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Determination of the compressibility

We detail in this paragraph the determination of Eq. (7) of
the main text. In the presence of a periodic potential V(r), the
GPE for the many-body wave function /(r) reads
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where u is the chemical potential and f ly(r)?dr = N for a
given atom number N. When an additional force F is applied
along the y direction, the previous equation is modified by
adding a term —F,yys(r) to the right-hand side. If, over a unit
cell of the potential, the variation of F,y is much smaller than
M, one can write
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where y. is the cell center. Each unit cell thus has a local
chemical potential ;£ — Fyy.. The mean density over the cell is
given by
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where pg is the average density over the whole system and
k its compressibility. The CoM displacement induced by the
force F) is given by
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We also assume that the system is symmetric with respect to
the origin and is periodic with period d along y. Splitting the
integration over each unit cell and using Eq. (3), we obtain
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Optical lattice potential generation

The characteristics of the optical system can be found in the
Supplemental Material of Ref.[1]. The optical lattice poten-
tial imprinted on the atoms is approximately given by Eq. (2)
in the main text. To imprint this potential, we display the fol-

lowing profile on the DMD, which acts as an amplitude mod-
ulator [2]:
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where A and B are positive coefficients chosen such that Vr,
f2(r) € [0.1,1]. A proper choice of the spatial origin allows
us to set ¢; = ¢ = 0. We also choose ® = 0, but imper-
fections in the optical system imaging the DMD pattern onto
the atoms lead to a modified potential with a nonzero value of
@, calibrated as shown in the next section. The function s(7)
is determined in a separate calibration experiment to make the
laser beam profile reflected off the DMD uniform over the size
of the cloud. Since the DMD is a binary amplitude modulator,
we obtain a smoothly varying profile following Eq. (6) using a
dithering method [2]. The coefficients A and B and the correc-
tion function s(r) remained constant during data acquisition;
the lattice amplitude was tuned by adjusting the power of the
light illuminating the DMD.

Optical lattice potential characterization

We use an auxiliary CCD camera, which provides an image
of the trapping light profile in the atomic plane, to monitor and
calibrate the potential imposed on the cloud. We first compare
the measured intensity profile to the one introduced in Eq. (2)
of the main text. We fit the data to the following function:
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where the phases in the first two cosines have been set to zero
by a proper choice of the spatial origin. We obtain I,/ =
1.002), 1, /1y = 0.98(2), k1 /ko = 0.96(1), ® = 0.21(1)x, and
an angle ¢ = 0.671(6)r between the two vectors kg and k.
This measurement justifies, within error bars, the choice of
potential in Eq. (2) of the main text. For all computations with
the GPE shown in this work, we consider the isotropic lattice
given in Eq. (2) of the main text with ® = 0.21x.

Calibration of the imaging system and reconstruction of the
density profile

As introduced in the main text, the finite imaging resolu-
tion of the atomic cloud must be taken into account when we
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Figure 1. Fourier components used for fitting the density profile.
We fit the density profiles using a sum of two triangular lattices of
different periods and an average density A. The amplitude of the
components of the triangular lattice of period 4; = 6 um (resp. A, =~
3.46 um) are all equal to A; (resp. A,) to ensure the isotropy of the
deduced superfluid fraction tensor. The norm and orientation of the
wave vectors of the lattices are also fixed according to this figure.

determine the superfluid fraction or Leggett bounds from the
measured density profile. We write this profile as
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where the $, are the attenuation factors associated with a
given spatial frequency with index n of the density modula-
tion. We calibrated the g, using the same method as described
in Ref. [1], which we briefly summarize here.

First, we calibrate the light intensity level using the atomic
response to a lattice with a large period of 24 um, for which we
can safely assume that the corresponding S coefficient is one.
We use shallow lattice potentials so that the induced density
modulation Ap is well approximated by
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where g, = #%k*/2M is the recoil energy of the triangular
lattice of period 47/( V3k). We then compare the atomic re-
sponse for different lattice periods to this reference measure-
ment and obtain 8, = 0.71(4) and 8, = 0.36(16), correspond-
ing to lattice periods of 4} = d = 6pum and A, =~ 3.46 um,
respectively. For smaller periods, the values of the 8, are com-
patible with zero within error bars.

We determine the superfluid fraction and Leggett bounds
from in situ images using a reconstructed density profile that
we obtain from a fit of the experimental images to a func-
tion including the first two spatial frequencies of the triangular
lattice and taking into account the correction by the attenua-
tion factors S » of the imaging system. The fitting function is

given by
a=2
nry=A + A Z cos[k{ - (r — 1) + ¢1]
a=0
y=2
+ Ay cos[kff) “(r—19) + 2] (10)
y=0

It corresponds to an average density A modulated by the
sum of two triangular lattices with period 4; = 27/ ka,l)l and
1 = 27/|k?). The k. are defined in Eq. (2) of the main text,
and we choose k:l@ = k;l) - kl(l)l (with circular permutation of
the indices). We ensure that this function is invariant under a
rotation by an angle of 27r/3 around r( by imposing the same
amplitude A >, the same norm |k, g|, and the expected orien-
tation of the k, g (see Fig. 1) for the three terms of each of the
two triangular lattices. The free parameters of the fit are thus
A, A], Az, k(()l), To, ¥1 and ("2

For the range of parameters explored in this work, Vy <
5 gpo and f; > 0.4, we verified numerically that the truncation
to the Fourier components show in Fig. I is sufficient to pro-
vide a robust estimate of these quantities. For large Vj, this
truncation is expected to slightly underestimate the f; bound,
which is the most sensitive to it. The truncation to these first
two Fourier components also leads to an unphysical recon-
structed density profile with negative values for sufficiently
large potential depth. We address this issue by setting points
with negative density values to a small arbitrary nonzero value
€ = 1072 after normalizing the profiles to a maximum value
of 1. We confirmed numerically that this procedure gives a
stable determination of the studied quantities for any suffi-
ciently small value of €.

Potential landscape

We show in Fig.2 some characteristics of the lattice po-
tential studied in this work. We highlight in Fig. 2a the posi-
tions of the minimum and maximum of the potential, as well
as the existence of a local maximum and a saddle point. As
discussed in the main text, the energy barrier separating two
neighboring minima of the potential is smaller than its peak-
to-peak amplitude. The potential landscape along a closed
triangular trajectory connecting all these particular points is
shown in Fig. 2b. Setting the energy of the potential minimum
to zero and A; = 1 for simplicity, the energies of the saddle
and maximum points are Vggaie = 3.72 and Vi =~ 4.96, re-
spectively. We also show the normalized density profile com-
puted with GPE for the largest potential studied in this work.
At the saddle point the density is ~7 % of the maximum den-
sity. Finally, we show in Fig.2c the potential landscape and
the associated density profile for a path linking two minima
through the saddle point. We also show in Fig. 3, the pre-
dicted superfluid fraction when the density profile is computed
in the Thomas-Fermi approximation. As expected, the com-
puted superfluid fraction lies below the GPE prediction and
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Figure 2. Potential landscape (a) 2D profile of the triangular lattice potential for @ = 0.217 and where we have fixed the potential minimum
Viin = 0 and A, = 1 for simplicity. The global minimum (red dot), maximum (orange dot, V.« =~ 4.96), local maximum (green dot,
Viee = 3.83) and saddle point (violet dot, Viaae = 3.72) have been highlighted. (b) Potential landscape (dashed black line) along the dashed
line shown in (a) and corresponding normalized density computed with the GPE (solid red line) for V = 4.7 gpo. The density at the saddle
point is ~7 % of the maximum density. (c) Same as in (b) but along the dotted line shown in (a).
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Figure 3. Superfluid fraction in the Thomas-Fermi approxima-
tion. Superfluid fraction determined for a density profile computed
in the Thomas-Fermi approximation (dashed blue line) and with the
GPE (solid black line). The red point indicates the predicted potential
Vo at which prg, the chemical potential computed in the Thomas-
Fermi approximation, equals the saddle point energy, resulting in

f,=0.

reaches zero when the chemical potential of the cloud is equal
to the energy of the saddle point at Vjy =~ 5.4 gpy.

Comparison of Leggett bounds to numerical predictions

We show in Fig. 4 the Leggett bounds computed from the
density profile for 8 = 0, 7. These data are in good agreement
with the predictions of the GPE (dashed lines).
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Figure 4. Leggett bounds. Measured Leggett bounds corresponding
to the upper bounds f; (e,) (blue diamonds) and f; (e5) (blue cir-
cles), and to the lower bounds f; (e, ) (green diamonds) and f; (ez)
(green circles). Error bars correspond to the error propagation of the
uncertainties in the calibration of the imaging system response and
of the lattice. The dashed lines are the prediction for these bound
computed on the profiles obtained from the simulations of the GPE.
The solid line is the predicted superfluid fraction.
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