =

∫
r2|ψ(r, t)|2 d2r
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(a)

N |g|
5.85

E > 0 E < 0

no collapse collapse

(b)

N |g|
5.85 5.96 2π

E > 0 E < 0

no collapse collapse

Figure 4. – The various scenarios in terms of expansion and collapse for (a) an initial profile
proportional to the Townes profile R(r); (b) an initial Gaussian profile. Here, E > 0 implies
an increase of 〈r2〉 [see (9), with ∂t〈r2〉 = 0 at t = 0], and collapse means a divergence of the
central density after a finite evolution time.

of the wave packet ψ(r, t), and its energy E[ψ] which is a constant of motion [21]:

(9)
d2〈r2〉

dt2
=

4E

m
.

Note that here we reintroduced explicitly the mass of the particles m for clarity. From
this result, we obtain immediately that a soliton, which has a time-independent size,
must have a zero energy. More generally, we find the following implication:

(10) E < 0 ⇒ collapse.

Indeed, for a negative energy, we deduce from (9) that the variance 〈r2〉 will vanish after
a finite time (remember that E is a constant of motion). The mathematical description
of the collapsing dynamics has been widely studied and we refer the reader to [12] for
more details. Note that the reciprocal statement of (10) is not true: there exist collapsing
wave packets that have a positive energy.

An important result regarding the possibility of collapse was obtained in [23]. If the
number of particles is small enough, one can be certain that there will be no collapse, i.e.
no divergence of the density at any point in space. More precisely, one has the following
result:

(11) N |g| < (N |g|)Townes = 5.85... ⇒ no collapse.

Here again, one should note that the reciprocal statement is not true: For arbitrary large
values of N |g|, there exist wave packets which do not lead to collapse for t > 0.
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To show the subtlety of the 2D Gross-Pitaevskii equation, we illustrate these two
implications by considering an wave packet that has initially either the Townes profile
R(r) or a gaussian shape (see also figure 4):

− For an initial Townes profile, the situation is simple: if N |g| < 5.85, the kinetic
energy term is dominant in (1) so E > 0. The size of the wave packet (〈r2〉)1/2 will
increase because of (9) and the central density will decrease because of (11). If N |g| =

5.85, the wave packet is stationary. If N |g| > 5.85, the energy is negative and there will
be a collapse after a finite evolution time.
− For an initial Gaussian profile, one finds that the energy (1) is zero for N |g| = 2π.
One can thus infer that for N |g| > 2π, the energy is negative and it will lead to collapse,
according to (10). For N |g| < 5.85, we know from (11) that there will be no collapse.
For intermediate values, 5.85 < N |g| < 2π, the criteria given above do not allow one
to conclude on the behavior of 〈r2〉, nor on the possible occurence of a collapse, i.e., a
divergence of the central density. A numerical study has led to the following conclusions
[24]: The no-collapse region extends to N |g| < 5.96 whereas a collapse occurs after a
finite evolution time for 5.96 < N |g| < 2π. This case is non-intuitive since, while the
central density increases to infinity (by definition of the collapse), the size of the wave
packet measured from 〈r2〉 is also increasing since E > 0. These two statements are
simultaneously correct only because the wave packet gets strongly deformed with respect
to its initial Gaussian shape.

1.5. Townes solitons with cold atoms. – In 2021, two groups in Purdue and in Paris
announced that they could prepare Townes solitons in a two-dimensional cold atomic
gas [5, 6]. In both experiments, the two-dimensional character of the fluid was obtained
thanks to a strong harmonic confinement of frequency ωz along the third direction z. The
atoms occupy essentially the ground state along this direction because both the residual
temperature and the interaction energy per particle are small compared to ~ωz. The
size of the single-particle ground state for the z degree of freedom is az = (~/mωz)1/2.
In both experiments, az was large compared to the 3D scattering length a, so that the
2D interaction parameter g introduced above is simply g =

√
8πa/az [25, 26], which is a

dimensionless quantity, as mentioned above.
The Purdue group [5] worked with a a cesium gas and took advantage of a Feshbach

resonance to suddenly switch the interaction strength g from a positive to a negative
value. This induces a modulational instability during which atoms group in several wave
packets with various sizes and atoms numbers. The Purdue group could then show that
these wave packets, when properly rescaled, all have a shape similar to R(r), as expected
for the Townes soliton. The atom number in each packet was in good agreement with
the expected value N = −5.85/g. As this experiment did not involve an atomic mixture,
its detailed description goes beyond the themes considered in this School and we will not
discuss it further.

The experiment in Paris [6] on the other hand was based on the specific properties of
a mixture of Bose gases. More precisely, the soliton was formed in a deterministic way
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Figure 5. – Strategy used in [6] to generate an effective attractive interaction in the minority
component 2. A wave packet of component 2 is immersed into a two-dimensional bath of
component 1. Here, we show a cut of the density profiles along one direction (x) of the plane of
atoms. The bath is assumed to be weakly depleted by the presence of the minority component.
In this case, the interactions mediated by the bath add up to the "bare" interactions between
atoms in component 2, so that the effective coupling parameter geff , given in (12), is negative
(effective attractive interactions) although all gij are positive.

in a minority component, labelled hereafter 2, immersed in a bath of particles labelled 1.
As we show below, when the bath density n1 is everywhere much larger than the density
of the minority component n2, the effective interaction strength for particles 2 can be
written

(12) geff = g22 −
g2

12

g11
.

The experiment was performed with 87Rb atoms, and the components (1, 2) refer to
the two hyperfine states |F = (1, 2),mF = 0〉 (the so-called clock states). For these
states, it is known that both intra and interspecies interaction strengths gij are positive
[27, 28]. However, for the choice of states given above, geff is slightly negative, which is
the favourable situation to observe a Townes soliton for the minority component. In the
experiment [6], the frequency of the confinement along z is ωz/2π = 4.4 kHz, leading to
geff ≈ −0.0076. The atom number corresponding to the Townes soliton is thus NT ≈ 770.

The experiment described in [6] starts with a uniform 2D gas of rubidium atoms
prepared in state 1 inside a disk of radius R0 = 20 µm (figure 6). A pair of laser beams,
at normal incidence with respect to the atomic plane, transfer a small fraction of atoms
from state 1 to state 2 via a resonant stimulated Raman transition. The spatial profile
of the laser beams is adjusted such that the density profile of the atoms transferred in
|2〉 is very close to R2(r/r0), where the characteristic length r0 is on the order of a few
µm, hence r0 � R0. The intensity of the laser beams and the exposure time are varied
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Figure 6. – Images of the two components used in [6] to generate a Townes soliton. Left: Image
of a uniform disk of 87Rb atoms in the hyperfine ground state |1〉 = |F = 1,m = 0〉 (radius
20µm). The density is ≈ 100 atoms/µm2. Right: atomic cloud transferred to the hyperfine
ground state |2〉 = |F = 2,m = 0〉 by a stimulated Raman process. The color encodes the
spatial density, which is ≈ 10 atoms/µm2 at the center of the cloud for this realization. The
spatial profile of the laser beams used for the Raman process is optimized so that the density
distribution of the atoms in |2〉 corresponds to the Townes profile R2(r/r0), with r0 of the order
of a few µm. The atoms in |1〉 are still present in the right figure, but they are not resonant
with the imaging laser beam and thus not detected.

so as to explore the two regimes of atom numbers N2 smaller and larger than the Townes
threshold NT. It is kept low enough to ensure that the bath is weakly depleted (less than
20%) at any point in space.

The experimental results confirmed the predictions for the condition of existence
of the Townes soliton. When the atom number N2 is lower than NT, the minority
component expands and fill the whole disk. When the atom number approaches NT

(within ±10%), the expansion stops and the wave packet formed by the atoms in |2〉
is essentially stationary on the time scale of the experiment (50 ms). For N notably
above NT, the wave packet contracts. This behavior is found for various values of the
r.m.s. size of the initial minority wave packet (from 4 to 8 µm), which illustrates the
scale invariance of the problem.

2. – The binary mixture approach to the Townes soliton

2.1. Coupled Gross-Pitaevskii equations. – We now turn to a quantitative description
of the mediated interaction and the formation of the Townes soliton for the experimental
protocol of [6], represented in figures 5-6. In the mean-field description corresponding
to the Gross-Pitaevskii formalism, the steady-state of the binary system is obtained by
solving the two equations:

−1

2
∇2φ1(r) + [g11n1(r) + g12n2(r)]φ1(r) =

mµ1

~2
φ1(r)(13)

−1

2
∇2φ2(r) + [g12n1(r) + g22n2(r)]φ2(r) =

mµ2

~2
φ2(r)(14)
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where nj(r) = |φj(r)|2 represents the density of component j, and where we reintroduced
explicitly ~ and the mass m of each component (here assumed to be equal as in [6]).

We look for configurations such that the bath extends to infinity with the asymptotic
density n1,∞. On the other hand, the minority component contains a finite number of
atoms, N2 =

∫
n2(r) d2r (see figure 5). Far from the location of the minority component,

we find φ1 ≈ √n1,∞ (up to a global phase factor), which provides the value µ1 =
~2

m g11n1,∞. The healing length of the bath is defined as

(15) ξ ≡ (2g11n1,∞)
−1/2

and it gives the distance over which the bath "reacts" to the presence of a point defect.
For the experiment of [6], n1,∞ ∼ 100 µm−2, g11 = 0.16, leading to ξ ∼ 0.2 µm.

2.2. The Thomas-Fermi approximation. – We suppose in this paragraph that the
spatial scale over which n2(r) varies is much larger than the healing length of the bath.
We can then solve (13) using the Thomas-Fermi approximation, which states that the
bath density n1(r) adjusts at any point to the minority density n2(r), with a negligible
cost in kinetic energy:

(16) g11n1(r) + g12n2(r) ≈ mµ1

~2
⇒ n1(r) ≈ n1,∞ −

g12

g11
n2(r).

We then inject this result into the equation (14) for φ2 and obtain:

(17) −1

2
∇2φ2(r) + geff n2(r)φ2(r) =

mµ2,eff

~2
φ2(r)

where geff was defined in (12) and where we set:

(18) µ2,eff ≡ µ2 −
~2

m
g12n1,∞.

This is the result announced in the previous section: the effective interaction for the
minority component is modified by the presence of the bath. The coupling constant geff

can be negative, even when all gij ’s are positive. Note that we require µ2,eff < 0 to ensure
that φ2 tends to zero at infinity.

We explained in §1 that (17) can lead to the formation of a Townes soliton, provided
the number of atoms N2 is adjusted so that |geff |N2 = 5.85. Because of scale invariance,
the soliton can have in principle an arbitrary size `. However, we remind that the use
of the Thomas-Fermi approximation for the bath requires that ` � ξ. In addition, we
should avoid to approach the regime of full depletion for the bath, so that the expression
(15) for the bath healing length ξ remains approximately correct even at the center of the
minority wave packet. We discuss in §2.3 and in §2.4 how to handle situations (i) where
ξ/` is not arbitrarily small and (ii) where the depletion of the bath can be quasi-total.
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2.3. Beyond Thomas-Fermi approximation: Breaking the scale invariance. – In the
Thomas-Fermi approach that we just described, one neglects any effect related to the
kinetic energy of the bath, which is valid in the limit ξ/` → 0. To go one step further,
we write the Gross-Pitaevskii equation (13) for component 1 as

(19) n1(r) = n1,∞ −
g12

g11
n2(r) +

∇2
√
n1(r)

2g11

√
n1(r)

,

where the last term of the right-hand side was neglected in the Thomas-Fermi approxi-
mation (16). We now assume that there are two small parameters in the problem:

(20) ε ≡ ξ2

`2
, ε′ ≡ n1,∞ − n1,min

n1,∞
.

The hypothesis ε� 1 was at the basis of the Thomas-Fermi approach, and the additional
assumption ε′ � 1 corresponds to the case of a weakly depleted bath. In these conditions,
we can approximate the last term in (19) by replacing n1(r) by its Thomas-Fermi value,
in the limit ε′ � 1:

(21) ∇2
√
n1(r) ≈ ∇2

[
√
n1,∞ −

g12

2g11

n2(r)
√
n1,∞

]
.

This leads to the following result:

(22) n1(r) ≈ n1,∞ −
g12

g11
n2(r)− g12

4g2
11n1,∞

∇2n2(r).

In this expression, the first correcting term − g12g11
n2(r) with respect to the asymptotic

value n1,∞ is of order ε′ and the second correcting term is of order εε′. It is thus supposed
to be a small correction compared to the first one, an hypothesis that should be checked
for self-consistency at the end of the analysis.

Now we insert the expression (22) into the equation (14) for φ2 and we obtain the
single-component equation:

(23) −1

2
∇2φ2(r) + geff n2(r)φ2(r)− β

2

[
∇2n2(r)

]
φ2(r) =

mµ2,eff

~2
φ2(r)

where geff and µ2,eff were defined in (12) and (18), respectively, and where we introduced

(24) β =
1

2n1,∞

(
g12

g11

)2

= |geff | ξ2
s with ξs =

g12

g11
(2|geff |n1,∞)

−1/2
.

Here ξs is the so-called spin healing length, which is much larger than the bath healing
length ξ when all coupling constants gij are close to each other, hence |geff | � gij .

The modified Gross-Pitaevskii equation (23) was introduced in [29] to take into ac-
count a possible non-locality in the non-linear response of the medium in which the wave
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is propagating. Here, the non-local effects result from the fact that the density of the
bath n1(r) differs slightly from its Thomas-Fermi value, by a correction that involves a
coarse-graining of n2 on the spatial scale ξ.

To investigate the role of the additional term proportional to β in (23), we look at
the energy per particle that is associated with each term of the left-hand side of this
equation. As before, we consider a wave packet of extension ` that contains N2 particles.
The first two terms correspond to the kinetic energy and to the usual mean-field energy,
respectively. Their contributions are both ∝ `−2 and they cancel each other at the
Townes threshold N2 = NT (i.e., when geffN2 = −5.85). We therefore obtain an energy
per particle that scales as (up to multiplicative constants of order unity):

(25)
E(`)

N2
∼ ~2

m

[
geff

`2
(NT −N2) +

βN2

2`4

]
that we should minimize with respect to `, for a given N2.

For N2 < NT, the two contributions in the bracket of (25) are positive and the
minimum is obtained for `→∞, which means that no stable wave packet exists in this
case, as it was the case in the absence of the non-local correction. We recover the fact
that for atom numbers smaller than the Townes threshold, the minority component tends
to fill the whole accessible space, and thus overlaps with the bath even though the two
components are non-miscible: this specific feature of 2D systems is due to the fact that
the cost in kinetic energy would be too large to form finite-size domains of the minority
component.

For N2 > NT, the minimum of E(`) is obtained for a finite value of ` scaling as (see
figure 8):

(26) ` ≈ α ξs
(

N2

N2 −NT

)1/2

where α is a numerical coefficient. A numerical resolution of (23) confirms this scal-
ing analysis and gives α ≈ 1.8 where ` designates the r.m.s. width of the wave packet.
Therefore the addition in (23) of the non-local term proportional to β ensures that a
stable solitary wave packet exists for any value of N2 above the Townes threshold NT.
This non-local term breaks scale invariance and brings the new length scale ξs into the
problem.

To finish this analysis, we must check the validity of our expansion in terms of the small
parameters ε and ε′ introduced in (20). The condition ε′ � 1 requires that g12g11

n2 � n1,∞.
Using n2 ∼ N2/`

2, this condition is satisfied when N2 − NT � g12
g11
NT. To simplify the

discussion, consider the situation where all gij are positive and close to each other, while
geff is negative and notably smaller (by one order of magnitude) than g. The condition
ε′ � 1 then imposes that N2 should be chosen close to NT. When this is the case,
ε = ξ2/`2 is also much smaller than 1 and we expect the single-component equation (23)
to correctly describe the two-component mixture. This is confirmed by comparing the
numerical solutions of (13-14) and of (23), as shown in figure 7.
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Figure 7. – Radial density profile for the minority component for N2 = 1.01NT (left), 1.5NT

(middle) and 10NT (right). The calculations are made for g22 = g11 and g12 = 1.01 g11. The full
line represents the solution of the two coupled Gross-Pitaevski equations (13-14). The dashed
line and the dotted line are the solutions of the single component equations (23) and (27),
respectively. For this choice of the interaction parameters gij , the prediction derived from (27)
nearly coincides with the solution of the two coupled Gross-Pitaevski equations for any value of
N2. Figures adapted from [30].

2.4. The strongly-depleted regime. – The approach developed in the previous para-
graph allowed us to describe the behavior of the two fluids by an effective single-component
equation (see (23)). This approach is valid when the number of atoms in the minority
component N2 is just above the Townes threshold NT = 5.85/|geff |. When N2 is no-
tably above NT, this approach is not suited anymore and one has in principle to solve
numerically the two coupled Gross-Pitaevskii equations (13-14).

However, a single-component approach can still be developed in the case where all gij
are close to each other, as shown in the supplementary material of [6] and the equation
for the steady-state of component 2 reads:

(27) µ2 φ2(r) =
~2

m

[
−1

2
∇2 + geffn2(r) +

1

2

∇2
√
n∞ − n2(r)√
n∞ − n2(r)

]
φ2(r).

We will not present the derivation of this result here. We just signal that it is based on
the fact that when all gij ’s are close, the total density n1(r)+n2(r) remains in all points
close to n1,∞, which provides a small parameter (in addition to ξ2/`2) for a perturbation
expansion.

We show in figure 7 that for g22 = g11 and g12 = 1.01 g11, the profiles obtained by
solving the one-component equation (27) are in excellent agreement with the solution
of the two coupled Gross-Pitaevskii equations for the whole range of values of N/NT.
When N � NT we reach a fully demixed regime, when the minority component forms a
droplet inside the bath of component 1. The bath is nearly completely depleted at the
position of this droplet, whose density is ≈ n1,∞.
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Figure 8. – Size of the minority component for various sets of interaction strengths g11 = g22 <
g12 close to the miscibility threshold. From top to bottom, (g12 − g11)/g11 = 1% (blue solid
line), 3% (orange), 10% (green), 30% (red). The black dashed line indicates the universal result
(26), valid when N2 → N+

T . In the strongly-depleted regime, the droplet has an approximately
flat-top density profile ≈ n1,∞, and thus a size 〈r2〉 that scales as N2. In the limit g12 → g+

11,
the curves converge towards the result expected from equation (27).

2.5. Comparison with "quantum" droplets. – The wave packets that we consider in this
lecture are stabilized under the action of pure mean-field interactions in a binary mixture.
The physical situation is thus quite different from the quantum droplets considered by
Petrov in [3] and implemented in [31, 32, 33, 34, 35](1), where one takes advantage of
beyond mean-field interactions to stabilize a 3D droplet [39] that would otherwise collapse
under the action of mean-field energy (for a review, see [40]).

The physical regimes considered here and in [3] are summarized in figure 1. In both
cases, one assumes that each isolated component is stable (gii > 0). The situation consid-
ered in [3] is close to the collapse point of the mixture, where the interspecies interaction
is attractive (g12 < 0) and compensates the intraspecies repulsion. By contrast, we
consider here the case where g12 is positive and close to the demixing threshold.

For the 3D quantum droplets of size ` considered in [3], the three contributions to the
energy per particle are (to be compared with (25))
(28)

kinetic: ∼ ~2

m`2
mean-field (M.F.): ∼ −|δG|n beyond M.F.: ∼ m3/2

~3
Ḡ5/2n3/2.

In (28), we assumed for simplicity that the 3D interaction parameters(2) G11 = G22

(1) See also [36, 37, 38] for related experiments, performed in the presence of strong dipolar
interactions.
(2) In these notes, we write Gij with a capital letter for describing the 3D coupling constants,
which as the dimension of energy×volume, and we use the lower case letter gij for the dimen-
sionless 2D coupling constants.
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and N1 = N2 ∼ n`3, and we set Ḡ = (G11G22)1/2, δG = 1
2 (G12 +

√
G11G22) < 0.

In the regime where the kinetic energy can be neglected, the balance between the two
other contributions leads to a state such that nā3 ∼ (|δG|/Ḡ)2, where ā is the scattering
length associated to Ḡ. The passage from 3D to 2D or 1D, where the role of quantum
fluctuations is enhanced and where the kinetic energy may play a decisive role, was
studied in [41, 42, 43, 44].

Let us finally mention the work of Naidon and Petrov [45], in which the authors
address the same situation as in this lecture, i.e., G12 positive and close to the demixing
threshold

√
G11G22. By contrast to our study, they consider the case of notably different

intraspecies interactions Gii and they show (for 1D, 2D and 3D) that beyond mean-
field contributions can lead to the formation of bubbles with some population imbalance,
immersed in a gas composed of only one of the two components. However, these effects
seem out of reach for the experimental setup presented in [6]. Indeed in that work, g11

and g22 were very close, and the parameter range over which the effect predicted in [45]
is expected to occur is too narrow to be explored in practice.

3. – A microscopic view on the soliton formation

So far, we analyzed the formation of a 2D soliton in the minority component using
a mean-field analysis based on the two coupled Gross-Pitaevskii equations (13-14). In
this section, we describe an alternative approach based on a polaron-type description
of the interaction between the impurity atoms (component 2) and the bath (component
1). By contrast to §2, we will consider in this section the situation where the masses
m1 and m2 may differ. We will indeed see that the analysis is notably simplified when
m2 � m1 (§3.2), leading to a Yukawa-type interaction. The case m1 = m2 will be then
be addressed in §3.3.

3.1. Reminder on the Bose polaron problem. – We consider a set of N2 impurities of
mass m2 immersed in a bath of bosons of mass m1. We suppose that the bath is at zero
temperature and that it can be described by the Bogoliubov approach. We denote bk, b

†
k

the annihilation and creation operators for a Bogoliubov particle of momentum k and
energy ωk. Since the gases studied in [6] were in the quasi-2D regime, i.e., the thickness
of the gas was much larger than all 3D scattering lengths aij [25], we perform here a
3D analysis of the impurity-bath interaction, which can subsequently provide the 2D
coupling constant between the two components. We use periodic boundary conditions in
a volume L3 so that the momenta k are quantized as k = 2π

L (jx, jy, jz) with jα ∈ Z.
In the absence of coupling between the impurities and the bath, the hamiltonian reads

(29) Ĥ0 =
∑
k 6=0

~ωk b†kbk +

N2∑
j=1

p̂2
j

2m2
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and the frequency of a Bogoliubov mode is

(30) ~ωk = m1c
2 kξ

[
2 + (kξ)2

]1/2 with c =
~√

2m1ξ
.

We use the Fröhlich Hamiltonian(3) to describe the interaction between the impurities
and the bath (see for example [49] for a derivation of this Hamiltonian):

(31) V̂ = G12n1N2 +
1√
L3

∑
k 6=0

Vk

 N2∑
j=1

eik·r̂j

(bk + b†−k

)
.

Here n1 stands for the 3D bath density in the absence of impurity (denoted n1,∞ in
§2) and G12 = 2π~2a12/m12 is the 3D coupling constant between an impurity and an
atom of the bath, with the reduced mass m12 = m1m2/(m1 + m2). The first term
in (31) is the mean-field energy associated with the interaction between each impurity
and the condensate. It appears at first order in G12 and is a mere constant shift of all
energies. The second term in (31) describes the emission and absorption of a Bogoliubov
quasi-particle due to the coupling with the impurities. The coefficient Vk reads [49]

(32) Vk = G12
√
n1

(
(kξ)2

(kξ)2 + 2

)1/4

.

We recall that in the expression (31) of V̂ , the term k = 0 must be excluded from
the sum, since we are interested in the role of Bogoliubov quasi-particles. The k = 0

term would correspond to a bath-impurity interaction that leaves the condensate un-
changed, and such a term is already accounted for by the mean-field energy G12n1 for
each impurity.

3.2. Mediated interactions for m2 � m1. – We suppose in this paragraph that the
mass of an impurity m2 is much larger than the mass of a bath particle m1, so that
the kinetic energy of the impurities in the Hamiltonian (29) can be neglected. We use
second-order perturbation theory (with G12 as the small parameter) to derive an effective
interaction between the impurities.

We suppose that the impurities are prepared in a (properly symmetrized) state |Ψ〉
and that the bath is in its ground state, the Bogoliubov vacuum |0B〉. The energy shift
due to the coupling between the impurities and the bath is up to second order in G12

(33) ∆E = G12n1N2 −
′∑
α

|〈α|V̂ |Ψ, 0B〉|2
Eα

(3) For an analysis that goes beyond the Fröhlich Hamiltonian, see e.g. [46, 47, 48].
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where the sum runs over an orthonormal basis of eigenstates |α〉 of Ĥ0, obtained by
completing the initial state |Ψ, 0B〉. This initial state is of course excluded from the sum,

as meant by the symbol
′∑
α

.

Using the expression (31) for the impurity-bath coupling V̂ , it is clear that the states
|α〉 contributing to the sum (33) contain one and only one Bogoliubov excitation k. The
energy Eα is ~ωk since there is no energy coming from the impurities in Ĥ0, because of
the assumption m2 = ∞. We denote |α〉 = |Ψ′,k〉 where |Ψ′〉 can be any of the states
chosen to form an orthogonal basis of the Hilbert space for the impurities. We then get

(34) ∆E = G12n1N2 −
1

L3

∑
k 6=0

V 2
k

~ωk

∑
|Ψ′〉

∣∣∣∣∣∣〈Ψ′|
 N2∑
j=1

eik·r̂j

 |Ψ〉
∣∣∣∣∣∣
2

The sum over |Ψ′〉 can be replaced by a closure relation and we are left with:

(35) ∆E = G12n1N2 −
1

L3

∑
k 6=0

V 2
k

~ωk
〈Ψ|

N2 +
∑
i6=j

eik·(r̂j−r̂i)

 |Ψ〉,
which can also be written

(36) ∆E =

G12 −
1

L3

∑
k 6=0

V 2
k

~ωk

n1N2 − 〈Ψ|

∑
i 6=j

1

L3

∑
k 6=0

(
V 2
k

~ωk
eik·(r̂j−r̂i)

) |Ψ〉.
Two distinct effects appear on this result:

• A renormalization of the impurity-bath coupling constant:

(37) G12 −→ G′12 = G12 −
1

L3

∑
k 6=0

V 2
k

~ωk
,

which corresponds to the inclusion of the second-order term in the Born expansion
describing the interaction between a single impurity and the bath [49]. We will
not discuss it here, since we are rather interested in the interaction between two
impurities mediated by the bath.

• An effective two-body interaction between the impurities corresponding to the po-
tential

(38) Vmed(r) = − 2

L3

∑
k 6=0

(
V 2
k

~ωk
eik·r

)
.
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With these two effects taken into account, (36) can be written

(39) ∆E = G′12n1N2 + 〈Ψ|

1

2

∑
i 6=j

Vmed(r̂i − r̂j)

 |Ψ〉.
We now focus on the mediated potential Vmed. Using (30-32), we find

(40) Vmed(r) = − 1

L3

∑
k 6=0

G2
12

G11

eik·r

1 + 1
2 (kξ)2

where G11 = 4π~2a11/m1 is the bath interaction constant. The mediated potential can
also be written in terms of its Fourier transform Ṽ (k):

k 6= 0 : Ṽmed(k) = − 1

L3

G2
12

G11

1

1 + 1
2 (kξ)2

(41)

k = 0 : Ṽmed(k) = 0,(42)

where the reason for excluding the term k = 0 from the sum has been explained above.
Note that (40) can also be written

(43) Vmed(r) =
1

L3

G2
12

G11
− 1

L3

∑
k

G2
12

G11

eik·r

1 + 1
2 (kξ)2

=
1

L3

G2
12

G11
+ VY(r),

where VY(r) is the attractive Yukawa potential [50]

(44) VY(r) = − 1

(2π)3

G2
12

G11

∫
eik·r

1 + 1
2 (kξ)2

d3k = − G2
12

2πG11ξ2

e−
√

2 r/ξ

r
.

In two dimensions, this Yukawa potential is replaced by a potential involving the zeroth-
order modified Bessel function of the first kind K0, which varies as e−x/

√
x at large

distance [51].

3.3. Born approximation. – Let us suppose that the average distance between im-
purities is large compared to the healing length of the bath ξ. In the limit where the
Yukawa potential is weak enough, we can describe it using Born approximation. More
specifically, only s-wave collisions are relevant at low energy and we can replace VY by a
(regularized) contact potential ∝ δ(r) with the scattering length aY defined as

(45)
2π~2aY

m12
=

∫
VY(r) d3r = −G

2
12

G11
.
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This leads to the simple expression for the mediated potential (43):

(46) Vmed(r) =
G2

12

G11

(
1

L3
− δ(r)

)
.

For low-energy scattering, a necessary condition for the validity of the Born approxi-
mation is that |aY| should be much smaller than the range ∼ ξ of the Yukawa potential.
Assuming that a12 ∼ a11, one can check that this constraint is satisfied when the bath
is in the weakly interacting regime,

√
na3

11 � 1, a condition that we assumed anyway in
order to describe the bath within the Bogoliubov approach.

In this section, we have assumed so far that the mass of the impurities m2 is large
compared to the mass of the bath particlesm1. Whenm2 is comparable tom1, the kinetic
energy of the impurities has to be taken into account in the calculation of the energy shift
∆E. To analyze the mediated two-body problem in this case, we consider a situation
with two bosonic impurities. We assume that they are prepared in a (symmetrized) state
of well defined momenta (pa,pb). The energy shift of this state reads at second order in
the coupling G12 [47]

(47) E(2)(pa,pb) = −V
2
k

L3

(
1

~ωk + ∆
+

1

~ωk −∆

)
where k = |pa − pb|/~ and ∆ = (p2

b − p2
a)/2m2. Note that we omitted in (47) the self-

energy terms similar to (37) that renormalize the energy and the mass of each impurity,
independently of the presence of the other one. Now, for a wave packet of extension
`� ξ, the relevant momenta pa,b are much smaller than ~/ξ so that the dominant term
in the denominators of (47) is the term linear in k, ~ωk ≈ ~ck. We then recover the low-k
limit of the mediated potential (41) that was obtained for m2 � m1. In other words,
the contact version of the mediated interaction (45-46) can still be used when m1 ∼ m2.
The transposition of this result to the quasi-2D situation considered in §2 then leads to
the effective dimensionless coupling geff given in (12).

Note that this two-body problem can be equivalently addressed by calculating the
scattering amplitude when two impurities with momenta pa,pb collide in the presence of
the bath [46]. The low-energy limit of this scattering amplitude provides the scattering
length associated with mediated interactions, which coincides with (45).

3.4. Bosonic vs. fermionic impurities. – In the previous paragraph, we evaluated the
energy of a pair of bosonic impurities due to its interaction with the bath and got the
negative result (47). It is straightforward to show that the same calculation performed
for a pair of polarized fermionic impurities leads to an identical result in absolute value,
but with the opposite sign, hence a positive energy shift. As explained in [52], the result
(47) for the induced interaction actually corresponds to an exchange term and thus takes
opposite values for bosonic and fermionic impurities.

Further insight in this problem is obtained by considering a cold assembly of N2

impurities occupying the whole volume L3, hence an impurity density n2 = N2/L
3. For



Townes soliton and beyond: Non-miscible Bose mixtures in 2D 21

simplicity, we neglect any direct interactions between impurities (a22 = 0). We use the
contact form (46) of the mediated potential to evaluate the energy shift (39) and the
effective binary interaction between impurities ∂µ2/∂n2 [52]:

• For polarized fermionic impurities, the contact term δ(r) in (46) has no effect
since the probability amplitude to have two fermions at the same location is null.
More generally, if we come back to the spherically symmetric Yukawa potential, we
know that it can only lead to scattering in odd partial wave channels for polarized
fermions. At the very low temperature considered here, only s-wave channel is
relevant and all odd channels have a negligible contribution. Therefore, we are left
simply with:

(48) Fermions: ∆E = G′12n1N2 +
N2(N2 − 1)

2L3

G2
12

G11
,

leading to:

(49) µ2 = G′12n1 +
G2

12

G12
n2 ⇒ ∂µ2

∂n2
=
G2

12

G11
.

• For bosonic impurities occupying different momentum states p1, . . . ,pN2
(hence a

non-degenerate impurity gas), the contact interaction in (46) contributes both via
a direct term and an exchange term, and one finds

(50)
∂µ2

∂n2
=
G2

12

G11
− 2

G2
12

G11
= −G

2
12

G11
,

i.e, a result opposite to the fermionic one (49).

4. – Conclusions and outlook

In this lecture, we studied the equilibrium configuration of a two-dimensional bi-
nary mixture of Bose gases, slightly beyond the demixing instability threshold. We first
addressed the problem of a minority component immersed in a large bath of the other
component from a mean-field point of view. Starting from coupled Gross-Pitaevskii equa-
tions, we could reduce this system to a single equation for the minority component. Under
this framework, we explored topics ranging from the physics of Townes soliton and the
breaking of scale invariance, to the very topical issue of droplet-like behaviors achieved
with ultra-cold atoms. Next, we adopted a more microscopic approach and interpreted
the minority component behavior as resulting from emergent interactions mediated by
the bath elementary excitations, a problem related to the one of weakly-interacting Bose
polarons.

A natural extension of this work regards time-dependent situations. For instance,
the study of near-equilibrium dynamics of the coupled fluids, with the search for possible
eigenmodes of the systems as function of N/NT, shed new insights on the cross-over from
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Townes solitons to droplets [51]. Going one step further, one could study the collisional
dynamics of such 2D wave packets, with possible behaviors ranging from near-elastic to
strongly-inelastic (merging) interactions, thus enriching the now well-studied 1D situation
(see e.g. [53, 54, 55, 56]). It is our hope that the diversity of physical concepts discussed
from this apparently simple settings will convince the reader of the wealth of phenomena
encountered with such mixtures of quantum gases.
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